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what is it all about?

|. the many-body problem, emergent phenomena and
strongly-correlated materials

Il. Mott systems, Hubbard model and DMFT

Ill. DMFT for materials: DFT+DMFT

IV. origin of orbital ordering in materials
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the many-body problem, emergent phenomena
and strongly-correlated materials
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the theory of nearly everything

Born-Oppenheimer approximation, non-relativistic
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the quantum many-body problem
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. and Its exact solution

- 1 split
@ 2tz Hamitonian

single-electron two-electron

a h(r)i (1) = exthy(r) build single-electron {¥a(r)}

complete basis

build complete
basis of Slater {®a(ry,...,rN.)}
determinants

— Ea\Ija(rlar27 IR 7rN)

.. and diagonalize...
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bad news: the exact solution is not an option

Hilbert space of Slater determinants
grows exponentially (or faster)

eigenstates are typically combinations of
a very large number of Slater determinants!

example: 4 determinants per site, 4Ns

42=16 410~106  420~1012
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the non-interacting many-body problem

a H, = Z h(r;)

single-electron

e h(r)iy (r) = extdy(r) build single-electron {x(r)}

complete basis

e Pa-py = ] ch. |0) (B (1))
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good news: it would be anyway useless

On the other hand, the exact solution of a many-body
problem is really irrelevant since it includes a large
mass of information about the system which although
measurable in principle is never measured in practice.
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HJ Lipkin [..] An incomplete description of the system is

considered to be sufficient if these measurable
quantities and their behavior are described correctly.

A

HV,(ry,re,....,rNy) = B,V (r1,r2,...,TN)

E. Pavarini and E. Koch, Autumn School on Correlated Electron 2013, Introduction
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the many-body problem: more is different

Born-Oppenheimer approximation, non-relativistic

A 1 1 1 Za
He _§EZ:V?+§ ]ri—ri/|_izo;|rz-— Z |R Ra|

oz;éoc

iI=electrons Q. = nuclei

simple interactions among many particles
can lead to unexpected emergent co-operative behavior

Coulomb-induced metal-insulator transition

]
Philip Warren Anderson ’ U LI CH
i 4 Augustp1972, Volume 177, Number 4047 SCIENCE J !)RSCHUNGSZENTRUM



what can be done then ?
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1964

PHYSICAL

REVIEW

Ecole Normale Superieure,

University of C|

This paper deals with the ground stal
proved that there exists a universal fund
pression E= [v(t)n (t)dr+F[n(r) ] has a)
v(r). The functional F[x(r)] is then {
(2) n(r)= ¢ (r/ro) with ¢ arbitrary and 7|
relation energy and linear and higher or:
also sheds some light on generalized Th
these methods are presented.

INTRODUCTION

URING the last decade there has been co

progress in understanding the prope
homogeneous interacting electron gas.! Thgq
view has been, in general, to regard the el
similar to a collection of mnoninteracting
with the important additional concept of
excitations.

On the other hand, there has been in exist
the 1920’s a different approach, representg
Thomas-Fermi method? and its refinements,
the electronic density #(r) plays a central 1
which the system of electrons is pictured n
classical liquid. This approach has been use|
now, for simple though crude descriptions of
geneous systems like atoms and impurities

Lately there have been also some importan
along this second line of approach, such as t
Kompaneets and Pavlovskii,? Kirzhnits,* Lev
and Borowitz,® Baraff,” and DuBois and Kiv¢|
present paper represents a contribution in the §

1965

PHYSICAL REVIEW

Self-Consistent Equations Including Exchange and Correlation Effects*

W. KouN anD L. J. SHAM
University of California, San Diego, La Jolla, California
(Received 21 June 1965)

From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
TFor the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of %.) Electronic systems at finite temperatures and in
magnetic fields are also treated by similar methods. An appendix deals with a further correction for

systems with short-wavelength density oscillations.

I. INTRODUCTION

N recent years a great deal of attention has been
given to the problem of a homogeneous gas of inter-
acting electrons and its properties have been established
with a considerable degree of confidence over a wide
range of densities. Of course, such a homogeneous gas
represents only a mathematical model, since in all real
systems (atoms, molecules, solids, etc.) the electronic
density is nonuniform.
It is then a matter of interest to see how properties
of the homogeneous gas can be utilized in theoretical

VOLUME 140,

density-function

NUMBER 4A 15 NOVEMBER 1965

In Secs. IIT and IV, we describe the necessary modifi-
cations to deal with the finite-temperature properties
and with the spin paramagnetism of an inhomogeneous
electron gas.

Of course, the simple methods which are here pro-
posed in general involve errors. These are of two general
origins?: a too rapid variation of density and, for finite
systems, boundary effects. Refinements aimed at re-
ducing the first type of error are briefly discussed in
Appendix II.
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the standard model. density-functional theory

A

He\Ijoz(rlvr27 SR 7rN) — Ea\Ija(rlar27 . '7rN)

&

ng(r),  Egln(r)l,

(in practice: LDA,GGA,...)
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1998: Nobel Prize in Chemistry to Walter Kohn

In my view DFT makes two kinds of contribution to the science of multi-
particle quantum systems, including problems of electronic structure of
molecules and of condensed matter:

The first is in the area of fundamental understanding. 'Theoretical chemists
and physicists, following the path of the Schroedinger equation, have become
accustomed to think in a truncated Hilbert space of single particle orbitals. The

spectacular advances achieved in this way attest to the fruitfulness of this per-

spective. However, when hlgh accuracyls reqmred SO many Slater deter-
minants are reue (10 calculations up to ~ ’09‘)tht’comenszo'
comes difficult. FTrvides a complementars ,Jc'i ective. It focuses on’
quatlie‘ in the real '?)dlmensmn'al coordmateace " pr1nc1pally on the
electron density n{r) of the groundstate. Other quantities of great interest
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but, how do we calculate the density?

Kohn-Sham auxiliary Hamiltonian

3622[——V2—|—v3'rz] Zh ;)

“ Ven (1) + v (1) + Ve (T)

exchange-correlation

B Z , n(r’)
vr(r) = —Z P —f-/ dr Py

a non-interacting problem
with the same electron density of
Walter Kohn the original many-electron problem

Nobel Prize in Chemistry (1998)
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unexpected successes of DF T

Kohn-Sham band-structures work well as
approximated elementary excitations

o VING ©
ETE U3

: - AMEPHKAHCKOTO CEKTOPA
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why? let us look to a bold approximation

Z
_%:m—

Z|R R|

oz;éoz

1
) -+ 5 Zu(ri,ri/)

large!

He~ Y h(r;)

static mean-field (or single electron) approximation
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remarkably, it works well in many cases!

- A

EF Energy EF
Insulator
(e.qg. diamond)

DOS

metal
(e.qg., Cu, Na)

band partially filled band filled
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Kohn-Sham band structure

H, = Z h(r;)

% Z U(I',L', I‘,,;/)

mean-field-like model

ﬁe ~J Z il(I'Z)

correct symmetry

average long-range Coulomb effect

very good ground-state density

sum rules
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what are correlated materials?

systems for which the single-electron picture fails qualitatively
atomic-like physics survives in the solid

S /] ,
S A el Il sl e I O

atomic-like = local Coulomb repulsion
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deep problems: Mott systems

single-electron picture:
band patrtially filled, it should be a metal

DOS

>

EFr Energy

but experimentally there is an excitation gap

that can be explained by local electron-electron repulsion
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deep problems: Mott systems

8
— [
. | /’\:y\
4\/
go\‘(; — - €9
% -] tZQ
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6 | —
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Z r X P N

Experiments: insulator. Above 40 K a paramagnetic insulator
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high-T: superconducting cuprates

CuO:2 planes

AFI= antiferromagnetic insulator

Pl= paramagnetic insulator

P PM= paramagnetic metal

PM

SC

>
holes in CuO2 plane

energy (eV)
o N

2 zero holes
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why does the single-electron picture fails ?

DOS

>

EF Energy

can we find a single electron Hamiltonian
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cuprates: tight-biding model

CuO2 planes
® o o o Kramers degeneracy
9+ 90990 +099

2

:E*_; ‘t ;’UZE' Fermi level *0 /_/ \\

-2

r X M r
ex = —2t|cos ky + cos k]
Ed Z Nko + Z skc;rwck,a
ko ko
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modify potential but keep symmetry

O—OOI—O—C$;O ° N

J ¢ J 0
@+ 0 —90— _2/ \\
0 t Itz' o
. ° | r X M r

J
L
® o o o t'ft==0.2 t't==0.4
9+ 099099090
9 J J @ _ o g
s L /N / I\
but since Kramers > 0 — N S=
degeneracy stays  © .
we always have a metal.. 0 x M T X M I

‘symmetry protected”  €ko = €k—o J JULICH

RRRRRRRRRRRRRRRR



to open a gap we must lower the symmetry

ferro

energy (eV)

\

o

1
)]

/
I\
M rr X ’JJUUCIH
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high-T¢ superconducting cuprates

phase diagram

CuO2 planes
J J J

@ o @ ¢ @O o

AFI|= antiferromagnetic insulator
Pl= paramagnetic insulator

Pl PM= paramagnetic metal

holes in CuO2 plane

half filling
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oh wait a minute, | have heard it is solved...

‘ M) Check for updates‘ com ment

Bridging the gap between density functional
theory and quantum materials

The focus on quantum materials has raised questions on the fitness of density functional theory for the description
of the basic physics of such strongly correlated systems. Recent studies point to another possibility: the perceived
limitations are often not a failure of the density functional theory per se, but rather a failure to break symmetry.

Alex Zunger

Open questions " ) .

It now appears that many of the traditional naive D FT .
fears that DFT band theory fails

intrinsically to predict Mott insulation

and its many accompanying effects are not na IVG = D FT ba n d S fO I

a failure of the DFT per se, but rather a . .
failure of naive applications. The strongly non-ma g n etl C SO I u tl on
correlated methodologies applied to such

open shell compounds (exemplified by

refs. °-'?) are surely sophisticated and
fundamental. The question is when are No longer can one Cry

they needed. It is thus important to figure out that ‘strong correlation is everywhere.
out specifically when a highly correlated

description is unescapable. For example,
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...Is that indeed true?

as we have seen, to open a gap we must lower the symmetry
one can lower it as follows:

® |large supercells with disordered static spins (DS)

® ad-hoc redefinition of “paramagnet” Z (S) =0
(NB: an AF is PM in this picture) -
l

® EAar<Eps<Enw

> in @ paramagnetic phase however we have:

» the PM phase is a multi-determinant phase

> no coherent picture: either gap or symmetry/description wrong
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high-T¢ superconducting cuprates

phase diagram

CuO2 planes
J J @

oOeCleo o o

it is not just about the gap...

AFI|= antiferromagnetic insulator

Pl= paramagnetic insulator

. - PM= paramagnetic metal

T large masses
PM

SC

>
holes in CuO2 plane

half filling
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high-T¢ superconducting cuprates

phase diagram
CuO2 planes

‘ ‘ ' ' B. Keimer et al., Nature 179 (518), 2015
300 -
’ T*
‘ Ty Strange metal
<
= 200 Pseudogap
@ g
'g TSC, onset
’ 2 — TC, onset »~ "~
E ~
(5]
= Charge F
— @ 100 = . order
Spin
order 1
’ —AF TS set \TCDW
\ N N
o >
Tspw |\‘ oo L
0 l ‘Nx. 11 10|
0 0.1
Prmin Pe1
Hole doping, p
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ll. Mott transition, Hubbard model and DMFT
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cuprates: tight-biding model

CuO2 planes

Kramers degeneracy +inversion

2

Fermi level *0 /_/ \\

-2

I X M I

ex = —2t|cos ky + cos k]




the paradigmatic model

Hubbard model

half filling

U/W=0: m* — 0o AE > U—-W W/U=0:
metal iInsulator
metal with heavy _ _
quasiparticles llnsulat.or with i
(large masses) Increasing gap J JULICH



bad news: the exact solution is not an option

Hilbert space of Slater determinants
grows exponentially (or faster)

eigenstates are typically combinations of
a very large number of Slater determinants!

example: 4 determinants per site, 4Ns

4°=16 410~106  420~1012

Hubbard model
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1989-1992: dynamical mean-field theory

Hubbard model
H —€4q an — 1 Z Z c;-rgcz-,a +U annu

(ii') o

self-consistent
quantum-impurity model

k-independent self-energy G =G""

exact in the infinite coordination number limit

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992).
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how does it work?

two-site Hubbard model
H=c¢y Z Nio — tz (c;[(,cz(7 + cgacla) +U Z N

U U

half filling : Ne=2

this is a toy model: coordination number is one

all analytic results are in lecture notes ,J JULICH
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. bonding and antibonding

(e, — tcoS k)cljacka C,ja = % ( f+et ;)
A
site 1 W=2t site 2
L —
B k=0

ﬁ |Gy, = ¢l 10) E(2) = 2e,— 2t

1 1
G) 1, 2 <C1¢C;¢ ChC;T) 0 H 5 (CITCL + CEW&) 0)  ICH
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t ground state, Eo(Ne=2)

W/U=0

n
t,U t,U
Gy = a2(\/§ ) (CITC;¢ - chgT) 10)|+ al(\ﬁ ) (CJ{TCL — chcgi) 0)| uWw
v
1 1
G) H, :Q (CITCa - CLCET) ‘@‘F 5 (CITCL + C£¢C£¢) 0)

U/W=0
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he local Green function

) U
2 p==Ed+t o
[(1]cs|2))

2

iy L w0 oD
G ilivn) 4 (ivn — (Eo(2) — eatt—p) i ivn — (Eo(2) — a—t—p)

1Bl —
1 —w(t,U) 1+ w(t,U) )

_|_
in — (— Eo(2) + U+3eq+t—p) " i — (— Eo(2) + U+3eq—t—p)
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 the local Green function

2 H=eaty
(Lles|2)

, 1 2 0
Galivn) = 4 (ivn — (Eo(2) — eatt—p) i ivn — (Eo(2) — a—t—p)

@l I2)F ~__

0 2
_|_
in — (— Eo(2) + U+3eq+t—p) " i — (— Eo(2) + U+3eq—t—p) )
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exact local spectral function

U=0: peak missing|!
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DMFT for the one-band Hubbard model

H = ¢y Z Z c:facw —t Z Z c;-racz-,o +U Z NipNi|
) o (ii’)y © )

self-consistent
quantum-impurity model



dynamical mean-field theory

—%ZZ Cio za_tzz Cio za+UZnZTnZ¢

W: band width

Bethe Lattice

U=0

G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)

DENSITY OF STATES

(1) @

spectral weight transfer

narrow
qguasi-particle

peak

large m*

Hubbard bands
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DENSITY OF STATES

dynamical mean-field theory

-
—n

1A

""]‘ -

'\
A‘/’

UiW =

N

u

ne l

EN [-,l\(:\'

Re2(w)

Re2(w)

local self-energy

——

>
0D,
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Ill. DMFT for Materials: DFT+DMFT

——
—
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1. minimal models: DFT-based Wannier functions

week ending
VOLUME 92, NUMBER 17 PHYSICAL REVIEW LETTERS 30 APRIL 2004

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d! Perovskites

E. Pavarini,1 S. Biermann,2 A. PoteryaeV,3 AL Lichtenstein,3 A. Georges,2 and O. K. Andersen®

1

08 |

0.6 [

04

DOS states/ev/spin/band

02

0
1

- 08F

g J=0.64 eV LaTiO3 J=0.64 eV VTIO3

& 061 U=5eV 1 Us5ev

3

2 04} it ]

3

Q

Q 02 - 4F B
0 /. L

4 3 2 -1 0 1 2 3 4 5 64 -3 -2 -1 0 1 2 3 4 5 6
E(eV) E(eV)

small crystal-field+hoppings play key role
A=200-300 meV #) j0LICH
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2. flexible and efficient solvers: our package

Y e
+ U Zn.mm.ml

Z (U — 23 — 3866 )NimoNim o

im=m oo

|n10' imo

4+

T AT T AT
J Z (CmTCm Cm 1l T CniCmiCm 1Oy

DMFT and cDMFT

generalized quantum impurity solvers:
general HF QMC
general CT-INT QMC
general CT-HYB QMC

+ CT-HYB: A. Flesch, E. Gorelov, E. Koch and E. Pavarini
Phys. Rev. B 87, 195141 (2013)

+ CT-INT: E. Gorelov et al, PRL 104, 226410 (2010)

+ CT-INT+SO: G. Zhang, E. Gorelov, E. Sarvestani, and E. Pavarini,
Phys. Rev. Lett. 116, 106402 (2016)

sign problem: smart adapted basis choice

speed up

self-energy matrix in spin-orbital space

16384 T
5M —eo—
10M —e—
20M —m— |
8192
4096
2048
1024 ' ' '
1024 2048 4096 8192 16384
#CPU
1 T T T
TIO
S o5
S
0 : : : o
20 30 40 50 60 70 80
T(K)
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1. basis choice

in theory all basis are identical

g tabc cb+ E Udsa b’ ca a,cb,cb

aa,’bb’
WV WV

Ho Hy

J/

In practice some bases are better than others

» DFT-based (Kohn-Sham) Wannier functions
Wannier functions: Fourier transform of Bloch states
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why Kohn-Sham Wannier functions ?

LaTiO,
1z

localized, orthogonal, span bands exactly
carry information on lattice and chemistry

E. Pavarini, A. Yamasaki, J. Nuss, O.K. Andersen, New. J. Phys 7, 188 (2005) ,J JU LICH
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a price to pay: double-counting correction

g tabc cb+ E Udsa b ca a,cb,cb

aa,’bb’
N
WV WV

I:IO I:IU

Kohn-Sham Wannier orbitals

"

E tabc cb+ E aa’bb’c Cb/Cb_HDC
aba’b’

\ . _J/

#) JULICH
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a price to pay: double-counting correction

N e | et
) == =gy 1

/ |0.= Ven (1) + v (1) + Vge(T)

exchange-correlation
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2. divide electrons in light and heavy

TiO3 light= weakly correlated

heavy= strongly correlated
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weakly-correlated or light electrons

TLDA
~ He
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strongly-correlated or heavy electrons

Hubbard-like approximation

E ta,bc cb+ E Uvalby c Cb/Cb—HDC

aba’b’
N 4
WV WV

HO:HgDA AHy

.

PaN /\_1 P Pa A\
Heg ~ S "HeS ~ Hyubbard—like

1t i “local
E acl Cb+ > Uselioy chelicye, — HBE

aba b’

7 \ 7
-~ -~

fo=ene * M) JULICH
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which electrons are heavy?

KCuFs;

INY

T

energy (eV)
©® ® A M O N M O ©

Z r X P N

d/f shells at the Fermi level

typically bands from partially filled
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3. how much do we downfold?

KCuFs3

Cu t2g

energy (eV)
©® ® A M O N A O ©




dowfolding level and Wannier orbitals

no downfolding

>

downfolding

massive downfolding




double-counting correction

R - 1
. local T local
He——g tabclcb 5 E U o bb/ clca,cb,cb H
b

aba’b’
N _J
WV NV

I:I():I‘i’gDA AI:IU

e &g

for massive downfolding (e.g., one band)
= shift of chemical potential J JULICH
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massive downfolding: DC correction

subtract from Hubbard model what already
in DFT bands

around mean-field approximation
Hy =UY fihy
)

Hpc =U Z (ﬁmﬁu + NipNi) — ﬁnﬁu)
p

ﬁw:n/Z
H —EUZ N+ + N _ 2 — §uN — const
DC—2 i 1T 1l 9 — Ol
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4. the Coulomb integrals: screening

s = [[drs [ dea 35(r1) Bur(ra) s v (ra) ()

bare Coulomb integrals

however, screening effects

Ubare - U

screened

(approximate schemes: cLDA, cRPA)
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tog Or eqonly models, spherical Coulomb

E tabc cb+ E Uval by c ¢! 2+ Cp Gy — Hpc

aba’b’
\ 4
NV NV

T __7LDA
Ho=HL

A

Hy

Hund’s rule J

= D200 b Chano it

o 1£iy mm/

1
+U Z fLrL‘mTTAlim¢ + 5 Z (U —2J — J(sa,a’) 7A7Jz'ma’ﬁ'im’a’

m=Z£m/

T ol
—J Z ( zmT zm¢ 'Lm’T zm’¢ _I—szT imd 'Lm’¢ zm’T)

1 m#£Em/

derivation: www.cond-mat.de/events/correl11/manuscripts/pavarini.pdf ,J JU LICH
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collecting everything together

heavy electrons: light electrons:
hoppings and Upae for DMFT ~ Kohn-Sham bands and screening
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does it work? yes! details matter

week ending
VOLUME 92, NUMBER 17 PHYSICAL REVIEW LETTERS 30 APRIL 2004

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d! Perovskites

E. Pavarini,1 S. Biermann,2 A. Poteryaev,3 AL Lichtenstein,3 A. Georges,2 and O. K. Andersen®

1

08 |

0.6 [

04

DOS states/ev/spin/band

02

0
1

o 08F
g =0. . =0.
g J=0.64 eV LaTio3 J=0.64 eV
& 061 U=5eV U=5eV
%
5 04¢ il
%
9]
A o2t 1L
0 ’

4 3 2 -1 0 1 2 3 4 5 64 -3 -2 -1 0 1 2 3 4 5 6
E(eV) E(eV)

small crystal-field+hoppings play key role
A=200-300 meV #) j0LICH
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A(m)

2

what can we do so far?

low T

susceptibilities

o (eV)
APV o N

#) J0LICH
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what can we do so far?

orbital order Fermi surface spin-orbit

realistic Coulomb Spin waves





































