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what is it all about?

I. the many-body problem, emergent phenomena and 
strongly-correlated materials 

II. Mott systems, Hubbard model and DMFT

III. DMFT for materials: DFT+DMFT

IV. origin of orbital ordering in materials



I.  the many-body problem, emergent phenomena                          
and strongly-correlated materials



the theory of nearly everything
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Born-Oppenheimer approximation, non-relativistic

nuclei  electrons
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the quantum many-body problem
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bad news: the exact solution is not an option

Hilbert space of Slater determinants 
grows exponentially (or faster)

eigenstates are typically combinations of  
a very large number of Slater determinants!

example: 4 determinants per site,  4Ns 

410~106         420~1012  42=16
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the non-interacting many-body problem



good news: it would be anyway useless

On the other hand, the exact solution of a many-body 
problem is really irrelevant since it includes a large 
mass of information about the system which although 
measurable in principle is never measured in practice.   
[..] An incomplete description of the system is 
considered to be sufficient if these measurable 
quantities and their behavior are described correctly.  

H.J. Lipkin

E. Pavarini and E. Koch, Autumn School on Correlated Electron 2013, Introduction
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the many-body problem: more is different

Born-Oppenheimer approximation, non-relativistic
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simple interactions among many particles 
can lead to unexpected emergent co-operative behavior

Philip Warren Anderson

i=electrons
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what can be done then ?
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This paper deals with the ground state of an interacting electron gas in an external potential v(r). It is
proved that there exists a universal functional of the density, Ft I(r) g, independent of v(r), such that the ex-
pression E—=fs(r)n (r)dr+Ft I(r)j has as its minimum value the correct ground-state energy associated with
s(r). The functional FLn(r)j is then discussed for two situations: (1) n(r) @san(r), 8/ao((1, and
(2) a(r) = q (r/ra) with p arbitrary and 1'p ~~.In both cases F can be expressed entirely in terms of the cor-
relation energy and linear and higher order electronic polarizabilities of a uniform electron gas. This approach
also sheds some light on generalized Thomas-Fermi methods and their limitations. Some new extensions of
these methods are presented.

INTRODUCTION
' '
&~IJRING the last decade there has been considerable

progress in understanding the properties of a
homogeneous interacting electron gas. ' The point of
view has been, in general, to regard the electrons as
similar to a collection of noninteracting particles
with the important additional concept of collective
excitations.
On the other hand, there has been in existence since

the 7920's a different approach, represented by the
Thomas-Fermi method' and its re6nements, in which
the electronic density n(r) plays a central role and in
which the system of electrons is pictured more like a
classical liquid. This approach has been useful, up to
now, for simple though crude descriptions of inhomo-
geneous systems like atoms and impurities in nietals.
Lately there have been also some important advances

along this second line of approach, such as the work of
Kompaneets and Pavlovskii, ' Kirzhnits, ' Lewis, ' Baraff
and Borowitz, ' Bara6, ' and DuBois and Kivelson. ' The
present paper represents a contribution in the same area.
In Part I, we develop an exact formal variational

principle for the ground-state energy, in which the den-
sity tz(r) is the variable function. Into this principle
enters a universal functional PLtr(r)), which applies to
all electronic systems in their ground state no matter
what the external potential is. The main objective of
*Supported in part by the U. S. Once of Naval Research.
f NATO Post Doctoral Fellow.
f Guggenheim Fellow.' For a review see, for example, D. Pines, Elementary E'.'xci tati ons

in Solids (W. A. Benjamin Inc. , New York, 1963).' For a review of work up to 1956, see N. H. March, Advan.
Phys. 6, 1 (1957).

A. S. Kompaneets and E. S. Pavlovskii, Zh. Eksperim. i.
Teor. Fiz. 51, 427 (1956) [English transl. : Soviet Phys.—JETP
4, 328 (1957)j.
D. A. Kirzhnits, Zh. Eksperim. i. Teor. Fiz. 32, 115 (1957)

I English transl. : Soviet Phys.—JETP 5, 64 (1957)j.' H. W. Lewis, Phys. Rev. 111, 1554 (1958).' G. A. 13araff and S. Borowitz, Phys. Rev. 121, 1704 (1961).
7 G. A. BaraG, Phys. Rev. 123, 2087 (1961).'D. F. Du Bois and M. G. Kivelson, Phys. Rev. 127, 1182

(1962).

theoretical considerations is a description of this
functional. Once known, it is relatively easy to deter-
mine the ground-state energy in a given external
potential.
In Part II, we obtain an expression for FLnj when tr

deviates only slightly from uniformity, i.e., n(r)=1'cp
+ts(r), with ts/tss —& 0; In this case FLej is entirely
expressible in terms of the exact ground-state energy
and the exact electronic polarizability n(g) of a uniform
electron gas. This procedure will describe correctly
the long-range Friedel charge oscillations' set up by
a localized perturbation. All previous refinements of the
Thomas-Fermi method have failed to include these.
In Part III we consider the case of a slowly varying,

but +of necessarily almost constant density, tr (r)= p(r/rs), rs —&oo. For this case we derive an expansion
of F)trj in successive orders of rs ' or, equivalently of
the gradient operator V acting on e(r). The expansion
coeKcients are again expressible in terms of the exact
ground-state energy and the exact linear, quadratic,
etc. , electric response functions of a uniform electron
gas to an external potential w(r). In this way we recover,
quite simply, all previously developed refinements of
the Thomas-Fermi method and are able to carry them
somewhat further. Comparison of this case with the
nearly uniform one, discussed in Part II, ,also reveals
why the gradient expansion is intrinsically incapable
of properly describing the Friedel oscillations or the
radial oscillations of the electronic density in an atom
which reQect the electronic shell structure. A partial
summation of the gradient expansion can be carried
out (Sec. III.4), but its usefulness has not yet been
tested.

I. EXACT GENERAL FORMULATION

I. The Density as Basic Variable
Ke shall be considering a collection of an arbitrary

number of electrons, enclosed in a large box and moving

' J. Friedel, Phil. Nag. 45, 155 (1952).

a way out: density-functional theory
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Self-Consistent Equations Including Exchange and Correlation Effects*
W. KOHN AND L. J. SHAM

Unieersity of Ca/Bfornia, San Diego, la Jolta, California
(Received 21 June 1965l

From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
For the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of -';.) Electronic systems at finite temperatures and in
magnetic lelds are also treated by similar methods. An appendix deals with a further correction for
systems with short-wavelength density oscillations.

I. INTRODUCTION
'N recent years a great deal of attention has been
- - given to the problem of a homogeneous gas of inter-
acting electrons and its properties have been established
with a considerable degree of confidence over a wide
range of densities. Of course, such a homogeneous gas
represents only a mathematical model, since in all real
systeins (atoms, inolecules, solids, etc.) the electronic
density is nonuniform.
It is then a matter of interest to see how properties

of the homogeneous gas can be utilized in theoretical
studies of inhomogeneous systems. The well-known
methods of Thomas-Fermi' and the Slater' exchange
hole are in this spirit. In the present paper we use the
formalism of Hohenberg and Kohn' to carry this
approach further and we obtain a set of self-consistent
equations which include, in an approximate way, ex-
change and correlation effects. They' require only a
knowledge of the true chemical potential, tie(e), of a
homogeneous interacting electron gas as a function of
the density n.
We derive two alternative sets of equations

[Eqs. (2.8) and (2.22)) which are analogous, respec-
tively, to the conventional Hartree and Hartree-Fock.
equations, and, although they also include correlation
effects, they are no more difficult to solve.
The local effective potentials in these equations are

unique in a sense which is described in Sec. II. In par-
ticular, we And that the Slater exchange-hole potential,
besides its omission of correlation effects, is too large
by a factor of —,'.
Apart from work. on the correlation energy of the

homogeneous electron gas, most theoretical many-body
studies have been concerned with elementary excita-
tions and as a result there has been little recent progress
in the theory of cohesive energies, elastic constants,
etc., of real (i.e., inhomogeneous) metals and alloys.
The methods proposed here offer the hope of new
progress in this latter area.
~ Supported in part by the U. S. Ofhce of Naval Research.'L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927);E. Fermi, Z. Physik 48, 73 (1928).' J. C. Slater, Phys. Rev. 81, 385 (1951).' P. Hohenberg and W. Kohn, Phys. Rev. 136, 3864 (1964l;

referred to hereafter as HK.

In Secs. III and IV, we describe the necessary Inodid-
cations to deal with the finite-temperature properties
and with the spin paramagnetism of an inhomogeneous
electron gas.
Of course, the simple methods which are here pro-

posed in general involve errors. These are of two general
origins4: a too rapid variation of density and, for 6nite
systems, boundary effects. Refinements aimed at re-
ducing the 6rst type of error are brieQy discussed in
Appendix II.

II. THE GROUND STATE

A. Local Effective Potential
It has been shown' that the ground-state energy of an

interacting inhomogeneous electron gas in a static po-
tential n(r) can be written in the form

1 e(r)e(r')
Z= tt(r)e(r) dr+— dr dr'+G[e),

r r'[—
i:,, (2.1)

where e(r) is the density and G[e) is a universal func-
tional of the density. This expression, furthermore, is a
minimum for the correct density function e(r). In this
section we propose first an approximation for G[e),
which leads to a scheme analogous to Hartree's method
but contains the major part of the effects of exchange
and correlation.
We first write

G[e)=T.[e)yZ, [e), (2.2)
where T,[e) is the kinetic energy of a system of non-
interacting electrons with density e(r) and F,[e) is,
by our definition, the exchange and. correlation energy
of an interacting system with density e(r). For an arbi-
trary e(r), of course, one can give no simple exact ex-
pression for E,[e). However, if e(r) is sufliciently
slowly varying, one can show' that

F,[e)= e(r)e, (e(r)) dr, (2.3)

4 W. Kohn and L. J. Sham, Phys. Rev. 137, A1697 (1965).
~ For such a system it follows from HK that the kinetic energy

is in fact a unique functional of the density.
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the standard model: density-functional theory

Ĥe ↵(r1, r2, . . . , rN ) = E↵ ↵(r1, r2, . . . , rN )
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nG(r), EG[n(r)], . . .

(in practice: LDA,GGA,…)



1998: Nobel Prize in Chemistry to Walter Kohn

(from the Nobel lecture)



but, how do we calculate the density?
Kohn-Sham auxiliary Hamiltonian

ĥe =
X

i


�1

2
r2

i + vR(ri)

�
=

X

i

ĥe(ri)

vR(r) = �
X

↵

Z↵

|r �R↵|
+

Z
dr0 n(r0)

|r � r0| +
�Exc[n]

�n
= ven(r) + vH(r) + vxc(r)

Nobel Prize in Chemistry (1998)

Walter Kohn 

a non-interacting problem  
with the same electron density of  

the original many-electron problem 

Hartree exchange-correlation



Kohn-Sham band-structures work well as  
approximated elementary excitations

unexpected successes of DFT

-8

-6

-4

-2

 0

 2

 4

 6

 8

 Z  !  X  P  N 

 e
n
e
rg

y
 (

e
V

)

material trends, prediction

KCuF3  the DFT



why? let us look to a bold approximation
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Ĥe =
X

i

h(ri) +
1

2

X

i,i0

u(ri, ri0)
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Ĥe ⇠
X

i

h̃(ri)

Ĥe = �1

2

X

i

r2
i +

1

2

X

i 6=i0

1

|ri � ri0 |
�

X

i,↵

Z↵

|ri �R↵|
+

1

2

X

↵ 6=↵0

Z↵Z↵0

|R↵ �R↵0 |

static mean-field (or single electron) approximation

large!



remarkably, it works well in many cases! 

metal  
(e.g., Cu, Na)

insulator 
 (e.g. diamond)

Energy

DOS

EF EF

band partially filled band filled



• correct symmetry 
• average long-range Coulomb effect 
• very good ground-state density 
• sum rules 

<latexit sha1_base64="HwJBGqhbCXjDneow8pjv2XzwAbg=">AAAB7XicZY/LSsNAFIZPvNZ6i7p0Eyxii6UkpehKKbjpSirYCzQlTKbTdmgmCTMToQzZ+wLuxK0v4MvoVh/ENMZb+8OBj///D5zjhh4V0jRftaXlldW19dxGfnNre2dX39tviyDimLRw4AW86yJBPOqTlqTSI92QE8Rcj3TcydUs79wRLmjg38ppSPoMjXw6pBjJxHL0a3uMpGrEDrmwRcQcaoyLynaHBo8dWjq1hxxhZcWqGqexomV6EhvRb6f8TSoJSo5eMCtmKmMRrAwKkKnp6Pf2IMARI77EHhKiZ5mh7CvEJcUeifN2JEiI8ASNSC9BHzEi+ir9OzaOE2dgDAOejC+N1P27oRATYsrcpMmQHIv5bGb+ZMnp1vyhi9CuVqyzSu2mVqhfZk/k4BCOoAgWnEMdGtCEFmB4gTd4hw8t0B60R+3pq7qkZTsH8E/a8ye25438</latexit>
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what are correlated materials?

H

Li

Na

K

Rb

Cs

Fr

Be

Mg

Ca

Sr

Ba

Ra

Sc

Y

Lu

Lr

Ti

Zr

Hf

Rf

V

Nb

Ta

Db

Cr

Mo

W

Sg

Mn

Tc

Re

Bh

Fe

Ru

Os

Hs

Co

Rh

Ir

Mt

Ni

Pd

Pt

Cu

Ag

Au

B

Al

Ga

In

Tl

C

Si

Ge

Sn

Pb

N

P

As

Sb

Bi

O

S

Se

Te

Po

F

At

Ne

Xe

Rn

Ce

Th

Pr

Pa

Nd

U

Pm

Np

Sm

Pu

Eu

Am

Gd

Cm

Tb

Bk

Dy

Cf

Ho

Es

Er

Fm

Tm

Md

Yb

No

La

Ac

He

Zn

Cd

Hg

I

Kr

ArCl

Br

systems for which the single-electron picture fails qualitatively
atomic-like physics survives in the solid

atomic-like = local Coulomb repulsion



single-electron picture: 
band partially filled, it should be a metal

Energy

DOS

EF

but experimentally there is an excitation gap

that can be explained by local electron-electron repulsion

deep problems: Mott systems



deep problems: Mott systems
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Experiments: insulator. Above 40 K  a paramagnetic insulator 



holes in CuO2 plane

zero holes

AFI

SC

PI

PM

PI= paramagnetic insulator
AFI= antiferromagnetic insulator

PM= paramagnetic metal

CuO2  planes

high-Tc superconducting cuprates
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why does the single-electron picture fails ? 

Energy

DOS

EF
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cuprates: tight-biding model
CuO2  planes

t t′
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modify potential but keep symmetry
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to open a gap we must lower the symmetry
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high-Tc superconducting cuprates

CuO2  planes

t t′

CuO

high-Tc superconducting cuprates

phase diagram

holes in CuO2 plane

half filling

AFI

SC

PI

PM

PI= paramagnetic insulator
AFI= antiferromagnetic insulator

PM= paramagnetic metal
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comment

Bridging the gap between density functional 
theory and quantum materials
The focus on quantum materials has raised questions on the fitness of density functional theory for the description 
of the basic physics of such strongly correlated systems. Recent studies point to another possibility: the perceived 
limitations are often not a failure of the density functional theory per se, but rather a failure to break symmetry.

Alex Zunger

The demonstration of spectacular 
quantum effects in solids — such as 
special forms of superconductivity, 

topological network effects, Mott insulation 
or spin polarization without magnetism —  
have held physicists, and everyone else, 
in constant fascination. The distinction 
between the metallic and insulating behavior 
of solids and the ability to predict such 
behavior in different crystal phases of 
compounds has been a central challenge in 
condensed-matter science and its ensuing 
technologies. The explanation of such solid-
state quantum effects has been historically 
conveyed in two different asymptotic views. 
On one hand, the approach of ‘electronic 
phases of matter’ has emphasized how the 
dance performed by the tiniest interacting 
objects — electrons, spins and phonons — 
has told the story. Indeed, the system where 
the quantum effect lives (meaning, the 
material) has often been regarded in such 
material-independent models of electronic 
phases as a featureless spectator entity, in 
which atoms rarely needed to be mentioned. 
On the other hand, a central focus in 
traditional solid-state physics, structural 
inorganic chemistry and metallurgy has 
been the observation of the connection 
between a property (P) and the identity of 
the material in which the property lives. 
Indeed, the fact that certain properties are 
manifested in specific materials and not 
in others has become the central magic 
that material-dependent theories aimed 
to demystify. A material can be succinctly 
defined by its ‘ACS descriptor’1, consisting 
of the identity of its atoms (A), their 
composition (C) and structure (S). The latter 
represents spatial organizations of various 
crystallographic, magnetic or nanoscopic 
motifs that can be accessed at different 
laboratory conditions. Subtle changes in A, 
C or S can often come with vastly different 
material properties P(ACS). This is perhaps 
best illustrated by the widely different 
hardness, conductivity and color of the two 
forms of solid elemental carbon (that is, 

graphite versus diamond), or by the fact that 
seemingly trivial changes in structure can 
transform an insulator into a metal.

The ping-pong between electronic 
states and structural motifs
Understandably, seeking a general-purpose, 
material-dependent theoretical and 
computational platform that could accept 
ACS as ‘input’ and provide some predicted 
properties P(ACS) as ‘output’ has been 
one of the central anticipated needs in 
the post-Landau era of condensed-matter 
theories of real materials. Electronic states 
are shaped not only by their interelectronic 
interactions but also by the nature of the 
microscopic degrees of freedom (m-DOF) 
in the lattice in which they live — such as 
atomic displacements. At the same time, the 
atomic displacements and other m-DOF are 
shaped by the electronic states which set up 
quantum mechanical forces acting on atoms 
possibly displacing them to more optimal 
(energy lowering) positions. Such a ‘ping-
pong’ allows the electronic states and their 
specific lattice environment — including 
atomic displacements, and configurations, 
magnetic, and dipole degrees of freedom 
(columns of Fig. 1) to cross-influence each 
other. The result could be a configuration of 
local lattice motifs that is different from the 
one initially anticipated. One such general-
purpose computational platform evolved 
from an existence theorem, articulated in the 
1960s as the basis for the density functional 
theory (DFT).

Hohenberg and Kohn2 showed in 
1964 that the exact ground-state energy 
of interacting electrons can, in principle, 
be found from an effective one-electron 
Schrödinger equation, if the exact exchange-
correlation (xc) energy, Exc[n↑, n↓] (where 
n refers to the spin-dependent electronic 
density), and its functional derivative with 
respect to the charge densities were known. 
A clever method that could generate the 
ground-state density from orbitals of non-
interacting particles was proposed a year 

later by Kohn and Sham3. It took some 
additional 20 years before DFT started to 
be used as a predictive tool for ground-
state electronic, magnetic and phononic 
properties of solids. This incubation period 
was perhaps needed in part to find physical 
realizations of the Hohenberg–Kohn 
existence theorem2 for the exchange-
correlation functional, Exc (ref. 4) and 
formulate the total energy and quantum 
forces expression in periodic solids in 
momentum space5, avoiding divergence of 
the individual terms. The availability of such 
first-principles evaluation of the total energy 
and forces on atoms became a crucial metric 
for enabling the ping-pong noted above.

Traditionally bonded compounds first
Applications of DFT focused initially on 
examining traditional compounds with 
uncomplicated bonding patterns (for 
instance, diamond, silicon, ionic solids and 
transition metals), and eventually extended 
into complex architectures (for instance, 
surfaces, nanostructures, superlattices, 
disordered alloys, defects and impurities) 
of similarly traditional building-block 
compounds. These developments brought 
into the ivory tower of solid-state theory 
some welcome strangers interested in 
the application of such platforms to 
technological questions of the day, such 
as semiconductor electronics, renewable 
energy, lithium ion batteries, structural 
metal alloys and more. In combination 
with computational search approaches 
(such as genetic algorithms) and artificial 
intelligence, DFT progressed from looking at 
one material at the time, towards searching 
groups of systems, including (inverse) 
design of materials with target properties, 
which eventually led to the birth of the DFT-
based ‘materials genome’.

The challenge of ‘strongly correlated’ 
compounds
The looming concern, however, has been 
that this approach may not work for the 
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mean-field-like DFT and by (2) explicitly 
highly correlated symmetry-preserving 
methods beg the obvious question: what 
happened to the strong correlation when 
symmetry was broken in a larger cell? Indeed, 
correlation is representation dependent 
rather than being an absolute statement on 
the intrinsic physical nature of a compound 
or a phase, as we have been conditioned 
to think. What is strong correlation in 
symmetry-unbroken representation may 
transform to weak correlation in symmetry-
broken representation23. Perhaps d-electron 
oxides are not necessarily strongly correlated, 
just complicated?

Open questions
It now appears that many of the traditional 
fears that DFT band theory fails 
intrinsically to predict Mott insulation 
and its many accompanying effects are not 
a failure of the DFT per se, but rather a 
failure of naive applications. The strongly 
correlated methodologies applied to such 
open shell compounds (exemplified by 
refs. 9–12) are surely sophisticated and 
fundamental. The question is when are 
they needed. It is thus important to figure 
out specifically when a highly correlated 
description is unescapable. For example, 
it will be important to determine which 
systems and phases would maintain 
strongly correlated behavior even if they 
cannot lower their energy by symmetry 

breaking (just as perhaps in multiplet 
theory for atoms). No longer can one cry 
out that ‘strong correlation is everywhere’. 
Indeed, identifying compounds and 
properties where DFT fails fair-and-square 
will provide legitimate opportunities for 
explicitly correlated theories to shine.

Recent progress in developing 
experimental probes that can resolve local 
positional, magnetic or dipolar motifs in 
materials should join with the theoretical 
efforts now able to predict the emergence 
of (static or dynamic) symmetry-breaking, 
energy-lowering local motifs. The 
experimental and theoretical communities 
working on complex phenomena discussed 
here must join forces with open minds 
to solve the essential remaining difficult 
problems in this field. We all want to know 
which minimal, enabling physics concepts 
are needed to understand the trend in 
properties P across the Periodic Table of 
materials ACS1. Once progress is made 
in this direction of connecting quantum 
properties with the body in which such 
properties live, discovery and design can be 
successfully extended from traditional to 
quantum materials. ❐
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 “naive” DFT..
naive=DFT bands for  
non-magnetic solution



• large supercells with disordered static spins (DS) 

• ad-hoc redefinition of “paramagnet”  
      (NB: an AF is PM in this picture) 

• EAF<EDS<ENM 

∑
i

⟨Si⟩ = 0

⟨Si⟩ = 0

as we have seen, to open a gap we must lower the symmetry

‣ in a paramagnetic phase however we have: 

‣ the PM phase is a multi-determinant phase 

‣ no coherent picture: either gap or symmetry/description wrong

…is that indeed true?

one can lower it as follows:



high-Tc superconducting cuprates

CuO2  planes

t t′

CuO

high-Tc superconducting cuprates

phase diagram

holes in CuO2 plane

half filling

AFI

SC

PI

PM

PI= paramagnetic insulator
AFI= antiferromagnetic insulator

PM= paramagnetic metal

T large masses

it is not just about the gap…



high-Tc superconducting cuprates

CuO2  planes

t t′

CuO

high-Tc superconducting cuprates

phase diagram

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.
More unique to the copper oxides is the behaviour observed in a range

of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at lowenergies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence andmany aspects of their general structurewere
anticipatedby theory7. Superconducting fluctuations alsohave an important
role in part of this regime, although to an extent that is still much debated.
The high-temperature superconducting phase itself has a pattern of

broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirelydistinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are nowwell understood, and indeedwere also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate ofTc have had some success13, there
are important reasons to consider this problemstill substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electronhas a spinwhoseorientation remains adynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusionprinciple, an antiferromagnetic interaction betweenneighbour-
ing spins. This, in turn, leads to a simple (Néel) orderedphasebelow room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.
The Cu-O planes are ‘doped’ by changing the chemical makeup of

interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2).Materials
with p, popt are referred to as underdoped and those with popt, p are
referred to as overdoped.
It is important to recognize that the strong electron repulsions that

cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copperoxide superconductors. This has several general consequences.The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failureof thequasiparticleparadigmismost acute in the ‘strangemetal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emergewhen the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a highmagnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in atTCDW.TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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II. Mott transition, Hubbard model and DMFT



cuprates: tight-biding model
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Hubbard model 

W/U=0:  
insulator

U/W=0: 
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the paradigmatic model 

m* → ∞
metal with heavy  
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(large masses)
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bad news: the exact solution is not an option

Hilbert space of Slater determinants 
grows exponentially (or faster)

eigenstates are typically combinations of  
a very large number of Slater determinants!

example: 4 determinants per site,  4Ns 

410~106         420~1012  42=16

Hubbard model 



k-independent self-energy

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992). 

self-consistent  
quantum-impurity model

Hubbard model

 exact in the infinite coordination number limit

1989-1992: dynamical mean-field theory
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Ĥ =ωd

∑

iω

niω → t

∑

→ii→↑

∑

ω

c
†
iωci→ω + U

∑

i

ni↓ni↔



how does it work?

this is a toy model: coordination number is one

all analytic results are in lecture notes
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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1. minimal models: DFT-based Wannier functions

small crystal-field+hoppings play key role
Δ=200-300 meV

t2g1

W is reduced to 2.4 eV because the Wannier orbitals are
misaligned by the GdFeO3-type distortion and because
some of their O 2p character is stolen by the increased
OA covalency, which drives this distortion. The energy of
the xy Wannier orbital (the center of gravity of Nxy;xy) is
80 meV lower than that of the degenerate xz and yz
orbitals, and small off-diagonal DOS elements appear.
Going from the vanadates to the titanates, the effects of
OA and (Ad) (Bt2g) covalency increase dramatically,
because now A and B are 1st- rather than 3rd-nearest
neighbors in the periodic table. As a consequence, the
increased misalignment and loss of oxygen character
reduce the bandwidths to 2.1 and 2.0 eV in LaTiO3 and
YTiO3, and weak hybridization with the A d bands de-
forms the t2g band. A pseudogap which starts out as a
splitting of the van Hove peak in CaVO3 deepens and
moves to lower occupancy as we progress to LaTiO3 and
YTiO3. The deep pseudogap in YTiO3 is mainly caused
by the hybridization with the Y xy orbital. The xy , yz,
and zx Wannier orbitals are now strongly mixed and
diagonalization of the on-site blocks of HLDA yields
three singly degenerate levels with the middle (highest)
being 140 (200) meV above the lowest in LaTiO3 and
200 (330) meV in YTiO3. This splitting is not only
an order of magnitude smaller than the t2g bandwidth,
but also smaller than the subband widths, in particu-
lar, for LaTiO3. As a consequence, the eigenfunction for
the lowest level is occupied by merely 0.45 electron
in LaTiO3 and 0.50 in YTiO3, while the remaining 0.55
(0.50) electron occupies the two other eigenfunctions.
The eigenfunction on site 1 with the lowest energy
is 0:604jxyi! 0:353jxzi! 0:714jyzi in LaTiO3 and
0:619jxyi" 0:073jxzi! 0:782jyzi in YTiO3. The split-
tings are large compared with the spin-orbit splitting
(20 meV) and kT, and they are not caused by the JT
distortions, as we have verified by turning them off in
the calculations.

Next, we turn to the LDA! DMFT results. Calcula-
tions were performed for several values of U between 3

and 6 eV. We found that the critical ratio Uc=W decreases
when going along the series: SrVO3, CaVO3, LaTiO3, and
YTiO3. This is consistent with the increasing splitting of
the t2g levels and indicates that the Mott transition in the
d1 series is driven as much by the decrease of effective
degeneracy as by the reduction of the bandwidth. The
main features of the photoemission spectra for all four
materials, as well as the correct values of the Mott-
Hubbard gap for the insulators [3], are reproduced by
taking U constant #5 eV. This is satisfying because U
is expected to be similar for vanadates and titanates,
although slightly smaller for the latter [24]. In Fig. 3
we show the DMFT spectral functions together with the
LDA total DOS. For cubic SrVO3 we reproduce the results
of previous calculations [21,28]: the lower Hubbard band
(LHB) is around "1:8 eV and the upper Hubbard band
(UHB) around 3 eV. Going to CaVO3, the quasiparticle
peak loses weight to the LHB which remains at "1:8 eV
while the UHB moves down to 2.5 eV. These results are in
good agreement with photoemission data [29] and show
that SrVO3 and CaVO3 are rather similar, with the latter
slightly more correlated. Similar conclusions were drawn
in Ref. [21]. From the linear regime of the self-energy at
small Matsubara frequencies we estimate the quasipar-
ticle weight to be Z $ 0:45 for SrVO3 and 0.29 for
CaVO3. For a k-independent self-energy, as assumed in
DMFT, this yields m%=m $ 1=Z $ 2:2 for SrVO3 and 3.5
for CaVO3, in reasonable agreement with the optical
conductivity values 2.7 and 3.6 [2].

For LaTiO3 and YTiO3 the LHB is around "1:5 eV, in
accord with photoemission [30]. Despite very similar
bandwidths, the gaps are very different, 0.3 and 1 eV,
and this also agrees with experiments [3]. This is consis-
tent with our findings that the t2g-level splittings are
smaller and Uc=W is larger in LaTiO3 than in YTiO3
where the orbital degeneracy is effectively 1. Diagonal-
ization of the matrix of occupation numbers reveals that
for the titanates one orbital per site is nearly full, in
contrast to LDA. It contains 0.88 electron in LaTiO3
and 0.96 in YTiO3. The orbital polarization increases
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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2Centre de Physique Théorique, Ecole Polytechnique, 91128 Palaiseau Cedex, France

3NSRIM, University of Nijmegen, NL-6525 ED Nijmegen, The Netherlands
4Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

(Received 4 September 2003; published 30 April 2004)

Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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model includes the full dynamics of the t2g electrons,21 the
effective U0 is larger than for the two-band model. By scanning
different U0 between 7 and 5 eV we find that U0 ∼ 5.5 eV
yields a gap quite close to that of the two-band model and a
spectrum in good agreement with experiments. This shows that
in the two-band model the Coulomb integral U0 is screened
∼10% by the t2g electrons. The half-filled t2g bands exhibit a
very large gap because at half filling the t2g exchange couplings
effectively enhance the effect of the Coulomb repulsion U0.
Finally, we find the on-site spin-spin correlation function to
be ⟨Stg

z S
eg

z ⟩ ∼ 0.74, very close to the value of 0.75 expected
for aligned eg and St2g

= 3/2 t2g spins. Concerning the sign
problem, we find it negligible for all of these calculations (the
average sign is ∼0.99 in the worst case).

IV. ORBITAL FLUCTUATIONS AND MAGNETISM IN
CaVO3 AND YTiO3

The importance of orbital fluctuations in the physics of
3d1 perovskites has long been debated.6,15,16,28–30 Single-site
DMFT calculations have shown that in the presence of crystal-
field splitting Coulomb repulsion strongly suppresses orbital
fluctuations.6 However, these conclusions were based on a
Hubbard model with density-density Coulomb interactions
only. In this section we analyze the effect of the neglected
spin-flip and pair-hopping Coulomb interactions. Furthermore,
exploiting our efficient CT-HYB solver, we address the issue
of the nature of the low-temperature (30 K)15,31 ferromagnetic
transition in YTiO3.

A. Orbital fluctuations

The minimal model to consider for 3d1 transition-metal
oxides is a three-band Hubbard model for the t2g bands
including spin-flip and pair-hopping terms, and with

εmσm′σ ′ = εmm′δσ,σ ′ ,

t ii
′

mσm′σ ′ = t ii
′

mm′δσ,σ ′ ,

where m,m′ = xy,xz,yz. For the Coulomb parameters we use
U0 = 5 eV and Jt2g

∼ 0.68 eV (CaVO3) or Jt2g
= 0.64 eV

(YTiO3) from theoretical estimates and previous works.6,27

Because the local Hamiltonian mixes flavors even in the
crystal-field basis, i.e., the basis diagonalizing the nonin-
teracting part of the local Hamiltonian, we perform the
LDA + DMFT calculations using the Krylov version of our
general CT-HYB QMC solver.

In Table I we show the occupations ni of the natural orbitals,
i.e., the eigenstates of the one-body density matrix, at ∼190 K
in CaVO3 and YTiO3. We find that CaVO3 is a paramagnetic
metal with a small orbital polarization. Instead, YTiO3 is
a paramagnetic insulator with orbital polarization p = n1 −
(n2 + n3)/2 ∼ 1, i.e., basically full (orbitally ordered state).
For this system, the double occupancies at 290 K are small; i.e.,
we find 1

2

∑
mσ ̸=m′σ ′ ⟨n̂mσ n̂m′σ ′ ⟩ ∼ 0.015 for YTiO3. The occu-

pied orbital is |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩. We
find the occupied state and orbital polarization are basically the
same with full Coulomb and density-density approximations.
Previous calculations6 in which spin-flip and pair-hopping
terms have been neglected and T ∼ 770 K are in line with these
results. This shows that spin-flip and pair-hopping terms do

TABLE I. Occupations ni of the natural orbitals (with ni > ni+1)
at T = 190 K in CaVO3 and YTiO3 obtained by diagonalizing the
occupation matrix. For YTiO3 the occupied orbital is the natural
orbital |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩, and it basically
coincides with the lowest-energy crystal-field state; we find about
the same occupied orbital by performing the calculation with and
without pair-hopping and spin-flip terms, or in the paramagnetic and
in the ferromagnetic phase.

n1 n2 n3

CaVO3 0.47 0.28 0.25
YTiO3 0.98 0.01 0.01

not change the conclusion that orbital fluctuations are strongly
suppressed in the Mott insulator YTiO3. In the CT-HYB QMC
simulations the average sign is ∼0.9 for YTiO3 and ∼0.95 for
CaVO3.

B. Ferromagnetism in YTiO3

YTiO3 is one of the few ferromagnetic Mott insulators.
Neutron scattering experiments pointed out early-on the diffi-
culties in reconciling ferromagnetism and the expected orbital
order,15 and there have been suggestions that the ferromagnetic
state could rather be associated with a quadrupolar order
and large-scale orbital fluctuations.29 However, second-order
perturbation theory calculations indicate that ferromagnetism
and orbital order could be reconciled, provided that the real
crystal structure of YTiO3, including the GdFeO3-type dis-
tortion (tilting and rotation of the octahedra, and deformation
of the cation cage), is taken into account.16 To clarify this
point, we check the instability towards ferromagnetism of the
three-band t2g Hubbard model obtained for the experimental
structure of YTiO3. With this approach we calculate the
ferromagnetic transition temperature TC due to superexchange
alone in the orbitally ordered phase. Since experimentally
TC ∼ 30 K, we have to perform LDA + DMFT calculations
down to very low temperatures, which becomes possible with
the CT-HYB QMC solver. On lowering the temperature, we
find that the sign problem becomes sizable (average sign ∼0.7
at 40 K). However, we can basically eliminate it (average
sign ∼0.97) by performing the LDA + DMFT calculations
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FIG. 3. Ferromagnetic spin polarization as a function of temper-
ature in YTiO3. The plot shows a transition at the critical temperature
TC ∼ 50 K, slightly overestimating the experimental value TC ∼
30 K, as one might expect from a mean-field calculations.
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Ĥ0=ĤLDA

e

+
1

2

X

aba0b0
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| {z }
�ĤU
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Figure 5. Basis functions of the truly minimal set of O 2p NMTOs calculated
for LaTiO3 with the structure of [12]. Shown are the orbital shapes (constant-
amplitude surfaces) with the ± signs labelled by red and blue. O1 is in a flat
face of the distorted La cube and the O2s are in the buckled faces (see caption
to figure 2). In column 1 we show the orbitals perpendicular to the faces (pz)
which exhibit symmetric Ti-O-Ti σ-bonds. In column 2 we show the orbitals in
the top horizontal face (O1 px and py). Although they are equivalent to those in
the bottom face shown in column 3, we show both for the sake of clarity. The
O1 px and py orbitals, as well as those for O2 shown in the following figure 6,
exhibit weak, symmetric Ti-O-Ti π-bonds. Most importantly, however, the O1 px

and py orbitals show asymmetric O-La σ-bonds. The latter, together with the O2
px-La σ-bonds shown in figure 6, are responsible for the GdFeO3-type distortion.
This O-A bonding is shown schematically in figure 7.

respectively 17% (15%) and 11% (8%) of the average of the four O1-La distances, and it shortens
the O2 bond by 16% (14%) of the average of the four O2-La distances [12]. Here the numbers in
parentheses are from the older data [44]. For CaVO3 the corresponding bond-length reductions
are 10% and 4% for O1 and 12% for O2, while forYTiO3, they are as large as 28% and 23% for O1,
and 22% for O2. For YTiO3 the shortest O-Y distance is, in fact, only 10% longer than the O-Ti
distance.

New Journal of Physics 7 (2005) 188 (http://www.njp.org/)
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�ĤU

<latexit sha1_base64="IFoZEbUzd1jAtQjyLUpsk5CnAZ0="></latexit>
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which electrons are heavy?
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3. how much do we downfold?
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for massive downfolding (e.g., one band)
= shift of chemical potential
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local
DC

| {z }
�ĤU



massive downfolding: DC correction

around mean-field approximation
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4. the Coulomb integrals: screening
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t2g or eg only models, spherical Coulomb

derivation:  www.cond-mat.de/events/correl11/manuscripts/pavarini.pdf
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.

P H Y S I C A L R E V I E W L E T T E R S week ending
30 APRIL 2004VOLUME 92, NUMBER 17

176403-1 0031-9007=04=92(17)=176403(4)$22.50  2004 The American Physical Society 176403-1

does it work? yes! details matter

small crystal-field+hoppings play key role
Δ=200-300 meV

t2g1

W is reduced to 2.4 eV because the Wannier orbitals are
misaligned by the GdFeO3-type distortion and because
some of their O 2p character is stolen by the increased
OA covalency, which drives this distortion. The energy of
the xy Wannier orbital (the center of gravity of Nxy;xy) is
80 meV lower than that of the degenerate xz and yz
orbitals, and small off-diagonal DOS elements appear.
Going from the vanadates to the titanates, the effects of
OA and (Ad) (Bt2g) covalency increase dramatically,
because now A and B are 1st- rather than 3rd-nearest
neighbors in the periodic table. As a consequence, the
increased misalignment and loss of oxygen character
reduce the bandwidths to 2.1 and 2.0 eV in LaTiO3 and
YTiO3, and weak hybridization with the A d bands de-
forms the t2g band. A pseudogap which starts out as a
splitting of the van Hove peak in CaVO3 deepens and
moves to lower occupancy as we progress to LaTiO3 and
YTiO3. The deep pseudogap in YTiO3 is mainly caused
by the hybridization with the Y xy orbital. The xy , yz,
and zx Wannier orbitals are now strongly mixed and
diagonalization of the on-site blocks of HLDA yields
three singly degenerate levels with the middle (highest)
being 140 (200) meV above the lowest in LaTiO3 and
200 (330) meV in YTiO3. This splitting is not only
an order of magnitude smaller than the t2g bandwidth,
but also smaller than the subband widths, in particu-
lar, for LaTiO3. As a consequence, the eigenfunction for
the lowest level is occupied by merely 0.45 electron
in LaTiO3 and 0.50 in YTiO3, while the remaining 0.55
(0.50) electron occupies the two other eigenfunctions.
The eigenfunction on site 1 with the lowest energy
is 0:604jxyi! 0:353jxzi! 0:714jyzi in LaTiO3 and
0:619jxyi" 0:073jxzi! 0:782jyzi in YTiO3. The split-
tings are large compared with the spin-orbit splitting
(20 meV) and kT, and they are not caused by the JT
distortions, as we have verified by turning them off in
the calculations.

Next, we turn to the LDA! DMFT results. Calcula-
tions were performed for several values of U between 3

and 6 eV. We found that the critical ratio Uc=W decreases
when going along the series: SrVO3, CaVO3, LaTiO3, and
YTiO3. This is consistent with the increasing splitting of
the t2g levels and indicates that the Mott transition in the
d1 series is driven as much by the decrease of effective
degeneracy as by the reduction of the bandwidth. The
main features of the photoemission spectra for all four
materials, as well as the correct values of the Mott-
Hubbard gap for the insulators [3], are reproduced by
taking U constant #5 eV. This is satisfying because U
is expected to be similar for vanadates and titanates,
although slightly smaller for the latter [24]. In Fig. 3
we show the DMFT spectral functions together with the
LDA total DOS. For cubic SrVO3 we reproduce the results
of previous calculations [21,28]: the lower Hubbard band
(LHB) is around "1:8 eV and the upper Hubbard band
(UHB) around 3 eV. Going to CaVO3, the quasiparticle
peak loses weight to the LHB which remains at "1:8 eV
while the UHB moves down to 2.5 eV. These results are in
good agreement with photoemission data [29] and show
that SrVO3 and CaVO3 are rather similar, with the latter
slightly more correlated. Similar conclusions were drawn
in Ref. [21]. From the linear regime of the self-energy at
small Matsubara frequencies we estimate the quasipar-
ticle weight to be Z $ 0:45 for SrVO3 and 0.29 for
CaVO3. For a k-independent self-energy, as assumed in
DMFT, this yields m%=m $ 1=Z $ 2:2 for SrVO3 and 3.5
for CaVO3, in reasonable agreement with the optical
conductivity values 2.7 and 3.6 [2].

For LaTiO3 and YTiO3 the LHB is around "1:5 eV, in
accord with photoemission [30]. Despite very similar
bandwidths, the gaps are very different, 0.3 and 1 eV,
and this also agrees with experiments [3]. This is consis-
tent with our findings that the t2g-level splittings are
smaller and Uc=W is larger in LaTiO3 than in YTiO3
where the orbital degeneracy is effectively 1. Diagonal-
ization of the matrix of occupation numbers reveals that
for the titanates one orbital per site is nearly full, in
contrast to LDA. It contains 0.88 electron in LaTiO3
and 0.96 in YTiO3. The orbital polarization increases
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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FIG. 3: (Color online) Orbital polarization



what can we do so far?
orbital order

conductivity

 0

 10

 0.5  1

Sr2RuO4
T=150 K

«
 (1

03  N
-1

 c
m

-1
)

² (eV)

«ab

 0

 10

 0.5  1

Sr2RuO4
T=150 K

«
 (1

03  N
-1

 c
m

-1
)

² (eV)

«ab

 0

 10

 0.5  1

Sr2RuO4
T=150 K

«
 (1

03  N
-1

 c
m

-1
)

² (eV)

«ab

 0

 10

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«ab

 0

 10

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«ab

 0

 10

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«ab

 0

 10

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«ab

 0

 10

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«ab

0

0.2

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«c

0

0.2

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«c

0

0.2

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«c

0

0.2

        

Sr2RuO4
T=290 K

   
   

   
   

   
   

   
   

   
  

      

«c

0

0.2

0.5 1 

Sr2RuO4
T=150 K

   
   

   
   

   
   

   
   

   
   

² (eV)

«c

0

0.2

0.5 1 

Sr2RuO4
T=150 K

   
   

   
   

   
   

   
   

   
   

² (eV)

«c

0 

10 

   
   

   
   

   
   

   
   

   
   

0 

10 

   
   

   
   

   
   

   
   

   
   

0 

10 

   
   

   
   

   
   

   
   

   
   

0 

10 

   
   

   
   

   
   

   
   

   
   

0 

10 

   
   

   
   

   
   

   
   

   
   

0 

10 

   
   

   
   

   
   

   
   

   
   

  0

  3

   
   

   
   

   
   

   
   

   
  

  0

  3

   
   

   
   

   
   

   
   

   
  

  0

  3

   
   

   
   

   
   

   
   

   
  

  0

  3

   
   

   
   

   
   

   
   

   
  

Fermi surface spin-orbit

realistic Coulomb spin waves

! "

#

! "

!"

$!

!!!"#!

"!$

%!

!!!%!"#!

!!#"#!

&'(

)

$

"!!"*+

&
'(
)

!

! "

*!+"+#, *"+!+-#,

"!!"*+

$

,
























