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12.2 Stefan Kettemann

1 Introduction

Localized magnetic moments in metals, for example formed by Fe-atoms in gold, interact with
the spins of itinerant electrons in the Fermi sea via exchange couplings J. This results in spin
dependent electron scattering, in addition to potential scattering from the impurity potential.
Depending on magnetic moment density ny;, magnetic impurity spin .S, magnitude and sign of
exchange couplings J and temperature 7, the metal settles for one of a diverse set of quantum
phases, each with very different degrees of spin and charge correlations. If the exchange cou-
pling J with impurity spin S = 1/2 is antiferromagnetic, all conduction electrons compete to
form a singlet with this localized spin, if J is not sufficiently strong to bind and localize one
of the electrons completely into a singlet. This competition leads to strongly enhanced mag-
netic and normal scattering, measurable as enhanced electrical resistivity, as the temperature is
lowered towards and below a temperature 7. This effect was explained by Kondo [1] and is
now known as the Kondo effect. The resistance minimum as function of temperature close to
the Kondo temperature Tk [2] occurs since above Tk the resistance decays with temperature,
as typical for a metal, while it increases at and below 7k due to Kondo enhanced scattering
rate. While such magnetic moments are paramagnetic, contributing a Curie magnetic suscep-
tibility x ~ 1/7 at higher temperature 7' > Tk, at lower temperature their contribution to the
magnetic susceptibility saturates to y ~ 1/Tk. More recently, it was found that mesoscopic
metal wires with dilute magnetic impurities show a pronounced peak at 7 in the temperature
dependent dephasing rate, which governs quantum corrections to the conductance, the so called
weak localization corrections [3-5], allowing high precision studies of the Kondo screening.
The Kondo temperature 7Tk is a functional of the local exchange coupling J and the local den-
sity of states p, at and in the vicinity of the Fermi energy ¢r. Remarkably, as the temperature
is lowered further, a portion of the conduction electrons settle for a joint screening of the mag-
netic impurity spin and form the so called Kondo singlet, a highly correlated many body state.
For the remaining conduction electrons the magnetic impurity spin seemingly disappears. The
electrons settle then again to form a Fermi liquid, albeit with enhanced density of states at the
Fermi energy, forming a narrow resonance peak of width kz7Txk, as sketched in Fig. 1 (upper
Right). As a consequence, the spin scattering from the magnetic impurity decays to zero, as the
temperature is lowered further. The remaining enhanced potential scattering from the Kondo
impurities then contributes to the enhanced low temperature resistance.

When the concentration of magnetic moments in a metallic host is high, and they form a regular
lattice, all Kondo impurities can conspire to form a narrow band at the Fermi energy, as sketched
in Fig. 1 (lower Right), at sufficiently low temperature, below a critical temperature 7, < Tk.
Then, the itinerant electrons at the Fermi energy are no longer scattered from the potential of
the Kondo impurities but move through the lattice formed by the Kondo impurities as dressed
quasiparticles with strongly enhanced mass, accordingly called heavy fermions. This transition
to a new state of heavy but itinerant fermions is experimentally seen, when the Fermi energy is
in that narrow band, in a sudden drop of the resistivity below a critical temperature 7., where the
low temperature coherence sets in, while at higher temperatures still the typical Kondo enhanced
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Fig. 1: Left: Sketch of typical density of states p(FE) of a metal as function of energy E, with
states filled up to the Fermi energy cr, as colored in blue. Upper Right: For dilute magnetic
impurities with spin S = 1/2, coupled by an antiferromagnetic exchange coupling to the con-
duction electron spins, a Kondo resonance of width kg'lTx forms. Lower Right: At sufficiently
large impurity density a Kondo lattice forms with a narrow band at the Fermi energy.

resistivity from individual Kondo impurities is observable. This is observed for example in
the intermetallic crystal CeCug, where the Ce3*-ions form at high temperature a dense lattice
of magnetic moments in the metallic copper host, while at low temperatures a transition to a
coherent state of heavy electrons occurs with a sharp drop of resistivity [6-9].

However, localized magnetic moments in metals interact with each other. Their magnetic dipole
interaction is finite, but is typically exceeded by far by indirect exchange couplings between
them, the so called RKKY couplings, mediated by conduction electrons [10—12]. In metals,
RKKY coupling decays slowly, with a power law of distance R between two magnetic mo-
ments. The RKKY coupling is a functional of exchange couplings J, local density of states
at the Fermi energy at the locations of the magnetic impurities p(r, Er), and their distance R.
Since these couplings tend to quench their spins, it may prevent the Kondo screening by the con-
duction electrons partially, or even completely, depending on the amplitude of local exchange
coupling J, the distance R between them and temperature 7.

Thus, there is a competition between Kondo screening and RKKY coupling. Depending on
which one wins, the system will find itself in very different quantum states. This competition
can be studied systematically by increasing the density of magnetic impurities. Increasing their
concentration, decreases their average distance R and thereby the typical RKKY coupling be-
tween them increases. In the very dilute limit RKKY couplings can be neglected, and magnetic
impurities can be treated as a dilute set of single Kondo spins, as shown in Fig. 2a). Increasing
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Fig. 2: Kondo impurity spins (red) in a metal host (blue): a) Single Kondo impurity, b) Pair of
Kondo impurities, c) Dilute Kondo system, d) Kondo lattice.

their concentration further, randomly placed magnetic impurities may be modeled by a set of
pairs of magnetic impurities, formed by those spins which are closest to each other, as shown
in Fig. 2b). At higher concentrations larger clusters of spins, shown in Fig. 2¢) have to be
considered to model their quantum state, and at still higher concentrations a connected random
network of them. When the density of magnetic moments is so high that they form a regular
lattice, as it occurs in f-band materials, a coherent Kondo lattice can form. The competition
between the Kondo effect in this Kondo lattice and the RKKY coupling gives rise to a quantum
phase transition between a heavy fermion state and an ordered state, which, when mapped as
function of exchange coupling J, is called the Doniach diagram [13, 14].

In these lecture notes we give an introduction to the theory of this rich competition between
Kondo screening and RKKY coupling. In section 2 we review the formation of magnetic mo-
ments as modeled by the Anderson model. In section 3 we review the theory of the Kondo
effect for a single magnetic impurity in a metal host. In section 4 we derive the RKKY coupling
between magnetic impurities in a metal host. In section 5 we review the Doniach diagram, and
give an introduction to a self consistent renormalization group theory which takes into account
both Kondo effect and RKKY coupling between magnetic impurities, and explain the results ob-
tained thereby. In section 6 we review the effect of gaps and pseudo-gaps on both Kondo effect
and RKKY couplings, and accordingly on their competition. Especially for dilute concentration
of magnetic moments, the disorder effects from randomly distributed impurities result in a dis-
tribution of both Kondo temperatures and RKKY couplings. Then, their competition becomes
an even more complex problem, as reviewed in section 7. Moreover, disorder induced Ander-
son localization transitions may occur, which effect both Kondo effect and RKKY coupling
severely, and changes their competition, as we review in that section, as well. We conclude with
an outlook and list the, in our view, most pressing and interesting open problems.

2 Formation of magnetic moments

The first microscopic model for the formation of magnetic moments in metals was formulated
by P.W. Anderson [15]. He showed that local moments can form from localized d- or f-levels
which are weakly coupled by hybridization to the conduction electrons, when the repulsive
Coulomb interaction U > 0 between two electrons on these localized levels is sufficiently
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large. He found furthermore, quite surprisingly, that the resulting local moments develop an
antiferromagnetic coupling with the spins of the surrounding electron liquid. The formation of
magnetic moments is described by the Anderson model, where a d- or f-level is weakly coupled
to conduction band electrons, as modelled by the Hamiltonian [15]

H=> Fuohtng+ Y EdoNao + Uasfta- + > (tna clody + tan dic,,), (1)

where electrons in a conduction band state |n) with eigenenergy E,,, are annihilated and created

by fermion operators c,_, ¢/ with spin index ¢ = +. The corresponding density operator is

no’
fing = €l _Cny. In the following, we assume spin degeneracy of the conduction band states
E,, = E,. The annihilation and creation operators of electrons in the d-level are d,, dJ[, with
density operator 74, = d! d,. The d-level can either be in a magnetic state, when it is occupied
by a single electron with energy ¢4,, which can be in one of two spin states 0 = £. We
assume that these two states form a Kramers doublet, with energy ¢4, degenerate in the spin
o. Furthermore, it can be in a nonmagnetic state when unoccupied or when doubly occupied,
with vanishing total spin and total energy 2c4,+U. In order that the ground state is magnetic,
the energy of the singly occupied states must be lower than the energy of the unoccupied state,
as well as the one of the doubly occupied state, requiring ¢, < 0 and €44+U > 0. Thus, the
repulsion must be stronger than the bound state energy of a single electron, U > —e,. At finite
temperature 7, the d-level remains magnetic as long as 7' is lower than the energy cost for such
valence fluctuations, 7' < min(e4+U, —¢4). However, the hybridization between the d-level
and the conduction band state |n), as given by the matrix elements ¢4, = t* ;,, may change this
ground state. To study its effect on the magnetic states, one can project nonmagnetic higher
energy states, where the d-level is doubly occupied or unoccupied, out of the Hilbert space of
the d-level. This was done by Schrieffer and Wolff [16], who thereby showed that the spin
on the d-level is coupled by an antiferromagnetic exchange interaction J with the spins of the
conduction electrons. Performing this, so called Schrieffer-Wolff transformation one obtains
the Kondo Hamiltonian in its most general form

Hy = Z E,fipe + Z - <S+CL+Cn/_ + 57 ey + S, (cilJrcn/Jr — CL%/—)) )

n,o n,n’

where S is the spin vector operator of the localized moment, written here in terms of the ladder
operators ST = 5,415, and its z-component S,. The matrix elements of the exchange coupling
in the basis of the conduction electron eigenstates |n) are found to be given by

1 1
Tt = td tan . 3
dd <U—|—6d—En/+—€d+En> ()

The hopping matrix element connecting the localized d-state ¢4(r) to the conduction band state
() is related to the atomic potential V by the hybridization integral

ban = (d[V]n) = / dr $3(0) V(x) i (r). @
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For an impurity state strongly localized on a length scale a at position r in a d-dimensional
sample, one can simplify that expression with the hybridization parameter ¢ to

tan A taldh(r) v (r). (5)

Assuming that both nonmagnetic states have the same energy U /2, one arrives at the symmetric
Kondo model. In this approximation, the Kondo Hamiltonian can be written with the superex-
change term in the form of a Heisenberg Hamiltonian [1, 8],

HY = By + JS8(r), (6)

n,o

where J = 4t?/U > 0. Thus, the superexchange interaction is indeed antiferromagnetic. The
matrix elements of the conduction band spin density vector operator S(r) at the site of the d-
level, r are given by

Sap(r) =D (0)¢n () ¢, Fases. (7

S . . . 2 .
where ¢ is the vector of Pauli matrices ¢ = (o,, 0y, 0,). Here, we used ag‘¢d(r)| = 1, since
the intensity |¢4(r)|? in the d-level is localized in the volume ag.

3 Kondo effect: screening of magnetic moments

When the bare antiferromagnetic exchange interaction J is too weak to bind a single conduction
electron into a singlet state, all conduction electrons in the vicinity of the Fermi energy become
excited by scattering from the magnetic impurity spin. Integrating out all these excitations,
of conduction electrons to energy levels £, above the Fermi energy and of hole excitations
below the Fermi energy, one finds that the exchange interaction .J becomes thereby enhanced.
Performing perturbation theory to second order in .J, there are two processes to be considered:
(i) The scattering due to the exchange coupling J of an electron from initial state |n) to a
state |/) at the Fermi energy via an intermediate state |m), which can be of either spin. This
process is proportional to the probability that state |m) is not occupied, 1— f(E,,), where f(E)
is the Fermi distribution function. (ii) The reverse process, in which a hole is scattered from
the state |I) to the state |n) via the occupied state |m) which is accordingly proportional to the
occupation factor f(FE,,). Thereby, one finds that the Kondo exchange Hamiltonian acquires an
additional term so that the total exchange coupling becomes

- > L ymm) ) tanh(—Em_EF)
2N E, — Ep 2T

m,o

Jg=Jg |1+ (8)

For positive exchange coupling, J > 0, the correction term is positive as well. Moreover, this
perturbation theory diverges as the temperature is lowered. Defining the Kondo temperature as
the temperature where perturbation theory breaks down since the second-order correction to the
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exchange coupling becomes equal to the bare coupling, we find in this 1-loop approximation,
that the Kondo temperature at site r of a spin-1/2-impurity is determined by the equation [17,18]

E,—FEr
tanh <—2TK(1") ) , 9)

T = D))
_WZ E, — Ep

m,o

with N the total number of energy levels, including spin degeneracy, in a finite sample of linear
size L and dimension d. [+,,(r)|? is the probability density of the eigenstate at site .

An equivalent expression can be derived from a renormalization group analysis. Integrating
successively high energy excited states at energy scale / above and below the Fermi energy
yields the renormalized coupling J (A), governed by the RG flow equation [19, 20]. For a
magnetic moment at site r with exchange coupling J and local density of states at energy e,
p(r, €), the renormalization of the effective coupling J (A) at energy scale /, above and below

the Fermi energy, is found in 1-loop approximation to be given by

dJ =5 Va
S = 5 (p(r et ) + p(r,ep—4)), (10)

whereV, = L? /N is the atomic volume, which is often set equal to one, we will keep it for
clarity. The solution of Eq. (10) diverges for small energy scales /A — 0. Defining the Kondo
temperature by the scale Ax = kgTy at which the correction to the renormalized coupling is
equal to the bare coupling, we recover Eq. (9), when approximating tanh(z) = sign(x) for
|z| > 1, and 0 otherwise, noting that the local density of states, the number of states per energy
and volume, can be written in terms of the eigenstates of the conduction electrons as

2
p(r.e) =Y |n(r)] 6(e—E,). (11
In terms of the local density of states, we can thus rewrite Eq. (9) as

Vo (P p(E,r) E—Ep
1=-2 E = h . 12
2‘]/0 by g, (2TK(r)) (12)

Since perturbation theory breaks down at temperatures of the order of 7T, a nonperturbative
treatment is needed to be able to derive lower temperature properties. This is possible with
the Wilson numerical renormalization group method [21,22] and analytically with the exact
Bethe-Ansatz method [23,24]. Both methods show that the temperature 7'- and magnetic field
H-dependence of the free energy, and thus all thermodynamic observables, as well as transport
properties like the resistivity, scale with the Kondo temperature, depending only on the ratios
T/Tk and H/Tk. Thus, thermodynamic observables like the magnetic susceptibility are for
single Kondo impurities proportional to known universal scaling functions of 7'/ Ty and H/ Tk,
and it only remains to find the Kondo temperature for specific magnetic impurities in a metal.
The low temperature phase can thus be described by a state where the magnetic impurity spins
are screened by Kondo clouds formed by the conduction electrons whose effective mass is
thereby enhanced, but still forming a Fermi liquid [25].
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Therefore, let us first proceed to review the calculation of the Kondo temperature 7. For a
clean metal the eigenstates are plane waves with uniform density |, (r)|?> = 1/L¢, independent
of position r. For a smooth density of states p(¢x) = po, we denote the number of states per
energy and spin as Ny = V,po/2, with V, = L?/N. Then, Eq. (12) simplifies to

D
Ny E—FEr
1= E h . 1
J/OdE—EFtan(QTK) (13)

Noting that tanh(z) — sign(x) for |z| > 1, and assuming that the Fermi energy is in the
middle of the band Fr = D/2, we find 1 =~ J 2Ny In(D/T¥), yielding the Kondo temperature

TS = cDe V/?NoJ| (14)

where ¢ = (.57 is found by a more accurate integration of the tanh-function. Higher order
corrections in J lead only to pre-exponential corrections which depend weakly on J. Thus, the
1-loop result T- yields already the dominant dependence on the exchange coupling J.

The Kondo effect can also occur in semimetals, semiconductors and even insulators, where the
density of states at the Fermi energy is vanishing, when the exchange coupling exceeds a critical
value J.. At first sight, Eq. (14) seems to imply, that the Kondo temperature is vanishing when
p(er) = 0. However, then the assumption of smooth density of states is no longer valid and
we need to start rather from the general self consistency equation, Eq. (9). In section 6 we will
therefore consider and review the derivation of the Kondo temperature and .J. for two generic
cases: a) when the Fermi level is in a pseudo-gap and b) when it is in a hard gap.

In a real material there are spatial variations of local density of states p(r) and exchange cou-
pling J due to inhomogeneities and disorder, both from nonmagnetic and magnetic impurities.
According to Eq. (9) this results in Kondo temperatures which vary with spatial position, 7k (r),
since the intensity |1, (r)|* may vary spatially. Moreover the intensity of each state |n) at differ-
ent energy I, at the site of a magnetic moment may be different, making it a complex problem
to evaluate the sum over all eigenstates. In fact, already in a weakly disordered metal one finds
that the Kondo temperature is distributed with a finite width [26-28]. In section 7 we will

therefore consider and review the Kondo effect in disordered systems in more detail.

4 RKKY coupling between magnetic moments

A magnetic impurity never comes alone. Thus, we need to consider what happens when more
than one magnetic impurity is in the metal. Naturally, the Anderson impurity model Eq. (1) can
be extended to any number M of localized level sites, summing over their M positions r;,

H = Z Enoﬁrw + ngjaﬁdjo + Z Ujﬁdj—i-ﬁdj— + Z (tndjc;fwdjo + tdjnd;r'gcna>a (15)
n,o J,o J n,J,0

where the energy of localized levels ¢,4,,, onsite interaction U;, and hopping elements ¢, may
depend on the positions r;, where j = 1,..., M. Nothing prevents us, to perform again a
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Schrieffer-Wolff transformation to the Kondo Hamiltonian in the basis of the singly occupied
states of the M magnetic moments, which yields

HK - Z E nno’ + Z J_] nn’ < n+Cn — + S] Cn_Cn’+ + S]Z (le+cn,+ - Cl‘l_cTﬂ*))’ (16)
7,m,n’

where S; is now the spin vector operator of the localized moment at position r;. Accordingly,
the matrix elements of the exchange coupling depend on the positions r; as

1 1
Tint = tod taom . 17
b dj *dj (Uj+5dj_En’ + _5dj+En) ( )

For the symmetric Kondo model, we then get,

Hi =Y Eying + Y J;88(r;) = Ho + Hy, (18)

with J; = 4t]2 JU; > 0. To derive the RKKY-coupling at finite temperature 7', let us consider
the thermodynamic potential (2 for the Kondo model Eq. (16). The correction Af?2 due to the
exchange interaction between magnetic moments and the Fermi sea is given by

AR =-T(S)=-Tn(Tx(S e ™)/ 7,), (19)

where 7 is the grand canonical partition function of the Fermi sea, and .S the correction factor
due to the exchange interaction term in the Hamiltonian, H;, = exp ( fo )
Performing perturbation theory in J to second order we obtain

1T p1/T
= ——T Z JiJ; / / dTldTQ S, UQBS aT-(c ( (Tl)CZ-B(Tl)C}7<T2)Cj5(T2))>.

i,j;08v6
(20)
where (--+) = Tr (- exp(—Ho/T))/Zo. Here, we assumed that the conduction electron spins
are not polarized, < > = 0. Terms proportional to 82 and 82 yield only corrections to the
local energy, not to the nonlocal interaction Jrxxy. With chk s theorem we can present the
correlator in Eq. (20) in the form —Gg, (7, j; 71 —72) Gsa (4, 1; 2—71), Where

Gs (i, 1 —Ts) = — <TT(CZ-6(T1)C;7<7'2))> @1)

is the Matsubara Green function [29]. Since we perform perturbation theory in J to 2nd order
only, and as long as there are no other spin dependent couplings in the Hamiltonian, the propa-
gator G, is proportional to 6z, which allows us to perform the summation over spin indices in
Eq. (20) explicitly to get > _ s SiGasS;0sa = Si-S;, Thus, we find in second order perturbation
theory in J that there is an indirect exchange coupling term in the Hamiltonian, the RKKY
coupling between the magnetic impurity spin operators §,~, §j, given by

Hgkky = Z JiJinjgigja (22)

1,
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with the non local, temperature dependent susceptibility matrix

1 [uT
W=y [ 665G dr. 23)
0
Writing the Green function in the representation of eigenvectors |n),
—(1=f(E,), 7>0
—(En—p)T X ( o 24
G(i, j;7) Zw (r:) tn(r)) e { HE) . 7<0 (24)

we find the RKKY coupling between the magnetic impurity spin operators §i, §j,

Qﬁ r; wn I‘] wl(rl)wl (I‘])
E—FE,+ic E—-E/+ie’

V2
Jriky (1ij) = Jidjxij = JiJj4 /dEf Z (25)

where V, = L?/N. Note that often when discussing the RKKY coupling, the magnetic impurity
spins are treated classical. Then, the coupling has to be multiplied by S(S+1)/5? to account
for quantum fluctuations of the magnetic impurity spins. Here, we keep the quantum spin
operators, since we want to consider the competition with the Kondo effect, for which quantum
spin fluctuations are essential. We see that the RKKY coupling depends not only on the local
intensities of the conduction electrons |, (r;)|?, but also on the phase difference between the
eigenfunctions at the different locations r;, r;. Inserting plane-wave states 1, (r;) ~ exp(ikr;)
into Eq. (25) one finds at large distances kpr;; > 1 the RKKY coupling in d dimensions [30],

Va
JSLKKY (rkl> — —CdNOJZ‘Jj Sin(ZkFTij—Fdﬂ'/Z) r—d, (26)

ij
with r;; = |r;—r;|, kr the Fermi wave number, V,, = V/N, c;—o = 1/m, cq—3 = 1/(27), and
No = 1/D. Here, Ny = V,po/2 is the number of states per energy and spin with total density
of states (including the factor 2 for spin) pg = m/7 in d = 2 dimension and py = mkyp/7? in
d = 3, where m is the effective electron mass. In Fig. 3 results for the coupling between two
magnetic adatoms on a metal surface are plotted for various distances r, as extracted from spin
dependent scanning tunnelling microscopy measurements [31].

5 Spin competition: the Doniach diagram

Knowing the Kondo temperature 7x and the RKKY coupling we can now study their com-
petition as function of the local exchange coupling ./ and the concentration of magnetic mo-
ments n,,. The amplitude of the oscillatory RKKY coupling Eq. (26) can be rewritten as
JRxiy/D = caJ*nn,. Noting that the coupling is dominated by nearest neighbored magnetic
moments, we wrote it in terms of the density of magnetic moments ny = V,,/ R%, where R is
the average distance between next neighbored magnetic moments. In Fig. 4 (left) we plot both
energy scales in d = 3 dimensions. For the RKKY-coupling we plot it both for a dense system
of magnetic impurities ny; = 1 (blue), and for a more dilute case, ny; = 0.5 (dashed blue).
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Fig. 3: Magnetic exchange interaction between adatoms on a monolayer stripe. Dots show the
measured exchange energy as function of the distance from the monolayer, indicated in the inset.
Lines are fits to the 1D, 2D and 3D RKKY-coupling Eq. (26). Figure taken from Ref. [31].
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Fig. 4: Left: Kondo temperature Tx with ¢ = 0.57 (red) and RKKY coupling Jrxxy with
c3 = 1/(2m) for (dense, dilute) magnetic impurities, ny; = (1,0.5) = (blue, blue dashed)
as function of exchange coupling J. Right: Doniach diagram, qualitative sketch of transition
temperature to a spin coupled state (blue), and to the low temperature Fermi liquid (red), as
function of J. The critical coupling J./ D, Eq. (27), is plotted in the inset as function of magnetic
moment density ny (blue line), together with the fit J./D ~ 0.0414-0.038,/ny; (dashed blue).

Thus, we see that there is a critical coupling J. below which the RKKY coupling exceeds the
energy scale for Kondo screening 7Tk, so that the magnetic impurity spins can be coupled with
each other. That critical coupling J. is seen to increase with the concentration of the magnetic
moments. Solving the nonlinear equation analytically, we find

D
Jo=— )
AW (=1, —+/(ca/c)nm/4)

where W (k, z) is the k-th branch of the Lambert W -function, also known as ProductLog-
function, plotted for d = 3 in the inset of Fig. 4 (right), blue line. We find for the whole
range of concentrations 0 < ny < 1, J./D ~ 0.041+0.038,/ny a good fit (dashed blue line).

27)
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Fig. 5: Left: Sketch of typical density of states p(E) of a metal as function of energy E. The
band of width D is half filled with N electrons (blue). Each state is doubly spin degenerate as
indicated by 2. Right: Density of states in the presence of a lattice of N magnetic moments,
coupled by strong antiferromagnetic exchange coupling J > D to the conduction electron spins,
forming N non degenerate Kondo singlet states, as indicated by 1, thereby enlarging the Fermi
surface. There is a charge transfer gap 3.J, making that system for J > D a Kondo insulator.

Doniach argued in Ref. [13] that the critical coupling /. marks a quantum phase transition
between a heavy fermion state and an ordered, typically antiferromagnetic, phase in the Kondo
lattice limit ny; = 1, where nearest neighbor RKKY coupling is antiferromagnetic. This gives
a good description of quantum phase transitions in heavy fermion materials that contain rare
earth elements like Ce, Sm, and Yb or actinides like U and Np, where local magnetic moments
originate from localized f-orbitals and antiferromagnetic order is observed at sufficiently low
temperature. As pressure or external magnetic field is changed, the Néel temperature 7'y reaches
a maximum, before it is suppressed at the quantum critical point. This has been measured in
detail for Cerium compounds, such as CeAl;, CeAg or CeRh,Si,, as well as in YbRh,Si, under
pressure and in a magnetic field [32], for a review see [8].

In order to derive that quantum phase transition at 77 = 0/ one needs to find the ground
state of the Anderson model with a finite number of M/ Anderson impurity sites, Eq. (15) or,
alternatively, solve the Kondo model of M impurity spins, Eq. (18) as coupled to the conduction
band by the antiferromagnetic exchange couplings J; = 415? /U; > 0 at the M impurity sites
j=1,..., M. In adense Kondo lattice, where n,; = 1, the number of impurity spins M equals
the number of occupied conduction band states V.

Let us start by looking at a simpler state, a Kondo insulator, which can, for example, form when
the uniform coupling is strong J=.J; > D, exceeding the conduction band width D. Then, the
exchange coupling J is so strong that each impurity spin localizes one of the conduction elec-
trons, so that the ground states is given simply by a product of singlet states, |1)) = Zjvzl 0;),
where [0;) = (| Tai)| dei) — | Lai)| Tei))/V/2, is the singlet state formed by the impurity spin
(indexed by d) and a conduction electron spin (indexed by c) at site . The ground state energy
is then given by Ey = —N(3/2).J. The lowest spin excitation energy gap AFE, is obtained by
exciting one of the spin pairs to a triplet state of energy .J/2, thus AFE; = 2.J. However, there
is also a finite charge transfer gap AL, which is obtained by transferring one of the conduc-
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Fig. 6: Quasi particle eigenenergies F,, as function of bare eigenenergies without Kondo cou-

pling E,,. n is the chemical potential, the energy level of the localized level becomes shifted
upward into the gap, €,. The indirect gap A is of the order of Tk,

tion electrons from site 7 to site j. Consequently, at site ¢ the impurity spin is left alone | 14),
breaking up the singlet state |0;), and shifting its energy to F; = 0, while at site j the singlet
state is also broken up to accommodate the second electron, exciting the state to | 14:)|J¢i)| Tei)>
with energy E; = 0, since the spins of the two conduction electrons compensate each other to
Stot j = 0, so that the magnetic impurity spin at site j cannot couple to them. As a consequence,
a transfer of a single electron from site ¢ to site j costs in total AE, = 2(3/2)J. Thus, the ex-
change coupling J to localized magnetic moments prevents charge transfer, opening a large gap
AFE, = 3J. Taking into account the finite band width D due to the dispersion of the conduc-
tion electrons, each of the /N Kondo singlets is formed rather by electrons in superpositions of
conduction band states. Thus, these Kondo clouds overlap strongly in space. To accommodate
all N conduction electrons in these /N Kondo singlets, the Fermi surface expands to embrace
all states in the conduction band, as compared to the half filled conduction band with doubly
occupied states, which is the ground state without the exchange coupling ./, see Fig. 5 and the
discussion in Refs. [7,8]. Above this ground state of Kondo singlets, the gap AE, = 3.J opens,
the energy needed to transfer one electron from one Kondo singlet to another, making the sys-
tem an insulator. In fact, this is the mechanism for the formation of a Kondo insulator, which
has been experimentally observed, first in SmBg [33].

When the exchange coupling is smaller than the band width J < D, the ground state is no
longer a simple product of Kondo singlets. One way to derive the ground states then is by a
mean-field treatment of a generalized Kondo lattice Hamiltonian with degeneracy Nx > 1, the
Cogblin-Schrieffer Hamiltonian [34], performing a 1/N-expansion, as done first in Refs. [35]
and [36]. Thereby one finds the quasi particle eigenenergies £, as function of the eigenenergies
of the conduction band without Kondo coupling, £,,,

1 1
E, = §(En+€d) + 5\/(En—éd)Q +4V2, (28)

as plotted in Fig. 6 as function of F,, Thus, there opens a gap A = Tk, relating the mean-

field order parameter V to the Kondo temperature Tx by 4V? = DTy, when &, ~ D/2.
The density of states above and below the gap is seen to be strongly enhanced. The chemical
potential is located in the lower band, so that the exchange coupling transformed the Fermi sea
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of conduction electrons to a Fermi sea of heavy holes. The energy level of the localized level
€4 becomes shifted upward into the gap, £,. With the invention of dynamical mean-field theory,
exploiting the fact that mean-field theory becomes exact in infinite dimension d — oo [37],
another route to solve the Kondo lattice model and the periodic Anderson model opened, which
allows the calculation of self energies [38,39] and of the resistivity. Thereby, the decay of the
resistivity was shown as coherent heavy fermions form at low temperature [40], in agreement
with experiments on heavy fermion compounds, as reviewed above.
However, in order to allow the study of the competition between the Kondo screening and the
RKKY-coupling both approaches need to be modified. By adding the RKKY-coupling between
the magnetic moments to the Kondo lattice hamiltonian, the quantum phase diagram can be
studied in mean-field theory, when combined with the 1/N-expansion [41-44].
A system of two magnetic impurities in a metal has been studied in detail with nonperturba-
tive methods like the numerical renormalization group [45—49]. Such a system has also been
realized experimentally by Co atoms on a gold surface and studied varying their distance with
scanning tunnelling microscopy [50]. One finds a crossover between a state where both mag-
netic moments are Kondo screened by the conduction electrons and a state where the impurity
spins are coupled. Depending on their distance, they form either a singlet, enforced when
RKKY coupling is antiferromagnetic, or a triplet state, when the coupling is ferromagnetic.
Building on these studies, DMFT has been extended to Cluster-DMFT, where the exact results
for a cluster of few spins, in particular two magnetic impurities are used to enhance the DMFT
and to derive the phase diagram of the Kondo lattice model with RKKY coupling [51].
Further insights into this competition comes from exact analytical results for the 1D Kondo lat-
tice and the 1D periodic Anderson model employing the bosonization technique, see Refs. [52]
and [53] and references therein. At half filling a Kondo insulator is found, and both the spin and
charge transfer gaps have been derived [52].
Recently, Nejati et al. extended the renormalization group equations for a Kondo lattice incor-
porating self consistently the RKKY coupling between magnetic moments [54]. Thereby they
could show that the Kondo temperature is decreased as the exchange coupling J is decreased,
as found with diagrammatic methods in Refs. [55-57]. Furthermore, it was found in Ref. [54]
that the Kondo screening is quenched at a critical coupling J.. Since this approach to the spin
competition problem is very insightful let us review it in the remainder of this section.
The renormalization of the effective coupling J (A) at energy A, above and below the Fermi
energy, Eq. (10), is modified by the RKKY coupling as derived first in Ref. [54] and generalized
in Ref. [58] to account for an energy dependent local density of states p(E, r;), yielding

dJ; Ve

4 - .
+;J3J,~OZ Z J]Q Im (e’kFr"j Xe(rij, pta)GE (v, ptad)y;(r;, /H—oz/l)), (29)

a==% j#i

where A is the effective band cutoff for the renormalization group flow. While the first term
on the right hand side is the well known 1-loop RG for the Kondo problem with energy de-
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pendent density of states, Eq. (10) [18, 20], the second term describes the correction due to
RKKY-coupling. Here, x(r;, E) is the spin susceptibility of the magnetic moment at site r;.
G%(r,;, E) is the retarded conduction electron propagator from site r; to r; and we defined the
distance vector r;; = r;—r;. X.(r;;, E) denotes the conduction electron correlation function
between sites r; and r;. Solving Eq. (29) we can thus derive the position dependent Kondo
temperatures for a given configuration of magnetic moments.

When the magnetic moment density n,, is not too large, xf(r;, E) can be approximated by
the Bethe-Ansatz solution for a single Kondo impurity [23,24]. In Ref. [54] this approxi-
mation has been used. Then, only its real part contributes, as given by Re x(r;, u+D) =
W/(1Tkjy/1+ D?/T};). Here, W is the Wilson ratio. T is the Kondo temperature at site
r;. Since it is well known that the energy dependence of the density of states changes the Kondo
renormalization [59], it is in general important to keep the energy dependence of all functions
and not to replace it with their value at the chemical potential, when the density of states is
strongly varying with energy, as in the presence of a pseudo-gap, or in disordered systems.
But, let us first consider the simpler case of magnetic moments in a clean metal, with slowly
varying density of states. Then, we can furthermore assume that all conduction electron proper-
ties, the local density of states, the propagator G%(r;;, /) and the correlation function x.(r;;, F)
depend only weakly on energy, and therefore can be replaced by its value at the chemical po-
tential y, as has been done in Ref. [54]. Then, we can define the effective Kondo coupling
gi = N(u)J; of the Kondo impurity at site r;, where N (u) = V,p(u)/2, and find the renormal-
ization group equation for g;, as modified by the RKKY coupling [54],

dgi__221_'2D 1
dln/l 9; Yigo 2TK /—1 + (A/TK)2 )

where D is the bare bandwidth and gy = N (p)J° is the bare, unrenormalized Kondo coupling,

(30)

y; 1s the effective dimensionless RKKY interaction strength at site r;, given by [54]

yizz‘_‘7;ﬂﬁi‘§Inl:i:‘*kFr”(;f(rmaAUIY(rm7LO= (31)
mp(u)?

where W is the Wilson ratio as determined by the Bethe Ansatz solution of the Kondo problem
[23,24]. GE(r;;) is the single particle propagator in the conduction band from site r; to r;.
The summation is over all other magnetic moments at positions r;. II(r;;, 1) is the RKKY
correlation function of conduction electrons between sites r; and r;. y; is found to be always
positive [54], while the RKKY correlation function can be positive or negative.
It is interesting to observe that the effective Kondo interaction renormalized by the RKKY
interaction is a function of /A/Tk, where A is the renormalization group energy scale and T is
the renormalized Kondo temperature to be determined self-consistently.
For two magnetic moments in a clean system, where the bare couplings g, are the same at both
sites, and y; = y, one can solve this differential equation to obtain [54]

1 A/Ti)2 — 1
In + (A/Tk)

9 9% D T (AT 1

(32)
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When the energy scale /A coincides with the Kondo temperature, i.e., A — T, the correction to
the effective Kondo interaction is large. Therefore, setting g(7k) = oo we get the self-consistent
equation for the effective Kondo temperature as a function of the RKKY interaction,

D
Tk (y, 90) = T (g0) exp <—yk9§m> ; (33)

where T9(go) = c¢Dexp ( — 1/(2go)) is the bare Kondo temperature in the absence of the
RKKY interaction and the numerical constant is k& = In(v/2 +1). Its solution is

ykgg
W(—ykgd/Te(g0))’

Tk (y, 90) = — (34)

for y < y. with the critical coupling [54]
ye = Ty/(k eg; D). (35)

Noting that the coupling y is related to the magnetic moment density as y ~ ny, and that
go = NoJ, we find that the exchange coupling has to exceed the critical coupling J.(ny). Thus,
it agrees with the result obtained above, when using the Doniach argument, Eq. (27), up to a
numerical constant of order 1. As the exchange coupling J is diminished towards that critical
value, .J., the Kondo temperature 7k becomes diminished continuously, as plotted in Fig. 7. At
the critical value, however, it is found to take a finite value 75 = Tx.(J,) = e TP (J.), about
one third of its value without the RKKY coupling, before it jumps to zero at smaller .J.

For two magnetic Co atoms on a gold surface such a suppression of 7% was observed experi-
mentally in Ref. [50] at varying distance R, as measured in the width of the tunnelling peak with
scanning tunnelling microscopy [50]. In that case, one finds a crossover between a state where
both magnetic moments are Kondo screened by the conduction electrons and a state where the
impurity spins form a singlet, enforced when RKKY coupling is antiferromagnetic.

Applying that to a system of dense magnetic moments, like heavy fermion materials, this result
is remarkably different from the Doniach diagram, Fig. 4, where it was assumed that both the
Kondo temperature and the critical temperature 7. on the spin coupled side of the transition
would decay continuously towards the critical point J.. However, to conclude on the nature
of the quantum phase diagram one would have to include self consistently the change in the
spin polarization function in the derivation due to an ordering transition of the unscreened or
partially screened magnetic moments or by a spin wave instability of the conduction electrons.
The result Eq. (34) also implies that by taking into account the RKKY-coupling, the Kondo
temperature becomes dependent explicitly on the distance 2 between the magnetic moments,
and thereby on the density of magnetic moments 7.

However, when the magnetic impurity concentration ny; is lowered, not only is J. ~ /nm
diminished, and thereby the parameter range of the ordered phase reduced, but the positions
of magnetic moments become distributed randomly. Thus, for ny; < 1, the distance between
magnetic moments R is random. Thereby, both the sign and amplitude of the RKKY coupling
is randomly distributed. This may give rise to the appearance of a richer quantum phase dia-
gram with a spin coupled phase without long range order, such as a spin glass state [60], which
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Fig. 7: Kondo temperature as function of J in units of D, Tx(J), Eq. (34), as modified by RKKY
coupling for y = 0.6/k < y.. Note that Tk (.J) jumps discontinuously from T} to zero at J..

competes with an ordered state [41]. In metal wires with dilute magnetic impurities, such as
Ag;_,Mn,, a transition from a Kondo phase to a spin glass phase has been detected in trans-
port experiments, as the Mn concentration x is enhanced [61]. Spin glass phases have also
been found in alloys with rare earth elements, such as CeNi;_,Cu, [62], where the competition
between Kondo and RKKY coupling is studied as function of z: CeCu (z=1) is at low temper-
ature an antiferromagnet and the alloy remains one up to = = 0.7, while CeNi (z=0) is a heavy
fermion material. Thus, lowering x corresponds to an increase of the local Kondo coupling ./,
inducing a Doniach like quantum phase transition. However, at intermediate values of x, disor-
der is relevant, and spin glass behavior is found [62], as reviewed and modelled in [44]. Similar
successions of quantum phase transitions between heavy fermion, spin glass and ordered phases
have been found in CeRh,Pd;_, as function of x [63]. We will consider the effect of disorder
on the competition between Kondo screening and RKKY coupling in section 7, where we will
find that new effects introduced by randomness, like Anderson localization and multifractality
have to be taken into account in strongly disordered systems with magnetic moments, which
profoundly change the quantum phase diagram.

In the next section we consider the effect of a strongly varying density of states on both the
Kondo screening and the RKKY-coupling and thereby on the quantum phase diagram.

6 Spin competition in presence of a spectral (pseudo) gap

In semiconductors and insulators the density of states at the Fermi energy is vanishing. At first
sight, Eq. (14) seems to imply, that the Kondo temperature is vanishing in such a situation,
when p(er) = 0. However, the assumption of a smooth density of states is no longer valid and
we need to start from the general self consistency equation, Eq. (9). We find that the Kondo
effect occurs provided the exchange coupling .J exceeds a critical value J.. Let us review the
derivation of the Kondo temperature and J. for two generic cases when the Fermi level is in a
pseudogap and when it is in a hard band gap.
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Fig. 8: Left: Schematic density of states with gap A, total bandwidth D, Fermi energy Er in
the middle of the gap. Right: Kondo temperature Tk (.J) as function of J in units of D, Eq. (38).
Note that it decays continuously to zero at the critical coupling J.(A). Eq. (37).

6.1 Band insulator, semiconductor

Here, we derive the Kondo temperature in a band insulator with a gap A, where the Fermi level
is in the middle of the gap, as sketched in Fig. 8(left), by inserting the gapped density of states
into Eq. (12). For a small gap A < Tk, assuming that the density of states is constant and
the same in the upper and lower band, p, the functional dependence of the Kondo temperature
on the exchange coupling J remains the same as in a metal, Tx ~ c¢(A)exp( — 1/(2NoJ)),
where IV is the number of states per energy and spin, but the pre-factor ¢(A) < ¢ is diminished
compared to a metal, ¢ = ¢(A=0) ~ 0.57. When the gap is larger A > T, the functional
dependence on J changes. Integration of Eq. (12), using that tanh(z) ~ 1 — 2exp(—2x) for
x > 1, we find the Kondo temperature as a solution of the equation

A D 1 A

We see that, only when the left side is positive, there can be a real solution for 7. Thus, the

Kondo temperature can only be finite when J > J.(A), with critical exchange coupling

1 1
JA = — — 37
© = INyn(D/A) 7)
As J — JA the Kondo temperature is found to decay continuously to zero as
A 1
Tx (38)

T2 WANGT/(J)IA = 1)

For J > JA that decay can be approximated as Tk ~ A/2/In(4NoJ/(J/J2 — 1)). Thus, for
J > J magnetic moments are Kondo screened for temperatures below Tk (.J), in spite of the
large band gap A > Tk. For J < J2 all magnetic moments remain unscreened.

Since RKKY couplings, Eq. (25), are dominated by the density of states at the Fermi energy, in
an insulator they are small and decay exponentially with distance R. However, when an insula-
tor or semiconductor is doped, there exist other forms of magnetic coupling between magnetic
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Fig. 9: Left: Schematic density of states with pseudo-gap at Fermi energy Er, bandwidth D.
Middle: Quasiparticle dispersion of a 2D honeycomb Kondo lattice. Fig. taken from Ref. [72].
Right: Kondo temperature in the presence of a pseudo-gap with power 3 = 1 with RKKY
coupling y = 1/(32k) Eq. (44) (full line) and without, Eq. (40) (dashed line). The Kondo
temperature in the presence of RKKY coupling y terminates at the critical coupling Eq. (43)
JPC(B=1,y) > JPC(B=1), Eq. (39) at the value T};, Eq. (45) and jumps then to zero.

dopants. For spin-2 dopants, like P in Si, they are known to be coupled by antiferromagnetic
superexchange interaction, caused by the overlap of dopant eigenfunctions. Then, dopant spins
are in a random singlet state for dilute doping [64], see Ref. [65] for a review. But there can be
other exchange mechanisms in dilute magnetic semiconductors, for example the Zener’s double
exchange coupling and the p-d coupling, which are ferromagnetic. See Ref. [66] for a review.

6.2 Pseudo-gap semimetal

A pseudo-gap opens at the Fermi energy when the density of states vanishes at the Fermi energy
as p(E) ~ |E—Er|? with a power 3 > 0, as shown schematically in Fig. 9 (left). This occurs
in numerous materials, like at the surface of topological insulators [67] and in graphene [68],
where the electrons are confined to a 2-dimensional honeycomb lattice. The low-energy excita-
tions in graphene are fermionic quasiparticles described by relativistic massless Dirac fermions,
as characterized by a linear dispersion relation, with two Dirac points, where the density of
states vanishes linearly with energy (5=1). Thus, the question arises, what happens when
these massless fermions are coupled to local magnetic moments. The answer depends strongly
on the magnitude of the exchange coupling J. Plugging in the pseudo-gap density of states
p(E) = po ‘ (E—EF)Q/D}ﬁ in the equation for the Kondo temperature, Eq. (12), for Er = D/2,
we find for J > JP%(3) with critical exchange coupling

JZ9(B) = B/(2No) = BD/2, (39)
the Kondo temperature
_D(,_ IO\
Tx = 5 (1 i ) : (40)

Note that for J > J, Eq. (40) converges to T ~ D/2exp(—1/(2NyJ)), the Kondo temper-
ature in a metal. There is for J < J%(/3) no Kondo screening, as has been confirmed with non
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perturbative methods like the numerical renormalization group method in Refs. [59,69,70], and
the concentration of free, unscreened magnetic moments ngy(J) at 7' = 0K is a step function,
npym(J) = ny for J < JPY(3) and zero otherwise.

It has been shown in Ref. [71] with a large /N -expansion that there is a quantum phase tran-
sition in the Kondo lattice on a 2-dimensional honeycomb lattice at critical coupling .J., even
when neglecting the RKKY coupling. Remarkably, the energy dispersion of quasiparticles in
such a system with a pseudo-gap has a direct gap, see Fig. 9 [72], where it was shown that the
Kondo-insulator gap is observable in the optical conductivity, in stark contrast to the conven-
tional Kondo lattice system where the Kondo-insulator gap is indirect, see Fig. 6. The Dirac
cones become duplicated and shifted up and down in energy, respectively, as seen in Fig. 9.
The RKKY coupling in presence of a pseudo-gap at the Fermi energy is shorter ranged,

9(R)

Jrscier (R) = 555, (41)

where g(R) is an oscillatory, non decaying function of R which may be anisotropic, depending
on the specific lattice. Here, R = |R|. As an example, in a 2D honeycomb lattice like graphene,
where there are two sub-lattices A and B, the RKKY coupling is decaying with power d+/ = 3.
The oscillatory function is different, when the magnetic moments are placed on the same sub-
lattices, as given by [73] gaa(R) = —J?(1+ cos(AK - R)), while on different sub-lattices,
ga(R) = J?3(1— cos(AK - R—20y)), where AK = K—K~, with K, K~ the reciprocal
lattice vectors of the two Dirac points. ¥ is the angle between the armchair direction and the
position vector of the magnetic moment on the lattice.

Thus, both Kondo temperature and RKKY coupling are diminished in the presence of a pseudo-
gap. This raises the question how the pseudo-gap modifies their competition. As there is no
Kondo screening for J < JFY(3) = BD/2, while the RKKY-coupling is finite for all .J,
magnetic moments couple in that regime. To find out whether RKKY-coupling is dominating
the Kondo screening even for larger exchange couplings J > JF%(f3), we need to solve the
RG-equation, Eq. (29) with RKKY interaction with a pseudo-gap. Inserting the density of
states p(E) = po|(E—Ep)2/ D|ﬁ into Eq. (29) and integration over /A up to the breakdown of
perturbation theory at scale Tk, yields the equation for the Kondo temperature

Je(8) 2Ty )" 22 D
—1 kBysJ"N, =0 42
where k& = In(v/2+1), y3 the RKKY coupling function as modified by a pseudo-gap with
power 3, and JF%(3) the critical coupling in absence of s, Eq. (39).

Let us consider as an example a pseudo-gap with power 5 = 1, as it occurs in graphene and on
the surface of topological insulators. For J > JF%(3=1, y) with critical exchange coupling

1—/1-4vky
2V ky ’

where JI'Y = JPC(B=1,y=0) = D/2, is the critical coupling when neglecting the RKKY-

JPG(p=1,y) = JF¢

(43)
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coupling, we find the Kondo temperature

1= 7 (1 _ JiG + \/(1_J§G)2 - ky(J—;fG)2> (44)

Note that at the critical coupling J”%(8=1, y) it has a finite value,

D JPG
Ti= 30 ez )
one half of the value it has at that exchange coupling J7¢(8=1,y) > JF¢, without RKKY-
coupling. Thus, even in the presence of a pseudo-gap, the Kondo temperature jumps discontin-
uously to zero at JZ¢(3=1,y) as seen in Fig. 9(right), similar to what was found in a metal,
Fig. 7. The critical coupling J%(5=1, y) is an increasing function of the RKKY-coupling 3,
for 0 < y < 1/(16k), varying from D /2 to D. For stronger coupling y > 1/(16k) there is no

finite Kondo temperature and thus no Kondo screening for any coupling .J.

7 Spin competition in the presence of disorder

Any real material has some degree of disorder. In doped semiconductors it arises from the
random positioning of the dopants themselves, in heavy fermion materials it may in addition
arise from structural defects or impurities caused by atomic defects. Disorder can cause Ander-
son localization, trapping electrons in the disorder potential. Thus, in order to fully understand
the physics of electron systems with magnetic moments, we need to understand how Anderson
localization affects the competition between Kondo screening and RKKY coupling, and how
that in turn affects Anderson localization. Moreover, as noted already early [74], the physics of
random systems is fully described only by probability distribution functions, not just averaged
quantities. Thus, for electron systems with randomly located magnetic moments the derivation
of physical properties requires the knowledge of distribution functions of both the Kondo tem-
perature and the RKKY coupling [75], not just their averages. In fact, anomalous distributions
of the Kondo temperature 7k and the RKKY coupling can give rise to non-Fermi-liquid be-
havior, as measured for example in the low-temperature power-law divergence of the magnetic
susceptibility in doped semiconductors close to the metal-insulator transition [65].

7.1 Distribution of Kondo temperature and RKKY couplings

Since the Kondo temperature depends on the product of the local exchange coupling J and the
density of states at the Fermi energy p [1, 17, 18], it is natural to expect a distribution of the
Kondo temperature, P(Tk ), when .J and p are distributed due to the random placement of the
dopants, as has been pointed out in Refs. [74-79].

Indeed, the disorder potential results in wave function amplitudes which vary randomly, both
spatially and with energy. In a weakly disordered metal different wave functions are corre-
lated with each other in a macroscopic energy interval of the order of the elastic scattering
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rate 1/7. This results already in weakly disordered metals in a Kondo temperature distribu-
tion of finite width in the thermodynamic limit [27, 28]. To model the disorder one adds a
disorder potential V' (r) to the one particle Hamiltonian, which can be assumed to be spatially
uncorrelated and white noise distributed with width given by the elastic scattering rate 1/7.
Using the 1-loop equation for the Kondo temperature written in terms of the local density
of states p(F,r), Eq. (12), let us rewrite it in terms of the disorder induced local deviations
op(E,r) = p(E,r)—(p(E,r)), where (---) denotes the average over the disorder potential.
Denoting TI((O ) as the Kondo temperature obtained with the average local density of states,
v = < p(E, r)> we find the Kondo temperature for a given realization of the disorder poten-

tial [20]
b 5p(r, E) E-E
Ty =T /dE—’t h(—=—%)). 4
K=K eXp( o (B En) MM\ oTx (46)

Taking the square of the logarithm of Eq. (46) and

D D _ I /
In® % :/dE/ dE'( tanh E g)F tanh E (gF op(r, E) 5p(1;’E> :
Ty 0 0 2T 2T 2v(E—Er) 2v(E'—Ep)
47

The disorder averaged correlation function of local density of states (p(r, E) p(r, E')) is gov-

erned at weak disorder Fr7 > 1 by diffusion and Cooperon modes, as obtained by summing up
ladder diagrams, describing multiple elastic scattering of the electrons from the impurity poten-
tial. For a review see [80]. Physically, these diffusion modes account for the fact that electrons
in a disorder potential do not move ballistically along straight paths, but rather diffusively, such
that the average square of the path length r(t) on which an electron moves within a time ¢ is
given by <r(t)2> = D.t, where D, = v%7/d, is the diffusion constant. Thereby one finds for
the standard deviation of the Kondo temperature in the thermodynamic limit [27,28]

)
c 1 . _
(EFf)\/B In <TT1((O)) ind =3,
0) . L\
5TK - TK V3rEpTpB |:1I1 (TT;{O) ):| ind= 2’ (48)
2,/ 2 (rT\)-1/4 in quasi 1-d wire of cross section A
\ KpAB AT K q ’

with c3 a constant. Note that it is larger with time-reversal symmetry S = 1 than when it is
broken by a magnetic field 5 = 2, which diminishes weak localization corrections. In the weak
disorder limit, the Kondo temperature has a Gaussian distribution with width given by Eq. (48).
However, its distribution becomes strongly bimodal as disorder is increased further with an
increasing weight at small Kondo temperature, see Fig. 10(left), where the distribution of Tk
is plotted, obtained numerically for a tight binding model on a square lattice with potential
disorder of box distribution and width W [72]. Furthermore, a finite concentration of free
magnetic moments is found when electrons at the Fermi energy are localized. Since these
effects can be explained by Anderson localization and multifractality, we will return to the
Kondo temperature distribution after introducing these phenomena in the next chapters.
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Fig. 10: Left: Distribution of Kondo temperature for different disorder strengths W. Middle:
distribution of absolute value of the RKKY coupling at fixed distance R = ba for different
disorder strengths W. Right: at fixed W = 2t for distances R = ba,20a. Dashed lines:
lognormal distribution with fitted parameters. All results are obtained a for 2D tight binding
model on a square lattice, with lattice spacing a, with potential disorder, box distribution of
width W in units of hopping amplitude t, Fermi energy Er = t. All Figs. taken from Ref. [72].

As the RKKY coupling is mediated by conduction electrons, it is strongly affected by their
elastic scattering from the disorder, as well. Indeed, the disorder averaged RKKY coupling
decays exponentially for distances larger than the mean free path [. = vp7 [81]. This can be
understood from the fact that it depends on the product of the electron wave function amplitudes
at the locations r; and rj, see Eq. (25), and thereby on the electron phase difference between
these two locations, which the elastic scattering from disorder randomizes. However, its geo-
metrical average is hardly changed from its value in the clean limit [82—84], which is valid even
at stronger disorder, as long as the distance between the magnetic moments is not larger than
the localization length. The distribution of the RKKY coupling deviates from a normal distri-
bution already at weak disorder and converges to a log-normal distribution at stronger disorder,
P(z = In (|Jrky|/D) = exp (— (z—x0)?/(20%)) /(v/270), with 29 and o disorder dependent
parameters, as was derived with a field-theoretical approach [85]. That was confirmed numeri-
cally for 2D disordered metals in Refs. [86—88], as seen in Fig. 10(middle and right). There, the
distribution of | Jrkky| is plotted as obtained numerically for a tight binding model on square
lattice with potential disorder and box distribution of width W for various distances between the
magnetic moments 12 as compared to the lognormal distribution with fitted parameters (dashed
lines) [72]. This is expected, since the amplitude of the RKKY coupling, Eq. (25), is dominated
by the local density of states at the Fermi energy, which has at strong disorder and close to
the Anderson localization transition a lognormal distribution [80]. The width o of the lognor-
mal distribution has been derived in Ref. [85] to scale with the elastic scattering rate as 1/7 as
o ~ 7712 which has been confirmed numerically in 2D disordered systems [88], noting that
1/ = 7#W?/(6D) with D = 8t the band width of the 2D tight binding model.

7.2 Anderson localization — local spectral gaps

Disorder can result in Anderson localization, where states are exponentially localized with lo-
calization length ¢, forming a discrete spectrum with local level spacing A, as sketched in
Fig. 11(left). Since electrons need then to be thermally activated to contribute to a current, their
resistivity is found at low temperature to increase exponentially. The interplay of Anderson
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Fig. 11: Left: Spectrum of localized states with local level spacing A¢. Right: Spectrum with
mobility edge E\i, where for EE < FE\; all states are localized, while for E > F\ there is a
continuum of extended states. At the mobility edge E = E\ there is a critical state.

localization with spin correlations like Kondo effect and RKKY interaction, has only recently
received increased attention, even though both spin correlations and disorder effects are rele-
vant for many materials, including doped semiconductors close to the metal-insulator transi-
tion [89,65], and typical heavy Fermion systems like materials with 4 f or 5 f atoms [90,44].
In d = 3 and higher dimensions mobility edges F;; appear in the band of eigenstates of a
Hamiltonian of electrons moving in a disorder potential V' (r). Then, the eigenstates are found
to be localized with energy dependent localization length {(FE) at the band edges. There is a
delocalization transition at [/ to a continuum of extended states, as sketched in Fig. 11(right).
where the localization length diverges with a power law £(E) ~ |E—E,/|~ with critical ex-
ponent v. For d < 2 all states are localized for a Hamiltonian of noninteracting disordered
electrons. For d = 2 all states are localized in a disorder potential without magnetic field, or
in weak magnetic field. In the presence of a strong perpendicular magnetic field in two dimen-
sions, critically extended states appear in the middle of Landau bands, which is known as the
integer quantum Hall transition. In presence of spin-orbit interaction in two dimensions there
is a critical delocalization transition. Also, long range interactions may cause a delocalization
transition in two dimensions. For reviews on Anderson localization, see Refs. [91-97].

When eigenstates are localized with localization length &(FE), the spectrum is discrete with
a local spacing between the energy levels A = 1/(p(E)¢(E)Y), where p(E) is the density
of states at energy £ and d is the dimension. Thus, when placing magnetic moments in a
disordered electron system, and the Fermi energy Er is in the band of localized states, the
Kondo renormalization of exchange couplings stops at energy scale A¢(E), since there are
no states coupling to the magnetic moment at lower energy. Even though the gap is local, as
the exchange coupling is local as well, this problem is equivalent to the Kondo effect in the
presence of a spectral gap, which we reviewed in section 6. Thus, we can conclude that there is
a critical exchange coupling .J#* below which the magnetic moment remains unscreened, where

w1 1
T8 = SN, (D Ae(Br)) @9

where No= N (Er)=V,p(EFr)/2 is the number of states per energy and spin at the Fermi energy.
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Fig. 12: Left: Critical state intensity at E = 2t on d = 3 Anderson tight binding model (N =
106 sites, disorder amplitude W = 16.5t), obtained by exact diagonalization. Coloring denotes
a=—In|Y>/InL witha € [1.2,1.8] (red), a € [1.8,2.4] (green), a € [2.4,3.0](blue). Sites
with higher intensity a<1.2 and lower intensity «>3 are not shown. Thereby, 80 % of total state
intensity is visible. Fig. taken from Ref. [103]. Middle and Right: Local spin susceptibility as
function of temperature T for spin S = 1/2 coupled by exchange coupling J = 0.35D, disorder
amplitude W = 2t in 2D lattice (L= "70), obtained with numerical renormalization group (lines)
and continuous time quantum Monte Carlo (dots) method, at sites where Kondo temperature
Ty is maximal (middle) and where the magnetic moment remains free (right). Arrows indicate
TI((O)(J). Insets: Intensity as function of E (Er=0). Fig. taken from Ref. [102].

The RKKY coupling, on the other hand, is cut off for length scales exceeding the localiza-
tion length at the Fermi energy R > {(FEr), but remains finite between magnetic moments
whose distance is smaller, R < {(Fr). At and in the vicinity of the mobility edge E);, an-
other phenomenon has to be taken into account, to understand the competition between Kondo
effect and RKKY-coupling: there the eigenfunction intensities have multifractal distributions
and the intensities at different energy are power law correlated. We give a brief introduction to
multifractality in the next chapter, before reviewing its effects on spin correlations.

7.3 Multifractality — local pseudo-gaps

Multifractality has been observed experimentally in disordered thin film systems measuring
the local density of states by scanning tunnelling microscopy [98,99]. In the vicinity of the
Anderson delocalization transition wave functions have been shown to be strongly inhomoge-
neous, multifractal [96] and power law correlated in energy [100,101]. Since the delocalization
transition is a 2nd order quantum phase transition, the localization length £ on the localized
side of the transition, and the correlation length &. on the metallic side, diverge at F); as
E(E) ~ |E—=FEy|™ and .(F) ~ |E—E)|~"*, where universality implies v = v.. Thus, at
the mobility edge there is a critical state, which is very sparse, but spread over the whole sam-
ple, see Fig. 12(left), where the intensity Wn(r) ‘2 is plotted for all sites of a finite sample of
the 3-dimensional tight binding model with onsite disorder potential. The critical eigenfunction
intensities ‘wl(r) ‘2 are found to scale linearly with size L as,

Py = LY |y (r)[*?) ~ L%l (50)
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Critical states are characterized by multifractal dimensions d, < d, smaller than spatial dimen-
sion d and changing with power ¢. The local intensity distribution of s a critical state is close to
a log-normal distribution function, as given by [96]

P(‘¢l(r)’2) ~ Law_(aw—ao)Q/(20)7 (51)

where o, = —1In Wl(r)‘Q/lnL and = 2(ap—d) with ap > d. Then, d, = d — q(ap—d)
for ¢ < g.. For ¢ > q. = ap/n it terminates at 7, [96]. Away from criticality wave func-
tions show multifractality at length scales smaller than the localization length £(F) and the
correlation length &.(E), respectively, where moments scale with {(E), £.(F) in multifractal
dimensions d,,.

Another consequence of multifractality is that intensities are power law correlated in energy
[100, 101] within correlation energy E. ~ 1/7. Given that the intensity at the critical energy
Ej, = Eyis [Yu(r) ‘2 = L~°v the conditional intensity of a state at energy F, is relative to the
intensity of an extended state L~¢ given by [103]

Ba

£ — By (52)

E.

To = L))y pos o ™~ ‘

for |E,—Ey| < E. ~ 1/7. Thus the intensity varies with a power law with power 5, =
(ayp—ayp)/d for |E;—Ey| > A (when Ej is closer to E); than the level spacing A, the condi-
tional intensity reduces to the intensity itself, L~%%). At positions where the intensity is small,
a > , it remains suppressed within an energy range of order 1/7 around F); forming a local
pseudo-gap with power 3, > 0. Indeed, such local pseudo-gaps are found numerically with
only small fluctuations, see the inset of Fig. 12(right) for a 2D disordered system with linear size
L < & at Ep = 0. When the intensity is larger than its typical value L=, a < «y, it remains
enhanced within an energy range of order 1/7 around F);, increasing as a power law when F)
approaches the mobility edge. An example of such strong enhancement at £/ = 0, as obtained
numerically for a 2D system with linear size L < &, is shown in the inset of Fig. 12(middle).
Implementing multifractality and power law correlation of intensities, the Kondo temperature
Tk is found by inserting the conditional intensity of state [, Eq. (52) into Eq. (9),

Ba—1 e
tanh (ﬁ) : (53)

JA

~ 2DE,
|El|<E¢

€l
E.

where the summation over [ is restricted to energies within the energy interval of the correlation
energy £, ~ 1/7 around the mobility edge. The power is given by 5, = (ay—ap)/d for A <
|Ey—Ey| < E.. Thus, Eq. (53) defines the Kondo temperature in a system with pseudo-gaps
of power [3,, in the local density of states when it is positive [59] and the Kondo temperature is
reduced at such sites. On the other hand, at sites where [3,, is negative Tk is enhanced. Eq. (53)
can be solved analytically yielding [103]

T JP9(B.)\ 1%
7o) oY
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Fig. 13: Left: Kondo temperature T'x-distribution in units of T’ l((o ) as function of distance to the
mobility edge Er— Eyy in units of E,. for exchange coupling J = D /5, derived analytically. Fig.
taken from Ref. [103]. Right: Schematic phase diagram as function of doping concentration
Np, near critical doping N.. Non-Fermi liquid behavior at temperatures exceeding the scale
A¢,(Np) on the metallic side and A¢(Np) below which there is a Fermi liquid (FL) due to
Kondo screening, and a random singlet state (RS), respectively.

where 3, = (ay—ag)/d, and the critical exchange coupling is J7¢(8,) = B,D/2 and ¢, =
(2aey—n)/(cvy—n/24+d). Thus, the Kondo temperature has the form we found in the presence
of a pseudo-gap Eq. (40), with power 3,. For J < JP%(3,) the magnetic moment remains
unscreened. Since a,, € [0, 0] is distributed, we find that J”¢(3,) and thereby Ty () are
distributed, accordingly. For the typical value o, = «p we recover T of a clean system
Tx(ay=ap) ~ E.exp (—1D/(2J)) ~ I((O ). The derivation can be extended into the vicin-
ity of the mobility edge, where the (localization, correlation) lengths (&, £.) are finite, respec-
tively by substituting in v, the system size L by (,&.). Thereby, using a normal distribu-
tion of «, the distribution of the Kondo temperature can be derived analytically, as plotted in
Fig. 13(left) [103] as function of energy distance to the mobility edge E);. It evolves from
a Gaussian distribution with finite width in the weakly disordered metal regime to a bimodal
distribution with a divergent power law tail at the mobility edge. The enhanced weight at low
Kondo temperatures was shown in Ref. [103] to origin from the opening of the local pseudo-
gaps and is given by

P0<Tg<Ty) ~ T, (55)
with universal power ax = 1 — 1/(2d), with multifractal correlation exponent = 2(ag—d).

The magnetic susceptibility x(7") ~ ngp(7)/T with density of free moments npy (1) =
ny fOT dTk P(Tk), at temperature 7" is found at the mobility edge as [103],

T\
-~ (5) (56)

diverging with a universal power law, in good agreement with experimentally observed Non-
Fermi liquid behavior in the magnetic susceptibility and specific heat [89] to which the magnetic
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moments contribute C'(T') ~ T'dnpy(T)/dT as C(T) ~ T34 This result is also valid on
the insulating side for 7' > A, and on the metallic side for 7" > A, , yielding the phase
diagram shown in Fig. 13(right) with a Non-Fermi liquid fan, caused by the distribution of
Kondo temperatures due to the multifractality in the vicinity of the mobility edge.

Numerical calculations of the T -distribution confirm the anomalous power [79, 104] with a
power which is very close to the analytical result Eq. (55). In Ref. [102] the magnetic sus-
ceptibility was obtained by a full Wilson renormalization group (RG) calculation [21] for a 2D
disordered system finding the anomalous power law divergence, shown in Fig. 12 at sites where
the intensity is suppressed as in a local pseudo-gap. Recently, it was pointed out that a more
realistic model of the Kondo impurity which takes into account anisotropies yields a modified
distribution of Kondo temperatures [105]. It remains to be explored whether this will affect the
low T tail at the AMIT and thereby the anomalous power of the magnetic susceptibility ay.
On the insulating side of the transition there remains a finite density of magnetic moments in
the low temperature limit, since the Kondo screening becomes quenched by Anderson localiza-
tion, where renormalization of the Kondo coupling becomes cutoff by the local level spacing
A¢ = 1/(p€?) [106]. Since these free moments are still weakly coupled to the electron system,
they interact with each other in the vicinity of the mobility edge by RKKY- like exchange inter-
actions, extending up to distances of the order of the localization length £. In the dilute doping
limit the indirect exchange interaction becomes the superexchange interaction due to the over-
lap of hydrogen like impurity states, which is known to be antiferromagnetic. These randomly
positioned magnetic moments have been modelled by a Heisenberg spin model with random
antiferromagnetic short range, exponentially decaying exchange interaction [64]. In agreement
with experiments, numerical simulations and the implementation of a cluster renormalization
group, no evidence for a spin glass transition, at which the magnetic susceptibility would peak
and then decay to lower temperatures is found [64]. Rather, the magnetic susceptibility diverges
at low temperature with a power law x(7') ~ T~%/, with a; < 1 [64]. In one dimension, the
random antiferromagnetic short range Heisenberg model is known to flow at low temperature
to the infinite randomness fixed point, where the ground state is formed of randomly placed
spin singlets [107]. When the localization length & exceeds the Fermi wave length, however,
the indirect exchange interaction oscillates in sign with distance, as the RKKY interaction in
the metallic regime, but decays exponentially beyond £. In the next section we will address
the question, whether the RKKY interaction or the Kondo effect wins the spin competition in
disordered electron systems in the vicinity of the delocalization transition.

7.4 Doniach diagram of disordered systems

Extending the argument of Doniach [13] to disordered systems where both Kondo temperature
Tk and RKKY couplings are distributed, it is natural to study next the distribution of the ra-
tio of both energy scales, Jrkky(r;;) and Tk;. This has been done in Ref. [88], as shown in
Fig. 14(left) for four distances R between two magnetic moments, placed randomly in a 2D
disordered tight binding model. While it is found to have a wide distribution for all R, there
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Fig. 14: Left: Distribution of ratio |Jrxkxy(R)|/Tk for two magnetic moments at distance R,
placed randomly in a 2D disordered lattice. Black arrows: sharp cutoff. Right: Magnetic
quantum phase diagram, critical density of magnetic moments n. as function of J for various
disorder strengths W, as derived numerically from that cutoff, separating a coupled moment
(CM) from a Kondo screened phase. Horizontal dashed line separates the free moment phase
(PM) for J < J.(W), and ny; < ne¢, where n¢ is the concentration, when there is no more than
one magnetic moment within a localization length £. Linear system size L = 100a, number of
disorder configurations M = 30000. Figs. taken from Ref. [88].

is a sharp cutoff, indicated by the black arrows. From the condition that | Jrxxy(R)/Tk| < 1
for all concentrations ny; = 1/R? below a critical value n. = 1/R¢, we can derive n,. ac-
curately as function of exchange coupling .J. The resulting quantum phase diagram is shown
in Fig. 14(right) for three disorder strengths IW. The Kondo dominated regime is pushed to
larger J as the disorder strength IV is increased. At strong disorder a phase of uncoupled,
paramagnetic local moments (PM) appears at small n,; < ng, where n¢ is the concentration,
when there is no more than one magnetic moment within the range of a localization length &, as
shown in Fig. 14(right) (horizontal red dashed line) [88].
In Fig. 15 we show the critical coupling J as function of disorder amplitude W, as defined
to be the coupling above which there remain no unscreened magnetic moments in the sample.
It is derived for a 2D disordered tight binding model as function of disorder amplitude 1 with
(left figure) numerical exact diagonalization for several lengths L. The full line is a plot of
JA(W), Eq. (49), with 2D localization length ¢ = [, exp(mEr7), where 1/7 = 7W?2/(6D).
The dashed line is a guide to the eye. In Fig. 15(right) we show results obtained by employing
the Kernel polynomial method for Eq. (9) for system size L = 100 [88]. The dashed line is the
analytical function Jc(l)(W), obtained from deriving the density of free moments due to local
pseudo-gaps, yielding J = V1D/2, with n = 2(ap—d)/d. In d = 2, expansion in 1/g, with
g = Ept,yields n = 2/(mwg) and thus
1 D

JO(W) = EW. (57)
The good agreement with numerical results supports the result that the formation of free mo-
ments is due to local pseudo-gaps formed by multifractal intensity distribution and correlations.
To go beyond the Doniach argument for disordered systems let us next apply and extend the self



12.30 Stefan Kettemann

T . |wL=40 [ i
= - leL=50 [ 2]
=08 Kondo ) L=70 | A
0.61 i "—‘100,_' =
2 Pseudo Gap Y ~ 0.6)
0.4 ¢ [FreeMomenis - 04,
021 .+ " Anderson 02!
“ _— Free Moments |

0 L T T T r - v . . . 0.0
0 12 3458 6 7T 8910 0

W

Fig. 15: Left: Critical coupling JY as function of disorder amplitude W, derived for a 2D dis-
ordered tight binding model as function of disorder amplitude W with numerical exact diago-
nalization for sizes L, defined such that for J > J(Sl), there is no unscreened magnetic moment in
the sample. Full line: JA(W), Eq. (49), with 2D localization length ¢ = I, exp(n ErT), where
1/7 = aW?/(6D). Dashed line: guide to the eye. Fig. taken from Ref. [102]. Right: Same
as left figure, but derived by employing Kernel polynomial method to Eq. (9) for L = 100 [88].
Dashed line: analytical function Jc(l)(W), Eq. (57). Fig. taken from Ref. [88].

consistent approach of Ref. [54], reviewed in section 5. Placing two magnetic moments at sites
of a disordered electron system with different local density of states yields different bare Kondo
temperatures T; = Doexp(—1/(2¢?)), i = 1,2 [58]. By solving the coupled RG-Egs. (29)
for two magnetic moments numerically, we find that both Kondo temperatures are reduced in
the presence of RKKY-coupling, see Fig. 16. The initially smaller Kondo temperature T, is
suppressed more than the larger one T,. Thereby, their ratio x = Tk, /Tk, decreases. Thus,
we find that the inequality between Kondo temperatures becomes enhanced by RKKY coupling.
Moreover, the quenching of the Kondo screening by the RKKY coupling occurs already for
smaller RKKY coupling, as seen in Fig. 16(left), the stronger the inhomogeneity and the smaller
the ratio of the bare Kondo temperature x,. For the smallest value, o = 0.1, the breakdown
occurs at a critical value y.(xy < 1) = 0.88y,, where y. is the one in the homogeneous system,
Eq. (35). The discontinuous jump of both Kondo temperatures 7', and Tk, at y.(x() are seen in
Fig. 16(right), plotted relative to their bare values as function of bare Kondo temperature ratio
xo and dimensionless RKKY coupling parameter y. Thus, we conclude that disorder makes
Kondo screening more easily quenchable by RKKY coupling.

For a finite density of randomly distributed magnetic moments n,;, coupled by random local
exchange couplings J? to conduction electrons with random local density of states p(E,r;),
one can extend this approach, solving the coupled RG-Egs. (29). Every magnetic moment
has then, in general, a different Kondo temperature, as they are placed at different positions
with different local couplings go(7;) = JPp(F,r;). As the RKKY coupling is itself distributed
widely in disordered systems [85, 88] the long range function y(r—7') is distributed as well.
We can thus derive the distribution function of Kondo temperatures 7k from Egs. (29). We
note that the random distribution of RKKY-couplings is mainly due to the distribution of local
couplings go(7) [88], while the function y(r—7') is only weakly affected by the disorder.
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Fig. 16: Left: The ratio of Kondo temperatures of two magnetic moments x = Tyo/Tk1 as
function of dimensionless RKKY coupling parameter 1, relative to its critical value vy. for the
homogenous system, for different bare Kondo temperature ratios o, = TIO(2 / TIO{I. It stops at a
critical value §.(xy), relative to y. for the homogenous system. Right: Kondo temperatures Tk,
and Tk, relative to their bare values as function of bare Kondo temperature ratios x, and the
dimensionless RKKY coupling parameters 3. Figs. are taken from Ref. [58].

Without the RKKY-coupling we found at the mobility edge a bimodal distribution of T with
one peak close to the Kondo temperature of the clean system and a power law divergent tail at
low Tk [88,103,104], see Fig. 13. Since the RKKY-interaction enhances inequalities between
Kondo temperatures, we expect that it shifts more weight to the low Kondo temperature tail.
This could be checked quantitatively by the solution of Egs. (29), but still needs to be done.

Anderson localization is weakened when time reversal and spin symmetry are broken by mag-
netic scattering from magnetic moments [108, 109]. A finite magnetic scattering rate 7, ' en-
hances the localization length through the parameter X, = £2/L%, where L, = /D, is the
spin relaxation length [110] and D, = v% 7/3 the electron diffusion coefficient. When X, > 1
the electron spin relaxes before it covers the area limited by £, and Anderson localization is
weakened. In 3D the mobility edge is thereby shifted towards stronger disorder by magnetic
scattering. As Kondo screening of magnetic moments diminishes magnetic scattering, while
RKKY coupling tries to quench their spins, resulting in magnetic scattering, the competition
between these effects governs Anderson localization and the position of the delocalization tran-
sition. Treating the interplay between Anderson localization and Kondo screening, novel effects
like a giant magneto resistance [106, 103], finite temperature delocalization transitions and the
emergence of a critical band [103] have been derived. Experimentally, the interplay of Kondo
effect, indirect exchange interaction and Anderson localization has recently been studied in a 2D
experimental setup in a controlled way [111]. Thus, it remains an important and experimentally
relevant problem, to develop a self consistent treatment of Anderson localization, Kondo screen-
ing and RKKY-coupling. This problem has been studied with the disordered Kondo lattice and
the Anderson-Hubbard model with a variety of numerical methods. Each method comes with
different approximations, providing different insights. These include mean-field theories of the
Kondo lattice with an added RKKY coupling term [44,112-117], where fluctuations around the
mean-field theory have been studied with Ginzburg-Landau and nonlinear sigma model type
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Fig. 17: Schematic quantum phase diagram of Kondo lattice systems as function of magnetic
moment density ny; and exchange coupling J for fixed disorder W. The critical coupling
J.(nm, W) separates spin coupled from Kondo screened phases. Dark blue indicates higher
transition temperatures to the long range ordered state (LR). Dark red indicates higher concen-
trations of free magnetic moments (PM), when electrons are localized and there is not more than
one magnetic moment within the localization length & nyy < ne = % Dark petrol indicates
higher Kondo and coherence temperatures in the dilute Kondo phase and heavy fermion phase.
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actions. Statistical dynamical mean-field theory based approaches [118-125], Hartree-Fock
based methods [126—128], quantum Monte Carlo method [129-132], typical medium dynam-
ics cluster approximations [133, 134] and cluster extensions of the numerical renormalization
group method [135] have been applied. While we cannot review all results, some of them have
been reviewed in Ref. [90], we would like to mention that in Refs. [133, 134] the quasiparti-
cle self energy of the Anderson-Hubbard model was derived as function of excitation energy
Im ¥(w) ~ w*. It was found to behave as a non-Fermi liquid with power ax(W) < 2,
which becomes smaller with stronger disorder amplitude /. The non-Fermi liquid phase ex-
tends down to lowest energies at the mobility edge. Away from it, it is cutoff by A.=1/(p&?),
and A¢,=1/(p€?), respectively. This is in agreement with the phase diagram derived from
the magnetic properties, reviewed above, Fig. 13(right). The typical medium dynamics cluster
approximation employed in Ref. [133] does not include long range indirect exchange interac-
tions. Thus, the study of the competition between Anderson localization, Kondo screening and
RKKY-coupling, remains a challenging problem.

8 Conclusions and open problems

To conclude, when magnetic moments are immersed into the Fermi sea of itinerant electrons,
rich quantum physics emerges, which is relevant for a wide range of materials including heavy
Fermion systems, materials with 4 f or 5 f atoms, notably Ce, Yb, or U, high temperature super-
conductors like the cuprates, but also good metals with magnetic impurities, doped semiconduc-
tors like Si:P close to the metal-insulator transition, 2D materials like graphene and topological
insulators. While each material has its specific properties, requiring detailed modelling, their
electronic properties are to some degree governed by the competition between Kondo screening
and indirect exchange couplings, which can be modelled by (disordered) Kondo lattices. We
summarize the main results in the schematic quantum phase diagram Fig. 17.
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While the Doniach argument gives a good idea of the competition between Kondo screening
and RKKY coupling, a self consistent renormalization theory which implements the RKKY
coupling into the Kondo renormalization yields a remarkably different result: the Kondo tem-
perature jumps discontinuously to zero at a critical exchange coupling which is larger than
expected with the Doniach argument. We reviewed the extension of that framework to a finite
density of magnetic moments ny; to systems with a spectral (pseudo) gap and to disordered
systems, where the Kondo temperature is different for every magnetic moment. We have seen
that disorder leads to a wide distribution of both Kondo temperature and RKKY couplings and
tends to diminish the Kondo dominated phase, enhancing the critical coupling J.(ny, W). In
the dilute limit we identified a paramagnetic phase, even at zero temperature, where the Kondo
screening is prevented by local pseudo-gaps, and the RKKY coupling between the dilute mag-
netic moments is cutoff by Anderson localization. In that regime, the density of free magnetic
moments is found to decrease continuously with increasing J. There, an analytical formula for
the increase of the critical coupling Jc(l)(nM, W) with disorder W is available, Eq. (57), which
was found in 2D to be in good agreement with numerical results, see Fig. 15.

As the density of magnetic moments is increased, there is a succession of quantum phase transi-
tions between quantum spin glass and ordered phases for couplings J < J.(ny, W), as shown
schematically in Fig. 17. Since we cannot review here the rich physics and variety of these spin
coupled phases, let us refer to the literature cited above and recent reviews [8, 90,44, 65]. For
J > J.(n, W), a transition between a phase of dilute Kondo singlets and a heavy fermion state
is expected as ny; 1s increased. Experimentally, even for dilute densities of about ny; = 0.05,
indications of a coherent Kondo lattice were found in Si:P deep in the metallic phase [136] and
in the dilute Kondo lattice Celns [137]. The theory of the transition from dilute Kondo singlets
to heavy Fermions is still a challenging problem, as it requires to solve the dilute Kondo lattice
model, as studied for example in [132]. Taking fully into account the disorder introduced by
the random placements of magnetic moments is still a challenge. Last but not least, even in the
dense magnetic moment limit 7,y — 1, the mechanism for the emergence of long range order
at the Kondo breakdown is under debate. Is it due to the ordering of emerging local moments,
or a spin-density wave transition [8] or a more complex mechanism, where ordered magnetic
moments and Kondo screening coexist in a spatially modulated state [138]?
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