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Transition metal (TM) compounds present a very big class of materials with quite diverse properties. There are insulators, metals
and systems with insulator–metal transitions among them; most magnetic systems are TM compounds; there are also (high-Tc)
superconductors among them. Their very rich properties are largely determined by the strong interplay of different degrees of
freedom: charge; spin; orbital; lattice. Orbital effects play a very important role in these systems—and not only in them! The study
of this field, initiated by Goodenough almost 70 years ago, turned out to be very fruitful and produced a lot of important results. In
this short review I discuss the basics of orbital physics and summarize the main achievements in this big field, in which
Goodenough played a pivotal role, and which are nowadays widely used to explain many properties of TM compounds. In the main
part of the text I discuss novel developments and perspectives in orbital physics, which is still a very active field of research,
constantly producing new surprises.
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Magnetism is one of the first physical phenomena known to
mankind, from ancient Greece which gave us the very word
“magnetism”—although it was known (and used) even earlier in
ancient China. But it was only in the XX century, after the
emergence of quantum mechanics, that the real microscopic nature
of magnetism was understood.

The present understanding of magnetism in most cases is that it is
due to, predominantly, the spins of electrons, and to have strong
magnetic response one needs electrons localised at ions. This is now
the subject of a very rich field of correlated electrons, initiated at the
end of the 30s by Peierls1 (see the detailed description of this history
in Appendix A.1 in 2), and developed later by Landau, Mott, Anderson
and Hubbard.3–6 There exist two types of states of electrons in solids:
itinerant electrons, well described by band theory, and localised
electrons—localised due to sufficiently strong electron–electron inter-
actions. In the simplest form the situation can be described by the
Hubbard model—which looks deceptively simple but which hides a
lot of complications and surprises. In the standard form it treats
electrons in a lattice made from ions with nondegenerate levels, with,
usually, the nearest-neighbour hoppings of electrons and with, in the
simplest form, the on-site Coulomb repulsion
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where 〈ij〉 means summation over nearest neighbours. For one
electron per site without the Coulomb (Hubbard) interaction, U= 0
or very small, the material in band theory would contain a half-filled
band and would be a metal (we ignore here the possibility of a
Peierls distortion, which can make such system insulating). However
for strong enough interaction U>W= 2zt (where W is the band-
widths, t is the hopping and z is the number of nearest neighbours)
the electrons would be localised one per site, and the system would
be insulating 1—what we now call Mott insulators. Such localised
electrons would also have localized spins, which would have a
certain exchange interaction, and at low enough temperatures there
would appear long-range magnetic ordering. In the simplest cases
the exchange (or superexchange) interaction of such localised
electrons is obtained in perturbation theory in t/U= 1, and it leads
to the antiferromagnetic Heisenberg exchange
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Why this exchange is antiferromagnetic is illustrated in Fig. 1: in the
second order in perturbation theory (in t/U) one always gains energy,
but for electrons with parallel spins this process of virtual hopping is
forbidden by the Pauli principle and we gain no such energy. But for
antiparallel spins this process is allowed, and the corresponding
energy gain stabilises antiferromagnetic spin ordering.

This simple treatment describes the basic physics of magnetism
of system with localised electrons. But in real materials several very
important extra factors have to be taken into account. And it is here
that John Goodenough came to the forefront, and in effect he played
a crucial role in making this simple model realistic, and laid the
groundwork for the real explanation of multitude of very different
magnetic phenomena. His contribution is “formalised” in the famous
Goodenough–Kanamori, or, sometimes, Goodenough–Kanamori–
Anderson (GKA) rules. But John’s contribution is not only restricted
to formulating these rules; he demonstrated the power of this
approach on numerous examples of a multitude of real materials
with very rich and often very puzzling properties.

Such extra factors which one needs to take into account are of
course the specific crystal structure of a given material, and also the
orbital structure: transition metal compounds with their d-electrons
(but also rare earth and actinide systems), to which most of magnetic
materials belong, have d-electrons with orbital moment l= 2.
Orbital degrees of freedom can drastically alter the properties of a
material, and their study presents a very interesting and rich field of
orbital physics, the foundations of which were laid by Goodenough.
This will be the topic of the present paper. In this text I will first give
a very short summary of the basics and present well-established
results, which is really the glorious page of the very successful
period of the development of this field; but I will mostly discuss
novel development and the perspectives of this field, which is still
very much alive and which produces more and more surprises.
Necessarily my discussion of this very big field will be rather
qualitative; one can find more detailed presentation of these topics in
the rather old, but still not obsolete review,7 and in more recent
reviews.8–12 And of course one should mention the famous book by
Goodenough, Magnetism and the chemical bond13—a wonderful
book more than 50 (almost 60!) years old, which still remains the
bible in this field. For me personally it is still one of the main sources
of information: although I myself already wrote a big book on
transition metals,2 for me always the first thing to do when
encountering a new problem is to look at what John wrote about it.

Orbital Structure of Transition Metals and its Role
in Exchange Interaction

The first thing to consider when dealing with real transition metal
(TM) compounds is to take into account more carefully the orbitalzE-mail: khomskii@ph2.uni-koeln.de
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Exchange interaction in magnetic substances containing ions with orbital degeneracy is 
considered. It is shown that, among with spin ordering, superexchange also results in 
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a 
higher temperature and is accompanied by distortion of the lattice (which is a secondary 
effect here). Concrete studies are performed for substances with a perovskite structure 
(KCuF3, LaMn03, MnF3). The effective spin Hamiltonian is obtained for these substances 
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in 
accord with the structures observed experimentally. The approach employed also permits 
one to explain the strong anisotropy of the magnetic properties of these compounds and to 
obtain a reasonable estimate for the critical temperatures. 

1. INTRODUCTION 

When conSidering magnetic and crystallographic 
properties of transition-metal compounds, it is very 
important to take into account the d-Ievel degeneracy. 
In the crystal field, the fivefold d-Ievel splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level t2g and a twofold level eg). A situation is then 
pOSSible, for example, for the ions d9_C2+, d4-Mn3+, and 
Cr2+ in an octahedral environment, the ground state turns 
out to be degenerate with respect to the orbital angular 
momentum if cubic symmetry is preserved1). The class 
of compounds in which such a situation is encountered is 
quite large. These are compounds with the structure of 
perovskite KCuF3, KCrF3, MnF3), rutile 
(CrCI2, CrF2, CuF2), or spinel, containing the ions Mn3+ 

and Cu2+, and a number of other types of substances [1J • 
The study of such compounds is of great interest, since 
they usually undergo a lattice transition that leads to a 
lowering of the symmetry; the magnetic properties turn 
out to be more complicated and more interesting than in 
analogous substances without orbital degeneracy (more 
complicated magnetic structure, strong anisotropy); a 
low-frequency branch of the exciton type, connected with 
transitions between orbital states, can appear in the 
elementary-excitation spectrum and can interact with 
the magnons; this branch depends strongly on the tem-
perature. 

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect [1-4J • Accordingly, at 
T = 0 the symmetrical arrangement of the ions, at which 
the orbital degeneracy is preserved, is unstable, and the 
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state. 
Local deformations of the anion environment near the 
given transition-metal ion appear first; it is the elastic 
interaction of such local distortions which is assumed to 
be responsible for the cooperative deformation of the 
entire lattice, which occurs at T < Torb' In this ap-
proach it is necessary to introduce many constants that 
describe the interaction of the deformations of different 
octahedra, and the values of these constants are usually 
unknown and it is quite difficult to predict the concrete 
type of the orbital ordering. In addition, the orbital 
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ordering in this approach is not at all connected with 
the magnetic ordering, 

In this paper we propose a different approach to the 
description of the properties of compounds containing 
ions with orbital degeneracy, the so-called Jahn-Teller 
ions (see also [5J ). Our analYSis is based on a natural 
generalization of ordinary superexchange, which is 
responsible for the magnetic properties of magnetic 
dielectrics, to include the case of orbital degeneracy. 
The reason for the appearance of ordering of localized 
spins in this approach is the fact that the reduction of 
the energy as a result of the virtual transitions of the 
d electron to a neighboring center depends on the mutual 
orientation of the spins at these centers. In complete 
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on 
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus, 
in our case the usual super-exchange leads in essence 
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the 
orbital (and accordingly the crystal) structure of the 
ground state. The magnetic and orbital orderings turn 
out to be closely related in this case, although they occur 
generally speaking at different temperatures. 

The possibility of ordering orbitals by superexchange 
was apparently first noted by Roth [6J; this phenomenon 
was subsequently investigated also by Pokrovskit and 
Utmin [7J. They, however, considered only the simplest 
symmetrical model, without taking into account the real 
structure of the d-orbitals, and therefore no comparison 
with real substances was made. 

In addition to describing the ordering of orbitals, our 
analysis has one more purpose. In the case of orbital 
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rules[I,2,8] do not give an unam-
biguous answer in this case. From the generalized 
superexchange Hamiltonian obtained in this paper we 
can obtain the spin Hamiltonian given the type of orbital 
ordering, regardless of the cause of the ordering, and 
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases 
to determine the concrete type of ordering of the orbitals. 
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orbital ordering in KCuF3
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do we need a large crystal-field?

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d1 Perovskites
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.

DOI: 10.1103/PhysRevLett.92.176403 PACS numbers: 71.30.+h, 71.15.Ap, 71.27.+a

Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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aim of lecture

• introduce KK super-exchange and electron-phonon 
coupling mechanisms for orbital ordering


• explain how they operate in actual materials


• alternative mechanism in specific systems
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orbital ordering & orbital physics

Orbital Physics in Transition-Metal Oxides
Y. Tokura1,2 and N. Nagaosa1

An electron in a solid, that is, bound to or nearly localized on the specific
atomic site, has three attributes: charge, spin, and orbital. The orbital
represents the shape of the electron cloud in solid. In transition-metal
oxides with anisotropic-shaped d-orbital electrons, the Coulomb interac-
tion between the electrons (strong electron correlation effect) is of
importance for understanding their metal-insulator transitions and prop-
erties such as high-temperature superconductivity and colossal magne-
toresistance. The orbital degree of freedom occasionally plays an impor-
tant role in these phenomena, and its correlation and/or order-disorder
transition causes a variety of phenomena through strong coupling with
charge, spin, and lattice dynamics. An overview is given here on this
“orbital physics,” which will be a key concept for the science and tech-
nology of correlated electrons.

The quantum mechanical wave function of an
electron takes various shapes when bound to
an atomic nucleus by Coulomb force. Con-
sider a transition-metal atom in a crystal with
perovskite structure. It is surrounded by six
oxygen ions, O2!, which give rise to the
crystal field potential and hinder the free
rotation of the electrons and quenches the
orbital angular momentum by introducing the
crystal field splitting of the d orbitals. Wave
functions pointing toward O2! ions have
higher energy in comparison with those
pointing between them. The former wave
functions, dx2!y2 and d3z2!r2, are called eg

orbitals, whereas the latter, dxy, dyz, and dzx,
are called t2g orbitals (Fig. 1).

When electrons are put into these wave
functions, the ground state is determined by
the semiempirical Hund’s rule. As an exam-
ple, consider LaMnO3, where Mn3" has a d4

configuration, i.e., four electrons in d orbit-
als. Because of Hund’s rule, all of the spins
are aligned parallel, that is, S # 2, and three
spins are put to t2g orbitals and one spin
occupies one of the eg orbitals.

The relativistic correction gives rise to the
so-called spin-orbit interaction Hspin-orbit #
$L! ! S! , where L! is the orbital angular mo-
mentum and S! is the spin angular momentum.
This interaction plays an important role in
some cases, especially for t2g electrons. How-
ever, the coupling between spin and orbital
degrees of freedom described below is not
due to this relativistic spin-orbit coupling.

Up to now, we have considered only one
transition-metal ion. However, in solids,
there are periodic arrays of ions. There are
two important aspects caused by this: one is
the magnetic interactions, i.e., exchange in-
teractions, between the spins and the other is

the possible band formation and metallic con-
duction of the electrons. Before explaining
these two, let us introduce the Mott insulating
state. Band theory predicts an insulating state
when all bands are fully occupied or empty,
whereas a metallic state occurs under differ-
ent conditions. However, it is possible that
the system is insulating because of the Cou-
lomb interaction when the electron number is
an integer per atom, even if the band theory
without the period doubling predicts a metal-
lic state. This occurs when the kinetic energy
gain is smaller and blocked by the strong
Coulomb repulsion energy U, and the elec-
tron cannot hop to the other atom. This insu-
lator is called a Mott insulator. The most
important difference from the usual band in-
sulator is that the internal degrees of freedom,
spin and orbital, still survive in the Mott
insulator. LaMnO3 is a Mott insulator with
spin S # 2 and the orbital degrees of free-
dom. The spin S # 2 can be represented by
the t2g spin 3/2 strongly coupled to the eg spin
1/2 with ferromagnetic JH (Hund’s coupling).
The two possible choices of the orbitals are
represented by the pseudospin T! , whose z
component Tz # 1/ 2 when dx2!y2 is occu-
pied and Tz # !1/ 2 when d3z2!r2 is occu-
pied. Three components of this pseudospin
satisfy the similar commutation relation with
those of the spin operator, i.e., [T%, T&] #
iε%&'T'.

There is an interaction between the spin
and pseudospin, of S! and T! , between differ-
ent ions. This exchange interaction is repre-
sented by the following generalized Heisen-
berg Hamiltonian (1):

H ! !
ij

( Jij)T! i,T! j*S! i ! S! j " Kij)T! i,T! j*+ (1)

The exchange interactions Jij and Kij origi-
nate from the quantum mechanical process
with intermediate virtual states (2, 3). The
rotational symmetry in the spin space leads to
the inner product form of the interaction.

When more than two orbitals are involved, a
variety of situations can be realized, and this
quantum mechanical process depends on the
orbitals (4, 5). In this way, the spin S! and the
orbital pseudospin T! are coupled. In more
general cases, the transfer integral tij depends
on the direction of the bond ij and also on the
pair of the two orbitals a, b # ( x2 ! y2) or
(3z2 ! r2). This gives rise to the anisotropy
of the Hamiltonian in the pseudospin space as
well as in the real space. For example, the
transfer integral between the two neighboring
Mn atoms in the crystal lattice is determined
by the overlaps of the d orbitals with the p
orbital of the O atom between them. The
overlap between the dx2!y2 and pz orbitals is
zero because of the different symmetry
with respect to the holding in the xy plane.
Therefore, the electron in the dx2!y2 orbital
cannot hop along the z axis. This fact will
be important later in our discussion.

One can consider the long-range ordered
state of the orbital pseudospin T! as well as the
spin S! . In many respects, analogies can be
drawn between S! and T! in spite of the aniso-
tropy in T! space. However, there is one more
aspect that is special to T! —Jahn-Teller (JT)
coupling (6–8). Because each orbital has dif-
ferent anisotropy of the wave function, it is
coupled to the displacement of the O atoms
surrounding the transition-metal ion. For ex-
ample, when the two apical O atoms move
toward the ion, the energy of d3z2!r2 becomes
higher than dx2!y2 and the degeneracy is lift-
ed. This is called the JT effect (6 ) and is
represented by the following Hamiltonian for
a single octahedron:

HJT ! !g)TxQ2 " TzQ3* (2)

where (Q2, Q3) are the coordinates for the
displacements of O atoms surrounding the
transition-metal atom and g is the coupling
constant. When the crystal is considered,
(Q2, Q3) should be generalized to (Qi2, Qi3)
(i, the site index), which is represented as the
sum of the phonon coordinates and the uni-
form component (u2, u3). Here, (u2, u3)
describes the crystal distortion as a whole.
When the long-range orbital order exists, i.e.,
,Tix- . 0 and/or ,Tiz- . 0, the JT distortion
is always present.

Up to now, we have discussed the Mott
insulating state. Let us now consider the
doped carriers into a Mott insulator. High-
transition-temperature superconductor cup-
rates, e.g., La2!xSrxCuO4, offer the most
dramatic example of this carrier doping.
However, the two-dimensional (2D) nature
of the lattice, as well as the larger coherent

1Department of Applied Physics, University of Tokyo,
Bunkyo-ku, Tokyo 113-8656, Japan. 2Joint Research
Center for Atom Technology, Tsukuba 305-0046,
Japan.
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them resulting from thermal retraction. At the transition between
the bright cap and the smooth dusty (darker) H2O-ice-exposed
units, these polygonal features are seen through a thin and bright
CO2 ice layer. The ice-free stratified terrains expand then to the left
of the image.
Wherever CO2 ice is stable, it traps solid H2O. OMEGAdata show

large areas where CO2 ice has sublimated away, while water ice
remains, mostly mixed with dust. The perennial southern cap thus
by far exceeds the bright CO2-rich icy area. Moreover, the lack of
slope change at the transition between the bright cap and the
surrounding water-ice polygonal areas is an indication that the
CO2-ice layer might well be restricted to a fairly thin layer, no more
than some metres in depth, in agreement with previous estimates
derived from shadowmeasurements in quasi-circular depressions11.
OMEGA spectral images of the bright cap and of its scarps are
consistent with a model in which H2O ice is present in the
underlying material, a scenario which has been proposed to explain
the morphology of the ‘Swiss cheese’ terrains12.
The underlying material, over 1–3 km in thickness and some

400 km in size, according to the Mars Orbiter Laser Altimeter
(MOLA) polar cap profile, is likely to constitute a distinct geological
unit as inferred from its morphology11. The direct OMEGA surface
compositional measurements support a model in which the bulk of
this unit is constituted of dust mixed with water ice, as predicted by
mechanical modelling13. The perennial south polar cap would
then constitute a significant fraction of the overall H2O reservoir.
Conversely, if CO2 ice is indeed restricted to the bright areas,
possibly concentrated in a thin surface veneer, it would not
constitute a major sink for the initial atmospheric CO2.
The inventory of condensed volatiles on Mars, in all potential

phases (gas, clouds, hydrated minerals, frosts, ices, permafrost,
liquids), at and below its surface, is central to understanding the
evolution of the planet, from geological timescales to seasonal
variations. Part of the answer to the question of Mars having
harboured life in the past, and to the issue of Mars hosting future
human exploration, is to be deciphered in this inventory. This is
why contributing to this inventory, in particular on the poles,
remains a major goal for Mars space exploration14. With the
ongoing Mars Express mission just starting its global coverage
of Mars, OMEGA will continue mapping the CO2 and H2O
condensation/sublimation cycles at all south and north latitudes;
the goal is to provide a quantitative evaluation of the seasonal
and perennial condensed reservoirs of these crucial volatile species.
In parallel, theMars AdvancedRadar for Subsurface and Ionosphere
Sounding (MARSIS) experiment will start its mapping phase in
May 2004. It should enable an accurate determination of the volume
of the H2O-ice-rich surface permafrost identified by OMEGA at the
south pole, and compare it with a potential subsurface permafrost
considered up until now to be the major Mars water reservoir. A
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Electronic reconstruction at
an interface between a Mott
insulator and a band insulator
Satoshi Okamoto & Andrew J. Millis
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Surface science is an important and well-established branch of
materials science involving the study of changes in material
properties near a surface or interface. A fundamental issue has
been atomic reconstruction: how the surface lattice symmetry
differs from the bulk. ‘Correlated-electron compounds’ are
materials in which strong electron–electron and electron–lattice
interactions produce new electronic phases, including inter-
action-induced (Mott) insulators, many forms of spin, charge
and orbital ordering, and (presumably) high-transition-
temperature superconductivity1,2. Here we propose that the
fundamental issue for the new field of correlated-electron sur-
face/interface science is ‘electronic reconstruction’: how does the
surface/interface electronic phase differ from that in the bulk? As
a step towards a general understanding of such phenomena, we
present a theoretical study of an interface between a strongly
correlated Mott insulator and a band insulator. We find dramatic
interface-induced electronic reconstructions: in wide parameter
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Orbital Liquid in Three-Dimensional Mott Insulator: LaTiO3

G. Khaliullin1,2 and S. Maekawa2
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We present a theory of spin and orbital states in Mott insulator LaTiO3. The spin-orbital superexchange
interaction between d1!t2g" ions in cubic crystal suffers from a pathological degeneracy of orbital states
at the classical level. Quantum effects remove this degeneracy and result in the formation of the coherent
ground state, in which the orbital moment of t2g level is fully quenched. We find a finite gap for orbital
excitations. Such a disordered state of local degrees of freedom on unfrustrated, simple cubic lattice is
highly unusual. Orbital liquid state naturally explains observed anomalies of LaTiO3.

PACS numbers: 75.10.–b, 71.27.+a, 75.30.Ds, 75.30.Et

Experiments on transition metal oxides continue to chal-
lenge the theory —Keimer et al. [1] have recently reported
on dynamical quenching of t2g orbital angular moments in
Mott insulator LaTiO3 which is not associated with any
detectable orbital/Jahn-Teller ordering. More specifically,
magnon spectra are found to fit a spin one-half, nearly
isotropic Heisenberg model on cubic lattice. At the same
time, an anomalous x-ray scattering study has not revealed
any evidence of static orbital order. These observations
indicate that t2g orbital degrees of freedom of Ti31 ions
are mysteriously missing in low energy states of LaTiO3.
Keimer et al. suggested a picture of strongly fluctuating
orbitals to reconcile their results.

Dynamical quenching of local orbital moments in a pe-
riodic, simple cubic lattice formed by Ti31 ions in LaTiO3
is fascinating. This poses a serious problem for the canoni-
cal Goodenough-Kanamori picture of successive orbital and
magnetic orderings — the guiding idea in the modern the-
ory of orbitally degenerate transition metal oxides (see, for
review, [2,3]). Loosely speaking, a lifting of the orbital de-
generacy without symmetry breaking is formally similar to
the spin moment quenching in periodic Kondo lattices. The
novelty of LaTiO3 is however that it is an insulator. At the
same time, the ideas of quantum disorder due to the weak
connectivity or geometrical frustration (as in pyrochlore
systems, see [4], for instance) do not apply here either.

As discussed below, there are several physical reasons
for the orbital disorder in LaTiO3, and the key factor is a
special symmetry of t2g-superexchange interaction on cu-
bic lattice. This results in a quantum resonance between
orbital levels, which removes degeneracy present at the
classical level by the formation of resonating bonds in the
orbital sector — a realization of Anderson’s resonating va-
lence bonds idea [5] in a three-dimensional (3D) insulator
with help of orbital degrees of freedom. As for spin mo-
ments, they show a long-range order as expected on general
grounds. However, a staggered moment is considerably
reduced, since short-wavelength magnons are actively in-
volved in the local resonance of exchange bonds —in fact,
it is the composite spin-orbital excitation which plays a
crucial role in the theory presented.

We begin with discussion of the t2g-superexchange
interaction. In terms of fermions ai,s , bi,s , ci,s cor-
responding to t2g levels of yz, zx, xy symmetry, respec-
tively, the hopping term in the Hubbard model reads as
2t!ay

i,saj,s 1 by
i,sbj,s 1 H.c." for the bonds along the c

direction in a cubic crystal. Correlation energies in
doubly occupied virtual states of Ti31 ion are specified as
follows: U for electrons on the same orbital; U 0 1 JH ,
if they occupy different orbitals and form a spin singlet;
and U 0 2 JH for a spin-triplet charge excitation. The
relation U 0 ! U 2 2JH holds in the atomic limit. As
JH ø U usually, the dominant part of the superexchange
interaction in a cubic lattice is

HSE ! 2
4t2

U
1

X
#ij$

µ
SiSj 1

1
4

∂
Ĵ

!g"
ij . (1)

On c-axis bonds the orbital structure of the exchange “con-
stant” is given by (hereafter, the energy scale 4t2%U is
used)

Ĵ
!c"
ij ! ni,anj,a 1 ni,bnj,b 1 ay

i bib
y
j aj 1 by

i aia
y
j bj .

(2)

Similar expressions can be obtained for Ĵ
!a"
ij and Ĵ

!b"
ij by

replacing orbital fermions a, b in this equation by b, c
and c, a pairs, respectively. We notice that in Eq. (2) and
below fermions have only orbital quantum number (a, b, c
orbitons), since a spin component of the original fermions
is represented in Eq. (1) by spin one-half operators, as
usual. We shall focus now on the Hamiltonian (1), and
discuss later the effects of finite Hund coupling corrections
(of the order of JH%U).

As evident from Eq. (1) (consider #SiSj$ ! 21%4), the
classical Néel state is infinitely degenerate in the orbital
sector, reflecting the fact that cubic symmetry is respected
by the Néel state. This emphasizes a crucial importance of
quantum effects, as has been pointed out first in the context
of eg systems [6]. The bond directional geometry of eg or-
bitals offers a solution [7] in that case: eg orbital frustration
is resolved by order from disorder mechanism selecting a
particular (directional) orbital configuration, which maxi-
mizes the energy gain from quantum spin fluctuations. t2g

3950 0031-9007%00%85(18)%3950(4)$15.00 © 2000 The American Physical Society
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Photo-induced high-temperature 
ferromagnetism in YTiO3

A. S. Disa1,2 ✉, J. Curtis3,4, M. Fechner1, A. Liu1, A. von Hoegen1, M. Först1, T. F. Nova1, 
P. Narang3,4, A. Maljuk5, A. V. Boris6, B. Keimer6 & A. Cavalleri1,7 ✉

In quantum materials, degeneracies and frustrated interactions can have a profound 
impact on the emergence of long-range order, often driving strong !uctuations that 
suppress functionally relevant electronic or magnetic phases1–7. Engineering the 
atomic structure in the bulk or at heterointerfaces has been an important research 
strategy to lift these degeneracies, but these equilibrium methods are limited by 
thermodynamic, elastic and chemical constraints8. Here we show that all-optical, 
mode-selective manipulation of the crystal lattice can be used to enhance and stabilize 
high-temperature ferromagnetism in YTiO3, a material that shows only partial orbital 
polarization, an unsaturated low-temperature magnetic moment and a suppressed 
Curie temperature, Tc = 27 K (refs. 9–13). The enhancement is largest when exciting a 
9 THz oxygen rotation mode, for which complete magnetic saturation is achieved at 
low temperatures and transient ferromagnetism is realized up to Tneq > 80 K, nearly 
three times the thermodynamic transition temperature. We interpret these e#ects as 
a consequence of the light-induced dynamical changes to the quasi-degenerate Ti t2g 
orbitals, which a#ect the magnetic phase competition and !uctuations found in the 
equilibrium state14–20. Notably, the light-induced high-temperature ferromagnetism 
discovered in our work is metastable over many nanoseconds, underscoring the 
ability to dynamically engineer practically useful non-equilibrium functionalities.

The macroscopic properties of quantum materials are determined by 
a delicate tension between microscopic elements, the most relevant 
being the crystal structure, the magnetic state of the constituent elec-
trons and the orbitals that they occupy. Degeneracies and their lift-
ing play a fundamental role. For instance, Jahn–Teller distortions lift 
orbital degeneracies in certain correlated insulators and lead to the 
stabilization of long-ranged spin and orbital order3,4. In cases where 
degeneracies are not effectively lifted, long-range electronic order is 
often depressed and precursor fluctuations are observed far above the 
thermodynamic transition temperature1,2. In particular, recent work 
has highlighted the key role of the orbital configuration in determining 
the stability of superconducting, magnetic and other electronically 
ordered phases of correlated materials5–8.

One of the clearest examples of this behaviour is found in the family 
of Mott insulating rare-earth titanates (RTiO3)9. The low-energy physics 
of this system is dictated by a single Ti electron occupying a manifold of 
d orbitals with t2g symmetry, namely the dxz, dyz and dxy orbitals (Fig. 1a). 
In the Goodenough–Kanamori–Anderson picture, the superexchange 
process is expected to favour antiferromagnetic or ferromagnetic spin 
interactions for electrons hopping between the same or orthogonal 
orbitals, respectively, leading to a strong dependence on the details 
of the bonding and crystal field environment at each Ti site. The ideal 
cubic perovskite structure with degenerate t2g levels would create 
a highly frustrated ground state with large composite spin–orbital 

fluctuations10,11. In reality, Jahn–Teller and GdFeO3-type orthorhombic 
structural distortions lift the t2g degeneracy in the titanates, pushing 
the system towards a static orbital ordering pattern and tipping the 
balance in favour of a particular magnetic state21–25.

Owing to this intricate balance of interactions, magnetism in the 
titanates is highly susceptible to small changes in crystal structure. 
For example, on decreasing the rare-earth ion size from R = La to 
R = Y (which increases the magnitude of structural distortions), one 
observes a crossover from an antiferromagnetic to a ferromagnetic 
ordered phase at low temperatures14. Moreover, numerous experi-
mental studies show evidence for magnetic instabilities over a wide 
temperature range, which may be tied to fluctuations of the lattice 
and/or orbitals15–19.

In ferromagnetic YTiO3 (Tc ≅ 27 K), such fluctuations manifest in 
several ways. First, the critical temperature is considerably suppressed 
with respect to the mean field value (T c

mf of roughly 50 K)11,12, and the 
magnetic moment at low temperatures is found to saturate well below 
the ideal spin-half limit, even for T << Tc (Fig. 1b)13. Second, magnetic 
contributions to the specific heat and thermal expansion are observed 
up to more than 3 × Tc (ref. 20). Third, anomalous phonon-frequency 
shifts attributable to spin correlations have been detected at similarly 
high temperatures (Extended Data Fig. 10).

The presence of these experimental signatures suggests that under 
equilibrium conditions, long-range ferromagnetic ordering in YTiO3 
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TRANSITION METAL OXIDES

Ferroelectricity driven by orbital order
The discovery that the rotation of the orbital arrangement in manganites induces 
ferroelectricity exposes an intriguing phase transition that could serve as a 
blueprint for novel applications.

BERNHARD KEIMER
is at the Max Planck Institute for Solid State Research, 
Heisenbergstr. 1, 70569 Stuttgart, Germany

e-mail: B.Keimer@fkf.mpg.de

Transition metal oxides have fascinated scientists 
since the 1950s, when the newly developed 
technique of neutron di! raction was used to 

show that the compound La1–xCaxMnO3 exhibits a rich 
variety of structural and magnetic phases as the Ca 
concentration is tuned1. " e fascination has increased 
in the wake of the discovery of high-temperature 
superconductivity in a chemically similar compound, 
La2–xBaxCuO4. An unprecedented e! ort followed to 
synthesize single crystals of transition metal oxides 
with exquisite crystallographic quality and chemical 
homogeneity. Such advances in materials preparation 
have in turn triggered further exciting discoveries, one 
of which is the ‘colossal’ response of some transition 
metal oxides to modest external stimuli. For instance, 
although the electronic properties of ordinary metals 
depend only very weakly on the magnetic # eld, 
the electrical resistance of metallic La1–xCaxMnO3 
is extremely sensitive to it2. Another example is 
the thermopower of NaxCoO2, where the voltage 
generated by a temperature gradient exhibits a large 
and unusual magnetic-# eld dependence3.

Adding to the variety of electronic e! ects in 
manganites, Yusuke Tokunaga and co-workers 
report on page 937 of this issue4 the discovery of a 
ferroelectric phase transition in another manganese 
oxide, Pr(Sr0.1Ca0.9)2Mn2O7. " eir # nding is 
remarkable, as it represents the # rst observation of 
ferroelectricity induced by electronic mechanisms 
similar to those involved in some of the ‘colossal’ 
e! ects in other transition metal oxides.

Two microscopic properties of transition metal 
oxides are essential for the understanding of their 
intriguing macroscopic behaviour. First, the valence 
electrons in these materials interact very strongly and 
are hence prone to localization around a particular 
atom. Second, the electrons have the choice of several 
types of energetically equivalent (or degenerate) 
electronic orbitals around the atoms that they could 
occupy. " is orbital degree of freedom ensures that 
the electrons can choose from a manifold of possible 
electronic states. For instance, the valence electrons 
of La1–xCaxMnO3 reside on the Mn ions, where they 

can occupy either of two d-orbitals. Nature abhors 
degeneracy, and at su$  ciently low temperatures each 
electron chooses one of the two orbitals (or a linear 
combination of the two). However, their choices are 
not independent. Once a valence electron localizes 
in a de# nite Mn d-orbital, the charge distribution 
around this ion is distorted, and adjacent oxygen 
ligands are dislodged. Eventually, this leads to the 
spontaneous formation of an ordered pattern of 
occupied orbitals throughout the crystal lattice. Two 
possible orbital patterns for Mn3+ ions on a square 
lattice are shown in Fig. 1. For a mixture of Mn3+ and 
Mn4+ ions (the situation realized in La1–xCaxMnO3 and 
Pr(Sr0.1Ca0.9)2Mn2O7), there are even more ways to 
arrange charges and orbitals on the lattice.

States with di! erent orbital order can have 
strikingly di! erent macroscopic properties. " is is 
illustrated in Fig. 1, where the state with uniform 
orbital occupation is antiferromagnetic, whereas the 
state with alternating orbitals exhibits a macroscopic 
ferromagnetic magnetization. An external magnetic 
# eld favours ferromagnetism and can thus switch the 
materials between two states with completely di! erent 
macroscopic magnetic properties if the orbitally 
uniform, antiferromagnetic state is stable in zero # eld. 
If the energy di! erence between both states is small, 
a large magnetic response is triggered by a small 
magnetic # eld. A similar model explains the colossal 
magnetoresistance observed in La1–xCaxMnO3, where 
small changes in the magnetic # eld lead to large 
changes in the material’s electric resistance2.

As Tokunaga et al. have discovered, similar 
orbital ordering e! ects lead to a ferroelectric phase 
transition in the antiferromagnetic, orbitally ordered 

Figure 1 Possible arrangements of Mn3+ d-orbitals on a square lattice. The patterns are 
two-dimensional versions of orbitally ordered states actually observed in manganese oxides. 
The corresponding magnetic states are indicated by yellow arrows.
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Crystal structure and magnetic properties 
of substances with degeneracy 

K. I. Kugel' and D. I. Khomskii 
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Zh. Eksp. Teor. Fiz. 64,1429-1439 (April 1973) 

Exchange interaction in magnetic substances containing ions with orbital degeneracy is 
considered. It is shown that, among with spin ordering, superexchange also results in 
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a 
higher temperature and is accompanied by distortion of the lattice (which is a secondary 
effect here). Concrete studies are performed for substances with a perovskite structure 
(KCuF3, LaMn03, MnF3). The effective spin Hamiltonian is obtained for these substances 
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in 
accord with the structures observed experimentally. The approach employed also permits 
one to explain the strong anisotropy of the magnetic properties of these compounds and to 
obtain a reasonable estimate for the critical temperatures. 

1. INTRODUCTION 

When conSidering magnetic and crystallographic 
properties of transition-metal compounds, it is very 
important to take into account the d-Ievel degeneracy. 
In the crystal field, the fivefold d-Ievel splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level t2g and a twofold level eg). A situation is then 
pOSSible, for example, for the ions d9_C2+, d4-Mn3+, and 
Cr2+ in an octahedral environment, the ground state turns 
out to be degenerate with respect to the orbital angular 
momentum if cubic symmetry is preserved1). The class 
of compounds in which such a situation is encountered is 
quite large. These are compounds with the structure of 
perovskite KCuF3, KCrF3, MnF3), rutile 
(CrCI2, CrF2, CuF2), or spinel, containing the ions Mn3+ 

and Cu2+, and a number of other types of substances [1J • 
The study of such compounds is of great interest, since 
they usually undergo a lattice transition that leads to a 
lowering of the symmetry; the magnetic properties turn 
out to be more complicated and more interesting than in 
analogous substances without orbital degeneracy (more 
complicated magnetic structure, strong anisotropy); a 
low-frequency branch of the exciton type, connected with 
transitions between orbital states, can appear in the 
elementary-excitation spectrum and can interact with 
the magnons; this branch depends strongly on the tem-
perature. 

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect [1-4J • Accordingly, at 
T = 0 the symmetrical arrangement of the ions, at which 
the orbital degeneracy is preserved, is unstable, and the 
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state. 
Local deformations of the anion environment near the 
given transition-metal ion appear first; it is the elastic 
interaction of such local distortions which is assumed to 
be responsible for the cooperative deformation of the 
entire lattice, which occurs at T < Torb' In this ap-
proach it is necessary to introduce many constants that 
describe the interaction of the deformations of different 
octahedra, and the values of these constants are usually 
unknown and it is quite difficult to predict the concrete 
type of the orbital ordering. In addition, the orbital 
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ordering in this approach is not at all connected with 
the magnetic ordering, 

In this paper we propose a different approach to the 
description of the properties of compounds containing 
ions with orbital degeneracy, the so-called Jahn-Teller 
ions (see also [5J ). Our analYSis is based on a natural 
generalization of ordinary superexchange, which is 
responsible for the magnetic properties of magnetic 
dielectrics, to include the case of orbital degeneracy. 
The reason for the appearance of ordering of localized 
spins in this approach is the fact that the reduction of 
the energy as a result of the virtual transitions of the 
d electron to a neighboring center depends on the mutual 
orientation of the spins at these centers. In complete 
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on 
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus, 
in our case the usual super-exchange leads in essence 
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the 
orbital (and accordingly the crystal) structure of the 
ground state. The magnetic and orbital orderings turn 
out to be closely related in this case, although they occur 
generally speaking at different temperatures. 

The possibility of ordering orbitals by superexchange 
was apparently first noted by Roth [6J; this phenomenon 
was subsequently investigated also by Pokrovskit and 
Utmin [7J. They, however, considered only the simplest 
symmetrical model, without taking into account the real 
structure of the d-orbitals, and therefore no comparison 
with real substances was made. 

In addition to describing the ordering of orbitals, our 
analysis has one more purpose. In the case of orbital 
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rules[I,2,8] do not give an unam-
biguous answer in this case. From the generalized 
superexchange Hamiltonian obtained in this paper we 
can obtain the spin Hamiltonian given the type of orbital 
ordering, regardless of the cause of the ordering, and 
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases 
to determine the concrete type of ordering of the orbitals. 
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Kugel-Khomskii model


KCuF3

LaMnO3

ordering of orbitals with no distortion

KK super-exchange
degenerate eg orbitals



ideal cubic KCuF3: electronic structure

eg -like

t2g -like

F p -like

Cu d

Cu2+ : t2g6eg3

F1- : p6

K1+ : p6

eg



why do eg and t2g level split ?


eg

t2g

degenerate in atomic limit (spherical symmetry)




the cubic crystal field
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cubic perovskite
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cubic crystal-field
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d orbitals in cubic symmetry
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(exact: group theory)



ideal cubic KCuF3: electronic structure
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Cu d -like



ideal cubic KCuF3: electronic structure

eg-like

.. but is a large gap insulator, paramagnetic above 40 K!
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U: direct screened Coulomb integral

J: exchange screened Coulomb integral

tiimm’ : crystal-field energies  (i=i’)

tii’mm’: hopping integrals    



orbital ordering from super-exchange


KCuF3

LaMnO3

m: degenerate eg orbitals
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 Mott insulators (U much larger than t): small t/U limit 
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effective operators
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emergence of local spins
single Hubbard atom 


no orbital degrees of freedom

half filling (one electron)

spin up

spin down
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emergence of local spins
single Hubbard atom 


no orbital degrees of freedom

half filling (one electron)

spin up

spin down
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two atoms, Ne=2
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two-level single-site Hubbard model

degenerate levels
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cubic KCuF3 : two sites
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cubic KCuF3 and LaMnO3

S=1/2 O=1/2

single site, configuration eg3

single site, configuration eg1

S=1/2 O=1/2



configuration eg2 ?
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U: direct screened Coulomb integral

J: exchange screened Coulomb integral

tiimm’ : crystal-field energies  (i=i’)

tii’mm’: hopping integrals    



finite J,  single site, Ne=2

orbital degeneracy is zero!

Hund’s rule number one: maximize spin (S=1)
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local spins and pseudospins
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orbital ordering from super-exchange


KCuF3

LaMnO3

super-exchange Hamiltonian

O : pseudospin in orbital space

eg degenerate orbitals
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 small t/U limit (Mott insulator)
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KK super-exchange: ideal case


spin ordering: super-exchange
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one-band Hubbard model

half filling
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perturbation dominant

without hopping

<latexit sha1_base64="XjQ2jBUxu/5/WORH67EuWsmXbm4="></latexit>
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local spins interact

let us switch the hopping on…
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low energy model
energy gain only for antiferromagnetic arrangement
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low energy model: let’s check it
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KK super-exchange: ideal case


orbital ordering: super-exchange
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Hubbard-like two-site model, eg1
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two-site problem, one electron per site
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two-site problem, one electron per site
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Exchange interaction in magnetic substances containing ions with orbital degeneracy is 
considered. It is shown that, among with spin ordering, superexchange also results in 
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a 
higher temperature and is accompanied by distortion of the lattice (which is a secondary 
effect here). Concrete studies are performed for substances with a perovskite structure 
(KCuF3, LaMn03, MnF3). The effective spin Hamiltonian is obtained for these substances 
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in 
accord with the structures observed experimentally. The approach employed also permits 
one to explain the strong anisotropy of the magnetic properties of these compounds and to 
obtain a reasonable estimate for the critical temperatures. 

1. INTRODUCTION 

When conSidering magnetic and crystallographic 
properties of transition-metal compounds, it is very 
important to take into account the d-Ievel degeneracy. 
In the crystal field, the fivefold d-Ievel splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level t2g and a twofold level eg). A situation is then 
pOSSible, for example, for the ions d9_C2+, d4-Mn3+, and 
Cr2+ in an octahedral environment, the ground state turns 
out to be degenerate with respect to the orbital angular 
momentum if cubic symmetry is preserved1). The class 
of compounds in which such a situation is encountered is 
quite large. These are compounds with the structure of 
perovskite KCuF3, KCrF3, MnF3), rutile 
(CrCI2, CrF2, CuF2), or spinel, containing the ions Mn3+ 

and Cu2+, and a number of other types of substances [1J • 
The study of such compounds is of great interest, since 
they usually undergo a lattice transition that leads to a 
lowering of the symmetry; the magnetic properties turn 
out to be more complicated and more interesting than in 
analogous substances without orbital degeneracy (more 
complicated magnetic structure, strong anisotropy); a 
low-frequency branch of the exciton type, connected with 
transitions between orbital states, can appear in the 
elementary-excitation spectrum and can interact with 
the magnons; this branch depends strongly on the tem-
perature. 

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect [1-4J • Accordingly, at 
T = 0 the symmetrical arrangement of the ions, at which 
the orbital degeneracy is preserved, is unstable, and the 
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state. 
Local deformations of the anion environment near the 
given transition-metal ion appear first; it is the elastic 
interaction of such local distortions which is assumed to 
be responsible for the cooperative deformation of the 
entire lattice, which occurs at T < Torb' In this ap-
proach it is necessary to introduce many constants that 
describe the interaction of the deformations of different 
octahedra, and the values of these constants are usually 
unknown and it is quite difficult to predict the concrete 
type of the orbital ordering. In addition, the orbital 
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ordering in this approach is not at all connected with 
the magnetic ordering, 

In this paper we propose a different approach to the 
description of the properties of compounds containing 
ions with orbital degeneracy, the so-called Jahn-Teller 
ions (see also [5J ). Our analYSis is based on a natural 
generalization of ordinary superexchange, which is 
responsible for the magnetic properties of magnetic 
dielectrics, to include the case of orbital degeneracy. 
The reason for the appearance of ordering of localized 
spins in this approach is the fact that the reduction of 
the energy as a result of the virtual transitions of the 
d electron to a neighboring center depends on the mutual 
orientation of the spins at these centers. In complete 
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on 
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus, 
in our case the usual super-exchange leads in essence 
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the 
orbital (and accordingly the crystal) structure of the 
ground state. The magnetic and orbital orderings turn 
out to be closely related in this case, although they occur 
generally speaking at different temperatures. 

The possibility of ordering orbitals by superexchange 
was apparently first noted by Roth [6J; this phenomenon 
was subsequently investigated also by Pokrovskit and 
Utmin [7J. They, however, considered only the simplest 
symmetrical model, without taking into account the real 
structure of the d-orbitals, and therefore no comparison 
with real substances was made. 

In addition to describing the ordering of orbitals, our 
analysis has one more purpose. In the case of orbital 
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rules[I,2,8] do not give an unam-
biguous answer in this case. From the generalized 
superexchange Hamiltonian obtained in this paper we 
can obtain the spin Hamiltonian given the type of orbital 
ordering, regardless of the cause of the ordering, and 
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases 
to determine the concrete type of ordering of the orbitals. 
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Material-specific super-exchange Hamiltonians are the key to studying spin and orbital physics in strongly
correlated materials. Recently, via an irreducible-tensor operator representation, we derived the orbital superex-
change Hamiltonian for t12g perovskites and successfully used it, in combination with many-body approaches, to
explain orbital physics in these systems. Here, we generalize our method to en

g and t n
2g systems at arbitrary integer

filling n, including both spin and orbital interactions. The approach is suitable for numerical implementations
based on ab initio hopping parameters and realistic screened Coulomb interactions and allows for a systematic
exploration of superexchange energy surfaces in a realistic context.
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I. INTRODUCTION

In strongly correlated transition-metal oxides, spin- and
orbital-ordering or spin- and orbital-liquid phenomena are
often studied with low-energy superexchange Hamiltonians,
derived from multiband Hubbard models in highly symmetric
cases and in a basis of pseudospin operators [1–4]. This cap-
tures the essence of the Kugel-Khomskii [1] superexchange
mechanism but misses the important material dependencies.
An alternative approach starts from material-specific Hub-
bard models constructed from ab initio calculations, solving
them using many-body techniques, e.g., via the dynamical
mean-field theory (DMFT) [5,6]. This method is very pow-
erful and has allowed us to study superexchange-driven phase
transitions [7–10] for the actual materials, identify their mech-
anisms, and calculate the associated energy gains [11] and
response functions [12]. For exploring entire energy surfaces,
identifying possible unusual symmetry-breaking ordering, or
calculating spin- and orbital-wave spectra, the systematic so-
lution of realistic multiorbital Hubbard models is, however,
computationally very costly.

Recently, we have shown that integrating the two ap-
proaches can lead both to further insights and efficiency
increases, providing guidance for limiting heavy many-body
calculations only to targeted cases. This made it possible to
clarify the origin of orbital ordering in the t12g perovskites [13].
In this paper, we generalize the approach to en

g and t n
2g systems

with arbitrary n, including the spin-dependent terms of the
superexchange Hamiltonian. In addition to giving analytical
expressions, our method enables lightweight numerical imple-
mentations for realistic Coulomb interactions in combination
with ab initio Wannier functions and is thus the ideal tool for
the study of strongly correlated materials of any symmetry in
a realistic setting.

This paper is organized as follows. In Sec. II, we introduce
the general formalism by applying it to a well-known case, the
single-band Hubbard model. In Sec. III, we derive the general

*e.pavarini@fz-juelich.de

analytic formulas of superexchange couplings for en
g systems.

In Sec. IV, we do the same for t n
2g systems. Comprehensive

tables summarizing the main results are provided in each case.
In Sec. V, we discuss energy surfaces. Finally, in Sec. VI, we
present our conclusions.

II. FORMALISM

The superexchange Hamiltonian has the form:

ĤSE = 1
2

∑

i j

Ĥ i j
SE, (1)

where i and j are neighboring sites coupled via hopping in-
tegrals. This Hamiltonian acts in the subspace of states with
|ni, n j〉, where ni and n j are the site occupations with the con-
straint ni+n j = N = 2n, where n is the number of electrons
per site. From strong-coupling second-order perturbation the-
ory, Eq. (1) can be written as

ĤSE = −ĤT(ĤU − E0)−1ĤT,

so that

Ĥ i j
SE = −ĤT(P̂i j + P̂ji )ĤT.

Here, P̂i j is an operator which projects, with an energy de-
nominator, to atomic excited states of type |ni+1, n j−1〉, and
ĤT is the hopping part of the Hubbard Hamiltonian from
which the superexchange interaction is derived, while ĤU is
the electron-electron repulsion.

Let us start from the well-known case of magnetic ex-
change for the single-band Hubbard model:

Ĥ = −
∑

σ

∑

i, j

t i, jc†iσ c jσ

︸ ︷︷ ︸
ĤT

+U
∑

i

n̂i↑n̂i↓

︸ ︷︷ ︸
ĤU

, (2)

where n̂iσ = c†iσ ciσ , t i, j is the hopping integral and U the
screened Coulomb parameter. Since the atomic limit of the
half-filled Hubbard Hamiltonian has only spin degrees of free-
dom, one can write the associated exchange Hamiltonian in an

2469-9950/2022/105(11)/115104(9) 115104-1 ©2022 American Physical Society
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TABLE I. Key tensor elements for the e1g and e3g configuration and spin ranks q = 0 and 1. The elements for the e3g configuration are
obtained setting a minus in front of all linear terms, i.e., those for which r = 0, r′ "= 0, or r′ = 0, r "= 0. The elements for imaginary tensors
must be multiplied by i (linear terms, involving a single operator) or i × i (for products of two operators). The prefactors are obtained from
the weights: v0 = 1

2 ( f1 − f−1), v1 = 1
2 ( f1 + f−1), v2 = 1

4 (3 f−3 + f−1), and v3 = 1
2 (3 f−3 − f−1). The rest of the matrix elements are given

by symmetry: Di j
r′µ′,rµ = sµsµ′ D ji

rµ,r′µ′ , where sµ = 1 is for real operators and sµ = −1 for imaginary ones. Since the model is rotationally
invariant for spins, q = 1, ν = x, y, z elements are identical. They can be obtained from the table for q = 0, replacing V0 −→ Ṽ0, V1 −→ Ṽ1,
V2 −→ Ṽ2, and V3 −→ Ṽ3. All hopping integrals are defined as t i, j

m,m′ and are assumed to be real, as typically is the case in the absence of
spin-orbit interaction.

r µ r′ µ′ e1g e3g Di j
rµ,r′µ′ × U/2

0 s 0 s −V0 −V0
(
t23z2−r2,3z2−r2 + t2x2−y2,x2−y2 + t23z2−r2,x2−y2 + t2x2−y2,3z2−r2

)

0 s 1 z −V1 +V1
(
t23z2−r2,3z2−r2 − t2x2−y2,x2−y2 + t2x2−y2,3z2−r2 − t23z2−r2,x2−y2

)

0 s 1 x −V1 +V1 2(t3z2−r2,3z2−r2 t3z2−r2,x2−y2 + tx2−y2,x2−y2 tx2−y2,3z2−r2 )

1 z 1 z +V2 +V2
(
t23z2−r2,3z2−r2 + t2x2−y2,x2−y2 − t23z2−r2,x2−y2 − t2x2−y2,3z2−r2

)

1 x 1 x +V2 +V2 2(t3z2−r2,3z2−r2 tx2−y2,x2−y2 + t3z2−r2,x2−y2 tx2−y2,3z2−r2 )

1 z 1 x +V2 +V2 2(t3z2−r2,3z2−r2 t3z2−r2,x2−y2 − tx2−y2,x2−y2 tx2−y2,3z2−r2 )

1 y 1 y +V3 +V3 2(t3z2−r2,3z2−r2 tx2−y2,x2−y2 − t3z2−r2,x2−y2 tx2−y2,3z2−r2 )

q = 0 V0 = v1+2v2
2 = f1+2 f−1+3 f−3

4 , V1 = v1
2 = f1+ f−1

4 ,

V2 = 2v2−v1
2 = 3 f−3− f1

4 , V3 = v0+v3
2 = 3 f−3−2 f−1+ f1

4

q = 1 Ṽ0 = − f1+2 f−1− f−3
4 , Ṽ1 = −V1, Ṽ2 = f1+ f−3

4 , Ṽ3 = f−3+2 f−1− f1
4

C. The n = 3 case

The superexchange Hamiltonian for the e3g configuration
can be obtained from the n = 1 case by using the electron-hole
transformation of the atomic-limit Hamiltonian. The pseu-
dospin states are, in this case, defined as

|↗〉 = c†i,x2−y2σ c†i,3z2−r2↑c†i,3z2−r2↓|0〉, (36)

|↘〉 = c†i,3z2−r2σ c†i,x2−y2↑ c†i,x2−y2↓|0〉, (37)

and can be viewed as hole orbitals. Going to the hole repre-
sentation, the final change in the tensor elements amounts to
an extra minus in front of terms with either r = 0, r′ "= 0 or
r′ = 0, r "= 0, as explained in Table I.

IV. THREE-BAND t2g MODEL

The family of t n
2g materials includes, for example, titanates,

vandates, ruthenates, and iridates, compounds in the n =
1, 2, 4, and 5 electronic configuration, respectively. Also, in
the t2g case, half-filled systems (n = 3) have no orbital degrees
of freedom since the Hund’s rule ground multiplet is the S = 3

2
state and therefore are orbitally trivial. For n = 2 and 4, the
ground multiplet is usually the high-spin state S = 1 with
orbital degeneracy three. The orbital degeneracy is three also
for the n = 1 and 5 atomic ground states. In all cases, the
maximum orbital rank is thus r = 2. The starting Hubbard
model is the t2g three-band Hubbard Hamiltonian. The latter
has the same form given in Eqs. (9) and (10) except that
the orbital index m now takes the values xz, xy, yz, and the
screened Coulomb integralsU and J in Eq. (10) differ in value
from those for the eg orbitals. This is discussed in detail in
Ref. [14], where the integrals in each case are derived starting
from atomic functions. The effective hopping integrals in this

case are typically the ddπ terms between Wannier functions
into which oxygen p states or other high-energy states have
been downfolded. As in the eg case, we calculate first the
paramagnetic (q = 0) and then the magnetic (q = 1) terms of
the superexchange Hamiltonian.

A. Paramagnetic terms, n = 1, 2

We define the q = 0 tensorial operators as follows:

τ̂ r,µ
i = αr

µ

∑

mm′

∑

σ

c†i,mσ 〈m|ôr
µ|m′〉ci,m′σ .

The matrix elements 〈m|ôr
µ|m′〉 and prefactors αr

µ are listed in
Table II. In analogy with the eg case, we normalize the tensors
such that ∑

mσ

〈0|ci,mσ

(
τ̂ r,µ

i

)2
c†i,mσ |0〉 = 1. (38)

For n = 1, the formula for q = 0 can already be found in
Ref. [13]; the tensor elements are reported in Tables III and
IV with the notation adopted in this paper.

Here, we thus present the derivation for the more compli-
cated n = 2 case, with total spin S = 1. We define the orbital
pseudospin states as |m3〉 = |m1m2〉, where m1 and m2 are the
occupied orbitals, and m3 is the empty one. The n = 2 triplet
states can then be written as |m3, σ3〉, with

|−1, σ3〉 = c†i,xyσ c†i,yzσ |0〉δσ3,2σ

+ 1√
2
(c†i,xy↑c†i,yz↓ + c†i,xy↓c†i,yz↑)|0〉δσ3,0, (39)

|0, σ3〉 = c†i,yzσ c†i,xzσ |0〉δσ3,2σ

+ 1√
2
(c†i,yz↑c†i,xz↓ + c†i,yz↓c†i,xz↑)|0〉δσ3,0, (40)
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Exchange interaction in magnetic substances containing ions with orbital degeneracy is 
considered. It is shown that, among with spin ordering, superexchange also results in 
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a 
higher temperature and is accompanied by distortion of the lattice (which is a secondary 
effect here). Concrete studies are performed for substances with a perovskite structure 
(KCuF3, LaMn03, MnF3). The effective spin Hamiltonian is obtained for these substances 
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in 
accord with the structures observed experimentally. The approach employed also permits 
one to explain the strong anisotropy of the magnetic properties of these compounds and to 
obtain a reasonable estimate for the critical temperatures. 

1. INTRODUCTION 

When conSidering magnetic and crystallographic 
properties of transition-metal compounds, it is very 
important to take into account the d-Ievel degeneracy. 
In the crystal field, the fivefold d-Ievel splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level t2g and a twofold level eg). A situation is then 
pOSSible, for example, for the ions d9_C2+, d4-Mn3+, and 
Cr2+ in an octahedral environment, the ground state turns 
out to be degenerate with respect to the orbital angular 
momentum if cubic symmetry is preserved1). The class 
of compounds in which such a situation is encountered is 
quite large. These are compounds with the structure of 
perovskite KCuF3, KCrF3, MnF3), rutile 
(CrCI2, CrF2, CuF2), or spinel, containing the ions Mn3+ 

and Cu2+, and a number of other types of substances [1J • 
The study of such compounds is of great interest, since 
they usually undergo a lattice transition that leads to a 
lowering of the symmetry; the magnetic properties turn 
out to be more complicated and more interesting than in 
analogous substances without orbital degeneracy (more 
complicated magnetic structure, strong anisotropy); a 
low-frequency branch of the exciton type, connected with 
transitions between orbital states, can appear in the 
elementary-excitation spectrum and can interact with 
the magnons; this branch depends strongly on the tem-
perature. 

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect [1-4J • Accordingly, at 
T = 0 the symmetrical arrangement of the ions, at which 
the orbital degeneracy is preserved, is unstable, and the 
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state. 
Local deformations of the anion environment near the 
given transition-metal ion appear first; it is the elastic 
interaction of such local distortions which is assumed to 
be responsible for the cooperative deformation of the 
entire lattice, which occurs at T < Torb' In this ap-
proach it is necessary to introduce many constants that 
describe the interaction of the deformations of different 
octahedra, and the values of these constants are usually 
unknown and it is quite difficult to predict the concrete 
type of the orbital ordering. In addition, the orbital 
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ordering in this approach is not at all connected with 
the magnetic ordering, 

In this paper we propose a different approach to the 
description of the properties of compounds containing 
ions with orbital degeneracy, the so-called Jahn-Teller 
ions (see also [5J ). Our analYSis is based on a natural 
generalization of ordinary superexchange, which is 
responsible for the magnetic properties of magnetic 
dielectrics, to include the case of orbital degeneracy. 
The reason for the appearance of ordering of localized 
spins in this approach is the fact that the reduction of 
the energy as a result of the virtual transitions of the 
d electron to a neighboring center depends on the mutual 
orientation of the spins at these centers. In complete 
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on 
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus, 
in our case the usual super-exchange leads in essence 
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the 
orbital (and accordingly the crystal) structure of the 
ground state. The magnetic and orbital orderings turn 
out to be closely related in this case, although they occur 
generally speaking at different temperatures. 

The possibility of ordering orbitals by superexchange 
was apparently first noted by Roth [6J; this phenomenon 
was subsequently investigated also by Pokrovskit and 
Utmin [7J. They, however, considered only the simplest 
symmetrical model, without taking into account the real 
structure of the d-orbitals, and therefore no comparison 
with real substances was made. 

In addition to describing the ordering of orbitals, our 
analysis has one more purpose. In the case of orbital 
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rules[I,2,8] do not give an unam-
biguous answer in this case. From the generalized 
superexchange Hamiltonian obtained in this paper we 
can obtain the spin Hamiltonian given the type of orbital 
ordering, regardless of the cause of the ordering, and 
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases 
to determine the concrete type of ordering of the orbitals. 

Copyright © 1974 American Institute of Physics 725 
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spin ordering via super-exchange
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must be positive. This last condition is required in order that spin
states of high multiplicity, which favor ferromagnetism, have the
lowest energy. It seems certain that for many of the non-ferro-
magnetic substances containing a high concentration of magnetic
atoms the exchange integrals are negative. In such cases the lowest
energy state is the one in which the maximum number of anti-
parallel pairs occur. An. approximate theory of such substances
has been developed by Neel, I Bitter, and Van Vleck3 for one
specific case and the results are briefly described below.

Consider a crystalline structure which can be divided into two
interpenetrating lattices such that atoms on one lattice have
nearest neighbors only on the other lattice. Examples are simple
cubic and body-centered cubic structures. Let the exchange
integral for nearest neighbors be negative and consider only
nearest neighbor interactions. Theory then predicts that the
structure will exhibit a Curie temperature. Below the Curie tem-
perature the spontaneous magnetization vs. temperature curve
for one of the sub-lattices is that for an ordinary ferromagnetic
material. However, the magnetization directions for the two
lattices are antiparallel so that no net spontaneous magnetization
exists. At absolute zero all of the atoms on one lattice have their
electronic magnetic moments aligned in the same direction and
all of the atoms on the other lattice have their moments anti-
parallel to the first. Above the Curie temperature the thermal
energy is sufficient to overcome the tendency of the atoms to
lock antiparallel and the behavior is that of a normal paramagnetic
substance.

Materials exhibiting the characteristics described above have
been designated "antiferromagnetic. "Up to the present time the
only methods of detecting antiferromagnetism experimentally
have been indirect, e.g. , determination of Curie points by suscep-
tibility and specific heat anomalies. It has occurred to one of us
(J.S.S.) that neutron diKraction experiments might provide a
direct means of detecting antiferromagnetism. In an antiferro-
magnetic material below the Curie temperature a rigid lattice of
magnetic ions is formed and the interaction of the neutron mag-
netic moment with this lattice should result in measurable co-
herent scattering. Halpern and Johnson' have shown that the
magnetic and nuclear scattering amplitudes of a paramagnetic
atom should be of the same order of magnitude and this result.
has been qualitatively verified by experimental investigators. s At
the time of the above suggestion, an experimental program on the
determination of the magnetic scattering patterns for various
paramagnetic substances (MnO, MnF2, MnSO4 and Fe203) was
underway at Oak Ridge National Laboratory and room ternpera-
ture examination had shown {1)a form factor type of diffusion
magnetic scattering {no coupling of the atomic moments) to exist
for MnF2 and MnSO4, (2) a liquid type of magnetic scattering
(short-range order coupling of oppositely directed magnetic
moments) to exist for MnO and (3) the presence of strong coherent
magnetic diffraction peaks at forbidden re6ection positions for
the n-Fe203 lattice. The latter two observations are in complete
accord with the antiferromagnetic notion since the Curie points
for MnO and o.-Fe203 are respectively' 122'K and 950'K.

Figure 1 shows the neutron diffraction patterns obtained for
powdered MnO at room temperature and at 80'K. The room
temperature pattern shows coherent nuclear diGraction peaks at
the regular face-centered cubic re6ection positions and the liquid
type of diffuse magnetic scattering in the background. It should
be pointed out that the coherent nuclear scattering amplitudes for
Mn and 0 are of opposite sign so that the diGraction pattern is a
reversed NaCl type of pattern. The low temperature pattern also
shows the same nuclear diffraction peaks, since there is no crystal-
lographic transition in this temperature region, T and in addition
shows the presence of strong magnetic reflections at positions not
allowed on the basis of the chemical unit cell. The magnetic re-
jections can be indexed, however, making use of a magnetic unit
cell twice as large as the chemical unit cell. A complete description
of the magnetic structure will be given at a later date.
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Fi( . 1. Neutron diffraction patterns for MnO at room
temperature and at 80~K.

Imprisonment of Resonance Radiation in
Mercury Vapor

D. ALPERT, A. O. McCoUBRFY, AND T. HQLsTEIN
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania

August 29, 1949

'HE term "imprisonment of resonance radiation" describes
the situation ~herein resonance radiation emitted in the

interior of a gas-filled enclosure is strongly absorbed by normal
gas atoms before it can get out; the eventual escape of a quantum
of radiation then takes place only after a number of successive
atomic absorptions and emissions. The phenomenon was first
observed by Zemansky' who measured the time of decay, T, of
diffuse resonance radiation from an enclosure of optically excited
mercury vapor, after the exciting beam of 2537A light was cut off.
T was found to depend upon gas density and enclosure geometry;
at densities around 10'5/cc, T attained values of the order of 10 4

sec., a thousand times greater than the natural lifetime of an
excited 6'PI atom.

On the theoretical side, a number of treatments' ' have been
presented. The early work' ' is reviewed in reference 6. In the
latter paper (as well as in that of Biebermans), the transport of
resonance quanta is described by a Boltzmann-type integro-
diEerential equation for the density of excited 6'PI atoms; the
solution of this equation by the Ritz variational method gives
accurate values for the decay time, T. It was found that T depends
not only on vapor density and enclosure geometry, but also on
the spectral line shape of the resonance radiation, as pointed out
earlier by Kenty explicit results were obtained for the case of
Doppler broadening and plane-parallel enclosure geometry. Most
recently, unpublished calculations have extended the analysis to
enclosures of the form of infinite circular cylinders and to a variety
of line shapes.

In conclusion it appears that neutron diffraction studies of anti-
ferromagnetic materials should provide a new and important
method of investigating the exchange coupling of magnetic ions.

*This work was supported in part by the ONR.
~ L. Noel, Ann. de physique l7, 5 (1932).
~ F. Bitter, Phys. Rev. 54, ?9 (1938).' J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941).
4 O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939).' Whittaker, Beyer, and Dunning, Phys. Rev. 54, 771 (1938); Ruderman,

Havens, Taylor, and Rainwater, Phys. Rev. 75, 895 (1949); and also
unpublished work at Oak Ridge National Laboratory.

II Bizette, Squire, and Tsai, Comptes Rendus 207, 449 (1938).' B. Ruhemann, Physik. Zeits. Sowjetunion 7, 590 (1935).
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Exchange interaction in magnetic substances containing ions with orbital degeneracy is 
considered. It is shown that, among with spin ordering, superexchange also results in 
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a 
higher temperature and is accompanied by distortion of the lattice (which is a secondary 
effect here). Concrete studies are performed for substances with a perovskite structure 
(KCuF3, LaMn03, MnF3). The effective spin Hamiltonian is obtained for these substances 
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in 
accord with the structures observed experimentally. The approach employed also permits 
one to explain the strong anisotropy of the magnetic properties of these compounds and to 
obtain a reasonable estimate for the critical temperatures. 

1. INTRODUCTION 

When conSidering magnetic and crystallographic 
properties of transition-metal compounds, it is very 
important to take into account the d-Ievel degeneracy. 
In the crystal field, the fivefold d-Ievel splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level t2g and a twofold level eg). A situation is then 
pOSSible, for example, for the ions d9_C2+, d4-Mn3+, and 
Cr2+ in an octahedral environment, the ground state turns 
out to be degenerate with respect to the orbital angular 
momentum if cubic symmetry is preserved1). The class 
of compounds in which such a situation is encountered is 
quite large. These are compounds with the structure of 
perovskite KCuF3, KCrF3, MnF3), rutile 
(CrCI2, CrF2, CuF2), or spinel, containing the ions Mn3+ 

and Cu2+, and a number of other types of substances [1J • 
The study of such compounds is of great interest, since 
they usually undergo a lattice transition that leads to a 
lowering of the symmetry; the magnetic properties turn 
out to be more complicated and more interesting than in 
analogous substances without orbital degeneracy (more 
complicated magnetic structure, strong anisotropy); a 
low-frequency branch of the exciton type, connected with 
transitions between orbital states, can appear in the 
elementary-excitation spectrum and can interact with 
the magnons; this branch depends strongly on the tem-
perature. 

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect [1-4J • Accordingly, at 
T = 0 the symmetrical arrangement of the ions, at which 
the orbital degeneracy is preserved, is unstable, and the 
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state. 
Local deformations of the anion environment near the 
given transition-metal ion appear first; it is the elastic 
interaction of such local distortions which is assumed to 
be responsible for the cooperative deformation of the 
entire lattice, which occurs at T < Torb' In this ap-
proach it is necessary to introduce many constants that 
describe the interaction of the deformations of different 
octahedra, and the values of these constants are usually 
unknown and it is quite difficult to predict the concrete 
type of the orbital ordering. In addition, the orbital 

725 Sov. Phys.·JETP, Vol. 37, No.4, October 1973 

ordering in this approach is not at all connected with 
the magnetic ordering, 

In this paper we propose a different approach to the 
description of the properties of compounds containing 
ions with orbital degeneracy, the so-called Jahn-Teller 
ions (see also [5J ). Our analYSis is based on a natural 
generalization of ordinary superexchange, which is 
responsible for the magnetic properties of magnetic 
dielectrics, to include the case of orbital degeneracy. 
The reason for the appearance of ordering of localized 
spins in this approach is the fact that the reduction of 
the energy as a result of the virtual transitions of the 
d electron to a neighboring center depends on the mutual 
orientation of the spins at these centers. In complete 
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on 
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus, 
in our case the usual super-exchange leads in essence 
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the 
orbital (and accordingly the crystal) structure of the 
ground state. The magnetic and orbital orderings turn 
out to be closely related in this case, although they occur 
generally speaking at different temperatures. 

The possibility of ordering orbitals by superexchange 
was apparently first noted by Roth [6J; this phenomenon 
was subsequently investigated also by Pokrovskit and 
Utmin [7J. They, however, considered only the simplest 
symmetrical model, without taking into account the real 
structure of the d-orbitals, and therefore no comparison 
with real substances was made. 

In addition to describing the ordering of orbitals, our 
analysis has one more purpose. In the case of orbital 
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rules[I,2,8] do not give an unam-
biguous answer in this case. From the generalized 
superexchange Hamiltonian obtained in this paper we 
can obtain the spin Hamiltonian given the type of orbital 
ordering, regardless of the cause of the ordering, and 
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases 
to determine the concrete type of ordering of the orbitals. 

Copyright © 1974 American Institute of Physics 725 
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analogy (S=1/2 case)

pseudospin 1/2 operators Ox Oy Oz 
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spin 1/2 operators Sx Sy Sz 
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the Jahn-Teller distortion!

long-range ordering of occupied/empty local orbitals

in strongly correlated systems (Mott insulators)
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do we need a large crystal-field?
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.

DOI: 10.1103/PhysRevLett.92.176403 PACS numbers: 71.30.+h, 71.15.Ap, 71.27.+a

Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Δ=200-300 meV

LDA+DMFT 770 K
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YTiO3LaTiO3

No!   A 100 meV crystal-field is enough (W~3 eV)



which phononic modes?

6+1=7 atoms, every atom represented by a vector
21 degrees of freedom

-6 (three translations and three rotations)

15 modes

U1

displacement vector

(group theory)



modes A and E couple to eg
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splitting  via co-operative distortion

�E

two-mechanisms, same type of ordering



a chicken-and-egg problem

distortions

ordering

how to disentangle the two?
which mechanism dominates when?



solving the chicken and egg problem in materials

origin of orbital order in real systems




 LDA+U: KK-like mechanism

KK-like mechanism ! 

KCuF3
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FIG. 1: (colour online) Orbitally resolved Cu eg spec-
tral densities of paramagnetic KCuF3 as obtained by
GGA+DMFT(QMC) for different values of the JT distortion.
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FIG. 2: (colour online) Comparison of the total en-
ergies of paramagnetic KCuF3 computed by GGA and
GGA+DMFT(QMC) as a function of the JT distortion. Er-
ror bars indicate the statistical error of the DMFT(QMC)
calculations.

repulsion between the Neg
electrons in the Cu eg Wannier

orbitals.
The many-body Hamiltonian (1) is solved within

DMFT for U = 7 eV and J = 0.9 eV [6] using quan-
tum Monte Carlo (QMC) [28, 29, 30]. Figure 1 shows
the spectral density of paramagnetic KCuF3, obtained
from the QMC data by the maximum entropy method,
for three values of the JT distortion δJT . Most impor-
tantly, a paramagnetic insulating state with a strong or-
bital polarization is obtained for all δJT . The energy gap
is in the range 1.5–3.5 eV, and increases with increasing
δJT . The sharp feature in the spectral density at about
−3 eV corresponds to the fully occupied 3z2 − r2 orbital
[27], whereas the lower and upper Hubbard bands are
predominantly of x2 − y2 character and are located at
−5.5 eV and 1.8 eV, respectively.

The total energies as a function of the JT distortion
obtained by the GGA and GGA+DMFT, respectively,
are compared in Fig. 2. We note that the GGA not only
predicts a metallic solution, but its total energy is seen to
be almost constant for 0 < δJT

<
∼ 4%. Both features are

in contradiction to experiment since the extremely shal-

low minimum at δJT # 2.5% would imply that KCuF3

has no JT distortion for T >
∼ 100 K. By contrast, the in-

clusion of the electronic correlations among the partially
filled Cu eg states in the GGA+DMFT approach leads
to a very substantial lowering of the total energy by ∼
175 meV per formula unit (fu). This implies that the
strong JT distortion persists up to the melting temper-
ature (> 1000 K), in agreement with experiment. The
minimum of the GGA+DMFT total energy is located at
the value δJT = 4.2% which is also in excellent agreement
with the experimental value of 4.4% [20]. This clearly
shows that the JT distortion in paramagnetic KCuF3 is
caused by electronic correlations.

An analysis of the occupation matrices for the eg Cu
Wannier states obtained by the GGA+DMFT calcula-
tions confirms a substantial orbital polarization in the
calculated paramagnetic phase of KCuF3. As shown in
Fig. 3 the orbital order parameter (defined as the differ-
ence between 3z2−r2 and x2−y2 Cu eg Wannier occupan-
cies [27]) saturates at about 98% for δJT

>
∼ 4%. Thus, the

GGA+DMFT result shows a predominant occupation of
the Cu 3z2 − r2 orbitals. We note that even without a
JT distortion the orbital order parameter would remain
quite large (∼40%). Moreover, while the GGA result
for δJT = 0 yields a symmetric orbital polarization with
respect to C4 rotations around the c axis, spontaneous
antiferro-orbital order is found in GGA+DMFT. This
difference is illustrated in Fig. 3 where insets (a) and
(c) depict the hole orbital order obtained by the GGA
and GGA+DMFT for δJT = 0.2%, respectively. The
GGA charge density is more or less the same along the a
and b axis [inset (a)], i.e., the Cu dx2−z2 and dy2−z2 hole
orbitals are almost equally occupied and hence are not
ordered. By contrast, the GGA+DMFT results clearly
show an alternating occupation [inset (c)], corresponding
to the occupation of a x2 − y2 hole orbital in the local
coordinate system, which implies antiferro-orbital order.
For the experimentally observed value of the JT distor-
tions of δJT = 4.4% both GGA and GGA+DMFT find
antiferro-orbital order [insets (b),(d)]. However, we note
again that, in contrast to the GGA+DMFT, the GGA
yields a metallic solution without any JT distortion for
T >
∼ 100 K, in contradiction to experiment.
In conclusion, by formulating GGA+DMFT — the

combination of the ab initio band structure calculation
technique GGA with the dynamical mean-field theory
— in terms of plane-wave pseudopotentials [16] we con-
structed a robust computational scheme for the inves-
tigation of complex materials with strong electronic in-
teractions. Most importantly, this framework is able to
determine the correlation induced structural relaxation
of a solid. Results obtained for paramagnetic KCuF3,
namely an equilibrium Jahn-Teller distortion of 4.2% and
antiferro-orbital ordering, agree well with experiment.
The electronic correlations were also found to be respon-
sible for a considerable enhancement of the orbital po-

energy gain ~ 175 meV

Structural Relaxation due to Electronic Correlations in the Paramagnetic InsulatorKCuF3
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A computational scheme for the investigation of complex materials with strongly interacting electrons

is formulated which is able to treat atomic displacements, and hence structural relaxation, caused by

electronic correlations. It combines ab initio band structure and dynamical mean-field theory and is

implemented in terms of plane-wave pseudopotentials. The equilibrium Jahn-Teller distortion and

antiferro-orbital order found for paramagnetic KCuF3 agree well with experiment.

DOI: 10.1103/PhysRevLett.101.096405 PACS numbers: 71.10.!w, 71.15.Ap, 71.27.+a

In materials with correlated electrons, the interaction
between spin, charge, orbital, and lattice degrees of free-
dom leads to a wealth of ordering phenomena and complex
phases [1]. The diverse properties of such systems and their
great sensitivity with respect to changes of external pa-
rameters such as temperature, pressure, magnetic field, or
doping also make them highly attractive for technological
applications [1]. In particular, orbital degeneracy is an
important and often inevitable cause for this complexity
[2]. A fascinating example is the cooperative Jahn-Teller
(JT) effect—the spontaneous lifting of the degeneracy of
an orbital state—leading to an occupation of particular
orbitals (‘‘orbital ordering’’) and, simultaneously, to a
structural relaxation with symmetry reduction.

The electronic structure of materials can often be de-
scribed quite accurately by density functional theory in the
local density approximation (LDA) [3] or the generalized
gradient approximation (GGA) [4,5]. However, these
methods usually fail to predict the correct electronic and
structural properties of materials where electronic correla-
tions play a role. Extensions of LDA, e.g., LDAþ U [6]
and self-interaction correction LDA [7], can improve the
results, e.g., the band gap value and local moment, but only
for solids with long-range order. Hence the computation of
electronic, magnetic, and structural properties of strongly
correlated paramagnetic materials remains a great chal-
lenge. Here the recently developed combination of band-
structure approaches and dynamical mean-field theory [8],
the so-called LDAþ DMFT computational scheme [9],
has become a powerful new tool for the investigation of
strongly correlated compounds in both their paramagnetic
and magnetically ordered states. This technique has re-
cently provided important insights into the properties of
correlated electron materials [10], especially in the vicinity
of a Mott metal-insulator transition as encountered in
transition metal oxides [1].

Applications of LDAþ DMFT so far mainly employed
linearized and higher-order muffin-tin orbital [L(N)MTO]
methods [11] and concentrated on the study of correlation
effects within the electronic system for a given ionic
lattice. On the other hand, the interaction of the electrons
with the ions also affects the lattice structure. LDAþ
DMFT investigations of particularly drastic examples, the
volume collapse in paramagnetic Ce [12,13] and Pu [14]
and the magnetic moment collapse in MnO [15], incorpo-
rated the lattice by calculating the total energy of the
correlated material as a function of the atomic volume.
However, for investigations going beyond equilibrium vol-
ume calculations, e.g., of the cooperative JT effect and
other subtle structural relaxation effects, the L(N)MTO
method is not suitable since it cannot determine atomic
displacements reliably. This is partly due to the fact that the
atomic-sphere approximation used in the L(N)MTO
scheme, with a spherical potential inside the atomic sphere,
completely neglects multipole contributions to the electro-
static energy originating from the distorted charge density
distribution around the atoms. By contrast, the plane-wave
pseudopotential approach employed here does not neglect
such contributions and can thus fully describe the effect of
the distortion on the electrostatic energy.
In this Letter, we present a computational scheme which

allows us to calculate lattice relaxation effects caused by
electronic correlations. To this end, the GGAþ DMFT—a
merger of the GGA and DMFT—is formulated within a
plane-wave pseudopotential approach [16–18]. Thereby
the limitations of the L(N)MTO scheme in the direct
calculation of total energies are overcome. In particular,
we apply this new method to determine the orbital order
and the cooperative JT distortion in the paramagnetic phase
of the prototypical JT system KCuF3.
KCuF3 has long been known to be a prototypical mate-

rial with a cooperative JT distortion [2] where the elec-
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KK is the mechanism:TOO ~TKK 

Problems:

• why TN  (40K-140K) much smaller than TJT  (800-1400 K) ?

• trends with RE, volume, temperature, pressure, in TJT?

Our idea:

• single out Kugel-Khomskii mechanism 

• calculate TKK directly

…or, is it ? 



idea: single out super-exchange

-2

-1

 0

 1

N PX! Z

I0.2e
n

e
rg

y
 (

e
V

)

  

  

  

  

N PX! Z

I0

-2

-1

 0

 1

      

R

  

  

  

  

      

R0.4

x y

z

1 2

12

R!

!=0.4%

"=1

I!

!=0-0.4%

!=4.4%

c/2

l

R

"=0.95

F
Cu
K

1

1 2

(x,y,z) (y,x,-z)

"=0.95

R

s

Mechanism for Orbital Ordering inKCuF3
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The Mott insulating perovskite KCuF3 is considered the archetype of an orbitally ordered system. By

using the local-density approximation+dynamical mean-field theory method, we investigate the mecha-

nism for orbital ordering in this material. We show that the purely electronic Kugel-Khomskii super-

exchange mechanism alone leads to a remarkably large transition temperature of TKK ! 350 K. However,
orbital order is experimentally believed to persist to at least 800 K. Thus, Jahn-Teller distortions are

essential for stabilizing orbital order at such high temperatures.

DOI: 10.1103/PhysRevLett.101.266405 PACS numbers: 71.10.Fd, 71.10.Hf, 71.27.+a

In a seminal work [1], Kugel and Khomskii showed that
in strongly correlated systems with orbital degrees of free-
dom, many-body effects could give rise to orbital order
(OO) via a purely electronic superexchange mechanism.
Orbital ordering phenomena are now believed to play a
crucial role in determining the electronic and magnetic
properties of many transition-metal oxide Mott insulators.
While it is clear that Coulomb repulsion is a key ingredient,
it remains uncertain whether it just enhances the effects of
lattice distortions [2] or really drives orbital order via
superexchange [1].

We analyze these two scenarios for the archetype of an
orbitally ordered material, KCuF3 [1]. In this 3d9 perov-
skite, the Cu d-levels are split into completely filled three-
fold degenerate t2g-levels and two-fold degenerate
eg-levels, occupied by one hole. In the first scenario,
Jahn-Teller elongations of some Cu-F bonds split the par-
tially occupied eg-levels further into two nondegenerate
crystal-field orbitals. The Coulomb repulsion, U, then
suppresses quantum orbital fluctuations favoring the occu-
pation of the lower energy state, as it happens in some
t2g-perovskites [3,4]. In this picture, the ordering is caused
by electron-phonon coupling; Coulomb repulsion just
enhances the orbital polarization due to the crystal-
field splitting [3,5]. In the second scenario, the purely
electronic superexchange mechanism, arising from the
eg-degeneracy, drives orbital ordering, and Jahn-Teller
distortions are merely a secondary effect. In this picture,
electron-phonon coupling is of minor importance [1].

The key role of Coulomb repulsion is evident from static
mean-field LDAþU calculations, which show [6,7] that
in KCuF3, the distortions of the octahedra are stable with
an energy gain !E! 150–200 meV per formula unit, at
least an order of magnitude larger than in LDA [6,7] and
GGA [7,8]; recent GGAþ DMFT [8] calculations yield
very similar results, suggesting in addition that dynamical
fluctuations play a small role in determining the stable
crystal structure of this system. However, these results
might merely indicate that the electron-phonon coupling

is underestimated in LDA or GGA, probably due to self-
interaction, rather than identifying Kugel-Khomskii super-
exchange as the driving mechanism for orbital order. This
is supported by ab initio Hartree-Fock (HF) calculations
which give results akin to LDAþU [9]. Moreover, in the
superexchange scenario, it remains to be explained why
TOO ! 800 K [10], more than 20 times the 3D antiferro-
magnetic (AFM) critical temperature, TN ! 38 K [11,12],
a surprising fact if magnetic- and orbital order were driven
by the same superexchange mechanism.
In this Letter, we go beyond previous, T ¼ 0, LDAþU,

and HF works and study the Kugel-Khomskii mechanism
using a nonperturbative many-body approach at finite T,
the LDAþ DMFT method [13], to calculate the transition
temperature TKK and identify the origin of orbital order in
KCuF3. We show that superexchange alone leads to orbital
order with TKK ! 350 K, less than half the experimental
value. Thus, Jahn-Teller distortions are essential for driv-
ing orbital order above 350 K.
KCuF3 is a tetragonal perovskite made of Jahn-Teller

distorted CuF6 octahedra enclosed in an almost cubic K
cage [14,15]. The Jahn-Teller distortion amounts to a 3.1%
elongation or shortening of the CuF distances in the
xy-plane. The tetragonal distortion reduces the CuF bond
along z by 2.5%, leaving it of intermediate length. The long
(l) and short (s) bonds alternate between x and y along all
three cubic axes (a-type pattern) [12]. At each site, one
hole occupies the highest eg-orbital, !js2 $ z2i, i.e., the
occupied orbitals (!jx2 $ z2i or !jy2 $ z2i) alternate in
all directions. This ordering and the crystal structure are
shown in Fig. 1.
Following the LDAþ DMFT scheme presented in

Ref. [3], we first calculate the LDA band-structure using
the Nth-order muffin-tin orbital method (NMTO). We find
filled F-bands divided by a gap of !0:8 eV from the
d-bands (Fig. 2) of width Wd ! 3:2 eV (Wt2g ! 1 eV,

Weg ! 2:9 eV). The energies of the d-crystal-field orbitals

(wrt Fermi level) are$2:01 eV,$1:82 eV, and$1:74 eV
(t2g) and $1:39 eV and $0:34 eV (eg). The t2g states are
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Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d1 Perovskites
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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model includes the full dynamics of the t2g electrons,21 the
effectiveU0 is larger than for the two-bandmodel. By scanning
different U0 between 7 and 5 eV we find that U0 ∼ 5.5 eV
yields a gap quite close to that of the two-band model and a
spectrum in good agreement with experiments. This shows that
in the two-band model the Coulomb integral U0 is screened
∼10% by the t2g electrons. The half-filled t2g bands exhibit a
very large gap because at half filling the t2g exchange couplings
effectively enhance the effect of the Coulomb repulsion U0.
Finally, we find the on-site spin-spin correlation function to
be 〈Stg

z S
eg

z 〉 ∼ 0.74, very close to the value of 0.75 expected
for aligned eg and St2g = 3/2 t2g spins. Concerning the sign
problem, we find it negligible for all of these calculations (the
average sign is ∼0.99 in the worst case).

IV. ORBITAL FLUCTUATIONS AND MAGNETISM IN
CaVO3 AND YTiO3

The importance of orbital fluctuations in the physics of
3d1 perovskites has long been debated.6,15,16,28–30 Single-site
DMFT calculations have shown that in the presence of crystal-
field splitting Coulomb repulsion strongly suppresses orbital
fluctuations.6 However, these conclusions were based on a
Hubbard model with density-density Coulomb interactions
only. In this section we analyze the effect of the neglected
spin-flip and pair-hoppingCoulomb interactions. Furthermore,
exploiting our efficient CT-HYB solver, we address the issue
of the nature of the low-temperature (30 K)15,31 ferromagnetic
transition in YTiO3.

A. Orbital fluctuations

The minimal model to consider for 3d1 transition-metal
oxides is a three-band Hubbard model for the t2g bands
including spin-flip and pair-hopping terms, and with

εmσm′σ ′ = εmm′δσ,σ ′ ,

t ii
′

mσm′σ ′ = t ii
′

mm′δσ,σ ′ ,

where m,m′ = xy,xz,yz. For the Coulomb parameters we use
U0 = 5 eV and Jt2g ∼ 0.68 eV (CaVO3) or Jt2g = 0.64 eV
(YTiO3) from theoretical estimates and previous works.6,27

Because the local Hamiltonian mixes flavors even in the
crystal-field basis, i.e., the basis diagonalizing the nonin-
teracting part of the local Hamiltonian, we perform the
LDA+DMFT calculations using the Krylov version of our
general CT-HYB QMC solver.

In Table I we show the occupations ni of the natural orbitals,
i.e., the eigenstates of the one-body density matrix, at ∼190 K
in CaVO3 and YTiO3. We find that CaVO3 is a paramagnetic
metal with a small orbital polarization. Instead, YTiO3 is
a paramagnetic insulator with orbital polarization p = n1 −
(n2 + n3)/2 ∼ 1, i.e., basically full (orbitally ordered state).
For this system, the double occupancies at 290K are small; i.e.,
we find 1

2

∑
mσ &=m′σ ′ 〈n̂mσ n̂m′σ ′ 〉 ∼ 0.015 for YTiO3. The occu-

pied orbital is |1〉 = 0.611|xy〉 − 0.056|xz〉 + 0.789|yz〉. We
find the occupied state and orbital polarization are basically the
same with full Coulomb and density-density approximations.
Previous calculations6 in which spin-flip and pair-hopping
terms have been neglected andT ∼ 770K are in linewith these
results. This shows that spin-flip and pair-hopping terms do

TABLE I. Occupations ni of the natural orbitals (with ni > ni+1)
at T = 190 K in CaVO3 and YTiO3 obtained by diagonalizing the
occupation matrix. For YTiO3 the occupied orbital is the natural
orbital |1〉 = 0.611|xy〉 − 0.056|xz〉 + 0.789|yz〉, and it basically
coincides with the lowest-energy crystal-field state; we find about
the same occupied orbital by performing the calculation with and
without pair-hopping and spin-flip terms, or in the paramagnetic and
in the ferromagnetic phase.

n1 n2 n3

CaVO3 0.47 0.28 0.25
YTiO3 0.98 0.01 0.01

not change the conclusion that orbital fluctuations are strongly
suppressed in the Mott insulator YTiO3. In the CT-HYBQMC
simulations the average sign is ∼0.9 for YTiO3 and ∼0.95 for
CaVO3.

B. Ferromagnetism in YTiO3

YTiO3 is one of the few ferromagnetic Mott insulators.
Neutron scattering experiments pointed out early-on the diffi-
culties in reconciling ferromagnetism and the expected orbital
order,15 and there have been suggestions that the ferromagnetic
state could rather be associated with a quadrupolar order
and large-scale orbital fluctuations.29 However, second-order
perturbation theory calculations indicate that ferromagnetism
and orbital order could be reconciled, provided that the real
crystal structure of YTiO3, including the GdFeO3-type dis-
tortion (tilting and rotation of the octahedra, and deformation
of the cation cage), is taken into account.16 To clarify this
point, we check the instability towards ferromagnetism of the
three-band t2g Hubbard model obtained for the experimental
structure of YTiO3. With this approach we calculate the
ferromagnetic transition temperature TC due to superexchange
alone in the orbitally ordered phase. Since experimentally
TC ∼ 30 K, we have to perform LDA+DMFT calculations
down to very low temperatures, which becomes possible with
the CT-HYB QMC solver. On lowering the temperature, we
find that the sign problem becomes sizable (average sign ∼0.7
at 40 K). However, we can basically eliminate it (average
sign ∼0.97) by performing the LDA+DMFT calculations

 0
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 20  30  40  50  60  70  80
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FIG. 3. Ferromagnetic spin polarization as a function of temper-
ature in YTiO3. The plot shows a transition at the critical temperature
TC ∼ 50 K, slightly overestimating the experimental value TC ∼
30 K, as one might expect from a mean-field calculations.
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TKK  ≪ TOO ﹥ 1400 K

p=n1-n2=<O>

TKK~350 K

reminder: mean field theory overestimates TKK



LaMnO3   : TKK ~ 600 K !!
3
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FIG. 3: (Color online) Orbital polarization p (left) and (right)
occupied state |θ〉 (| − θ〉) for sites 1 and 3 (2 and 4) as a
function of temperature. Solid line: 300 K (R11) and 800 K
(R800K

2.4 ) structures. Dots: orthorhombic structures with half
(R6) or no (R0) Jahn-Teller distortion. Pentagons: 2 (full)
and 4 ( empty) sites CDMFT. Dashes: ideal cubic structure
(I0). Circles: U = 5 eV. Diamonds: U = 5.5 eV. Triangles:
U = 6 eV. Squares: U = 7 eV. Crystal-field splitting (meV):
840 (R11), 495 (R6), 219 (R0), 168 (R800K

2.4 ), and 0 (I0).

to the randomly oriented t2g spins. These spectra are
in line with experiments [31–34]. We find that even at
1150 K the system is fully orbitally polarized (p ∼ 1).
On sites 1 and 3, the occupied state is |θ〉 ∼ |106o〉,
on sites 2 and 4 it is | − θ〉 ∼ | − 106o〉 (d-type OO);
|θ〉 is close to the lower crystal-field state obtained from
LDA (table I) and in excellent agreement with neutron
diffraction experiments [8]. We find that things hardly
change when the JT distortion is halved (R6 structure in
Fig. 3). Even for the average 800 K structure (R800K

2.4 ) OO
does not disappear: Although the Jahn-Teller distortion
is strongly reduced to δJT = 2.4%, the crystal-field split-
ting is ∼168 meV and the orbital polarization at 1150 K
is as large as p ∼ 0.65, while θ is now close to 90o. For
all these structures, orbital order is already determined
by the distortions via the crystal-field splitting.

To find the temperature TKK at which Kugel-Khomskii
super-exchange drives orbital-order we consider the zero
crystal-field limit, i.e. the ideal cubic structure, I0. The
eg band-width increases to Weg

∼ 3.7 eV and for U =
5 eV the system is a Mott insulator with a tiny gap only
below T ∼ 650 K. We find TKK ∼ 650 K, very close
to the metal-insulator transition (Fig. 3). To check how
strongly TKK changes when the gap opens, we increase
U . For U = 5.5 eV we find an insulating solution with
a small gap of ∼ 0.5 eV and TKK still close to ∼ 650 K.
For U = 6 eV, Eg ∼ 0.9 eV and TKK ∼ 550 K. Even with
an unrealistically large U = 7 eV, giving Eg ∼ 1.8 eV,
TKK is still as large as ∼ 470 K. Thus, despite the small
gap, TKK decreases as ∼ 1/U , as expected for super-
exchange. For a realistic U ∼ 5 eV, the calculated TKK ∼
650 K is surprisingly close to the order-disorder transition
temperature, TOO ∼ 750 K, though still much smaller

than TJT ! 1150 K. The occupied state at site 1 is |θ〉 ∼
|90o〉 for all U .

Such a large TKK is all the more surprising when com-
pared with the value obtained for KCuF3, TKK ∼ 350 K
[21]. For the ideal cubic structure the hopping matrix
(table I) is ti,i±z

m,m′ ∼ −tδm,m′δm,3z2−1, ti,i±x
m,m = ti,i±y

m,m ∼
−t/4(1 + 2δm,x2−y2), and for m $= m′ ti,i±x

m,m′ = −ti,i±y

m,m′ ∼√
3t/4. Since the effective (after averaging over the di-

rections of St2g
) hopping integral in LaMnO3, 2t/3 ∼

345 meV is ∼ 10% smaller than t ∼ 376 meV in KCuF3

[21], one may expect a slightly smaller TKK in LaMnO3,
opposite to what we find. Our result can, however, be
understood in super-exchange theory. The KK SE part of
the Hamiltonian, obtained by second-order perturbation
theory in t from Eq. (1), may be written as

Hi,i′

SE ∼
JSE

2

∑

〈ii′〉x,y

[

3T x
i T x

i′ ∓
√

3 (T z
i T x

i′ + T x
i T z

i′)
]

+
JSE

2

∑

〈ii′〉x,y

T z
i T z

i′ + 2JSE

∑

〈ii′〉z

T z
i T z

i′ , (2)

where 〈i, i′〉x,y and 〈i, i′〉z indicate near neighboring sites
along x, y, or z; −(+) refers to the x (y) direction, T x

i

and T z
i are pseudospin operators [3], with T z|3z2 − 1〉 =

1/2|3z2 − 1〉, T z|x2 − y2〉 = −1/2|x2 − y2〉. The su-
perexchange coupling is JSE = (t̄2/U)(w/2), where t̄
is the effective hopping integral. In the large U limit
(negligible J/U and h/U), w ∼ 1 + 4〈Sz

i 〉〈Sz
i′ 〉+ (1−

4〈Sz
i 〉〈Sz

i′〉)u
i,i′

⇑,⇓/ui,i′

⇑,⇑, where Sz
i are the eg spin operators.

In LaMnO3 the eg spins align with the randomly oriented
t2g spins, thus t̄ = 2t/3, w ∼ 2, and JSE ∼ 2(2t/3)2/U .
For d-type order, the classical ground-state is |θ〉 ∼ |90o〉,
in agreement with our DMFT results. In KCuF3, with
configuration t62ge

3
g, the Hund’s rule coupling between eg

and t2g plays no role, i.e. 〈Sz
i 〉 = 0. The hopping inte-

gral t̄ = t is indeed slightly larger than in LaMnO3, but
w ∼ 1, a reduction of 50%. Consequently, JSE is reduced
by ∼ 0.6 in KCuF3. For finite J/U and h/U , w is a more
complicated function, but the conclusions stay the same.
We verified solving (1) with LDA+DMFT that also for

LaMnO3 TKK drops drastically if ui,i′

σ,−σ = 0 and h = 0.
It remains to evaluate the effect of the orthorhombic

distortion on the transition. For this we perform calcu-
lations for the system R0 with no Jahn-Teller distortion,
but keeping the tetragonal and GdFeO3-type distortion
of the 300 K structure. This structure is metallic for
U = 4 eV; for U = 5 eV it has a gap of ∼ 0.5 eV. We
find a large polarization already at 1150 K (p ∼ 0.45).
Such polarization is due to the crystal-field splitting of
about 219 meV, with lower crystal-field states at site 1
given by |1〉 ∼ |x2 − y2〉. Surprisingly the most occupied
state |θ〉 is close to |1〉 (θ ∼ 180) only at high temper-
ature (∼ 1000 K). The orthorhombic crystal-field thus
competes with super-exchange, analogous to an external
field with a component perpendicular to an easy axis.

I0 : ideal cubic R0 : real but no JT

red: cDMFT 4 sites

black: DMFT

|✓i = sin
✓

2
|3z2 � 1i + cos

✓

2
|x2 � y2i

non-JT crystal-field

super-exchange

experiments
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Resonant X-Ray Scattering from Orbital Ordering in LaMnO3
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Dipole resonant x-ray scattering from ordered Mn 3d orbitals in LaMnO3 has been observed near

the Mn K-absorption edge. The polarization of the scattered photons is rotated from s to p 0 and
the azimuthal angle dependence shows a characteristic twofold symmetry. A theory for the resonant
scattering mechanism has been developed by considering the splitting of the Mn 4p levels due to the Mn
3d orbital ordering. The order parameter of the orbital ordering decreases above the Néel temperature
(TN ≠ 140 K) and disappears at TO ≠ 780 K, concomitant with a structural phase transition.
[S0031-9007(98)06638-1]

PACS numbers: 61.10.Dp, 71.90.+q

Over the last few years, magnetic-field-induced phe-
nomena in perovskite-type manganites, such as negative
colossal magnetoresistance (CMR), have attracted a great
deal of attention [1]. In these materials, the charge, spin,
and orbital degrees of freedom each play important roles.
However, while the charge and spin configurations have
been investigated by neutron and electron diffraction tech-
niques, it has proved difficult to observe the orbital or-
dering directly. Nevertheless, Murakami et al. [2] have
recently succeeded in detecting orbital ordering in the
doped layered-perovskite La0.5Sr1.5MnO4, by using reso-
nant x-ray scattering techniques with the incident pho-
ton energy tuned near the Mn K-absorption edge. In
this Letter, we describe the observation of orbital order-
ing in the undoped, three-dimensional perovskite LaMnO3,
using the same techniques. LaMnO3 is of fundamental
interest as the parent compound of CMR materials, and
has been much studied as a result both experimentally
[3,4] and theoretically [5,6]. Our results confirm the pic-
ture of orbital ordering given by Goodenough in 1955
[7]. In addition, we present a theoretical description of
the resonant scattering mechanism based on the splitting
of the Mn 4p levels, induced by the orbital ordering of
the Mn 3d eg states.

The electronic configuration of Mn31 ions in LaMnO3

is (t3

2g, e1

g) using Hund’s rule as a first approximation.
The three t2g electrons are localized, while the eg elec-
tron orbitals are strongly hybridized with the oxygen p
orbitals. There is, in addition, a strong distortion of the
MnO6 octahedra [3], which has been ascribed to a co-
operative Jahn-Teller effect [8]. This distortion suggests
that there is a (3z2 2 r2)-type orbital ordering of the eg
electrons which is extended in the basal a-b plane. A

schematic view of the expected orbital ordering in the a-b
plane is shown in Fig. 1, together with the spin configura-
tion. Magnetically, LaMnO3 is an A-type antiferromagnet
(TN ≠ 140 K). The magnetic structure is stabilized by
the ferromagnetic superexchange interaction of the eg elec-
trons in the plane and by the antiferromagnetic interaction

FIG. 1. Upper panel: Schematic view of the orbital and spin
ordering in the a-b plane of the perovskite manganite, LaMnO3.
The orbital ordering along the c axis is expected to repeat the
same pattern. Lower panel: Schematic energy level diagram
of Mn 4px,y,z in the orbitally ordered state.

582 0031-9007y98y81(3)y582(4)$15.00 © 1998 The American Physical Society

Neutron-diffraction study of the Jahn-Teller transition in stoichiometric LaMnO3
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The parent compound of the giant magnetoresistance Mn-perovskite, LaMnO3, has been studied by thermal
analysis and high-resolution neutron-powder diffraction. The orthorhombic Pbnm structure at room tempera-
ture is characterized by an antiferrodistorsive orbital ordering due to the Jahn-Teller effect. This ordering is
evidenced by the spatial distribution of the observed Mn-O bond lengths. LaMnO3 undergoes a structural phase
transition at TJT'750 K, above which the orbital ordering disappears. There is no change in symmetry
although the lattice becomes metrically cubic on the high-temperature side. The MnO6 octahedra become
nearly regular above TJT and the thermal parameter of oxygen atoms increases significantly. The observed
average cubic lattice is probably the result of dynamic spatial fluctuations of the underlying orthorhombic
distortion. @S0163-1829~98!51706-7#

The oxides of perovskite structure containing Mn ions
have recently been the object of a strong interest due to their
exhibition of giant negative magnetoresistance effects.1 Dop-
ing the family of compounds RMnO3 ~R: lanthanide! with
divalent ions oxidizes Mn31 to Mn41, introducing holes in
the d band that give rise to a series of very interesting physi-
cal properties. The system of composition La12xCaxMnO3
was studied some 40 years ago.2,3 The parent compound
LaMnO3, is an antiferromagnetic insulator in which an or-
bital ordering is established due to the cooperative Jahn-
Teller ~JT! effect breaking the degeneracy of the electronic
configuration of Mn31 ~t2g

3 eg
1!. This particular orbital order-

ing is responsible for the A-type magnetic structure de-
scribed in the remarkable experimental work by Wollan and
Koehler.3

Hole doping increases the conductivity2 and permits the
ferromagnetic double-exchange interactions to produce fer-
romagnetic metals when doping is about x50.15 to 0.35.
Around x5 1

2 charge-ordered states appearing at low
temperatures3 can be suppressed by the application of a mag-
netic field.4 The understanding of the interplay between mag-
netic, transport, and structural properties in this family of
compounds needs improved experimental microscopic data.
These are necessary in order to test theories and to decipher
the role of the different electronic processes taking place as a
function of hole concentration, temperature, and structural
features. One of the first models used to explain the magne-
toresistance in the manganite perovskites was based on a
Kondo lattice5 where the double exchange and a strong Hund
coupling play a fundamental role. Other theories argue that
one of the main ingredients of the magnetoresistance physics
is a strong electron-phonon interaction mediated by the JT
effect.6 Recently, the importance of this effect has been rec-
ognized in the formation of polaronic states.7 It seemed,
then, worthwhile studying in detail how the cooperative JT
effect develops in stoichiometric LaMnO3.

Powder samples of pure LaMnO3 were prepared by crush-
ing single-crystal ingots grown by the floating zone method.8

Such a procedure makes possible preparation of homoge-
neous composition polycrystalline materials. Differential
thermal analysis ~DTA! and thermogravimetric analysis
~TGA! experiments were carried out in a SETARAM
TGDTA 92-16 device in a temperature range of 20–1250 °C,
experiments being performed under argon flow at a heating
rate of 10 °C/min.

Two powder diffractometers of the Orphée Reactor at
Laboratoire Léon Brillouin were used in this study. The dif-
fractometer G4.2 for studying the behavior of the crystal
structure as a function of temperature ~l52.59 Å, Qmax54.2
Å21, or l51.99 Å, Qmax56.2 Å21! and the diffractometer
3T2 for refining the crystal structure with high direct space
resolution ~l51.22 Å, Qmax5 9.2 Å21! at three selected tem-
peratures below and above the phase transition. The program
FullProf9 was used to analyze the experimental data using
the Rietveld method.

We have to point out that the synthesis conditions play an
important role in defining the presence or absence of Mn41

in the lattice. The first systematic study of the influence of
firing atmosphere on the resulting unit cell of LaMnO3
samples evidenced that when the percentage of Mn41 is
larger than 20%, the room temperature ~RT! structure is
rhombohedral.10 The authors indicate the existence of an
orthorhombic to rhombohedral phase transition at around
873 K for LaMnO3 containing 2% Mn41. By increasing the
Mn41 concentration, the lattice distortion seems to diminish
continuously. More recent structure determinations have
been performed by Elemans et al.,11 Tofield et al.,12 van
Roosmalen et al.,13 Norby et al.,14 Mitchell et al.,15 and
Huang et al.16 These studies were mainly devoted to the
study of defective LaMnO3. The presence of Mn41 is asso-
ciated with the creation of cationic vacancies on both La and
Mn sites.

The thermal analysis of our sample shows two transitions
on heating. The first at T15750 K is evidenced by a sharp
endothermic peak, which is not accompanied by a composi-
tion change, as shown by TGA data. The other transition is
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TOO: orbital order-to-disorder transition

Orbital Correlations in the Pseudocubic O and Rhombohedral R Phases of LaMnO3

Xiangyun Qiu,1 Th. Proffen,2 J. F. Mitchell,3 and S. J. L. Billinge1

1Department of Physics and Astronomy, Michigan State University, E. Lansing, Michigan 48824, USA
2Los Alamos National Laboratory, LANSCE-12, MS H805, Los Alamos, New Mexico 87545, USA
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The local and intermediate structure of stoichiometric LaMnO3 has been studied in the pseudocubic and
rhombohedral phases at high temperatures (300–1150 K). Neutron powder diffraction data were collected
and a combined Rietveld and high real space resolution atomic pair distribution function analysis was
carried out. The nature of the Jahn-Teller (JT) transition around 750 K is confirmed to be orbital order to
disorder. In the high-temperature orthorhombic (O) and rhombohedral (R) phases, the MnO6 octahedra
are still fully distorted locally. More importantly, the intermediate structure suggests the presence of local
ordered clusters of diameter !16 !A (!4 MnO6 octahedra) implying strong nearest-neighbor JT anti-
ferrodistortive coupling. These clusters persist well above the JT transition temperature even into the high-
temperature R phase.

DOI: 10.1103/PhysRevLett.94.177203 PACS numbers: 75.47.Lx, 61.12.2q, 75.47.Gk

The perovskite manganites related to LaMnO3 continue
to yield puzzling and surprising results despite intensive
study since the 1950s [1–3]. The pervading interest comes
from the delicate balance between electronic, spin, and
lattice degrees of freedom coupled with strong electron
correlations. Remarkably, controversy still exists about the
nature of the undoped endmember material, LaMnO3,
where every manganese ion has a nominal charge of 3"
and no hole doping exists. The ground state is well under-
stood as an A-type antiferromagnet with long-range or-
dered, Jahn-Teller (JT) distorted, MnO6 octahedra [4,5]
that have four shorter and two longer bonds [6]. The
elongated occupied eg orbitals lie down in the xy plane
and alternate between pointing along x and y directions,
the so-called O0 structural phase [4,5]. At TJT ! 750 K, the
sample has a first-order structural phase transition to the O
phase that formally retains the same symmetry but is
pseudocubic with almost regular MnO6 octahedra (six al-
most equal bond lengths). In this phase the cooperative JT
distortion has essentially disappeared. It is the precise
nature of this O phase that is unclear. The O phase has
special importance since it is the phase from which ferro-
magnetism and colossal magnetoresistance appear at low
temperature at Ca, Sr dopings >0:2 [2,4].

Results on the O phase of LaMnO3 from different tech-
niques are difficult to reconcile. On the one hand, greater
electronic delocalization with an accompanying suppres-
sion of the local JT distortion explains well transport [7,8],
magnetic [8,9], and crystallographic [10] observations,
whereas probes of local structure [11–13] favor robust JT
distortions persisting in the O phase implying charge lo-
calization. A full understanding of this important parent
phase is clearly lacking. Here we use a diffraction probe of
the local and intermediate range atomic structure, neutron
pair distribution function (PDF) analysis, to reconcile the
local and average behavior. This method allows quantita-

tive structural refinements to be carried out on intermediate
length scales in the nanometer range. We confirm that the
JT distortions persist, unchanged, locally at all tempera-
tures, and quantify the amplitude of these local JT dis-
tortions. No local structural study exists of the high-
temperature rhombohedral R phase that exists above TR #
1010 K. We show for the first time that, even in this phase
where the octahedra are constrained by symmetry to be
undistorted, the local JT splitting persists. More signifi-
cantly, fits of the PDF over different r ranges indicate that
locally ordered domains of distorted octahedra of diameter
!16 !A persist in the O phase. This is the first observation
of such locally correlated, short-range ordered octahedra in
the manganites. The clusters are robust and persist to the
highest temperatures (1150 K), only growing in size as TJT
is approached on cooling. Finally, we show that the crys-
tallographically observed volume reduction at TJT [10] is
not due to the reduction in average Mn-O bond length
observed crystallographically. However, it is consistent
with increased octahedral rotational degrees of freedom.

Powder samples of !6 g were prepared from high purity
MnO2 and La2O3; the latter was prefired at 1000 $C to
remove moisture and carbon dioxide. Final firing condi-
tions were chosen to optimize the oxygen stoichiometry at
3.00. The crystallographic behavior was confirmed by
Rietveld refinements using program GSAS [14]. Both the
differential thermal analysis and Rietveld measurements
estimated the same phase transition temperatures of TJT !
735 K and TR ! 1010 K. These values indicate that the
sample is highly stoichiometric [5,15]. Neutron powder
diffraction data were collected on the NPDF diffractometer
at the Lujan Center at Los Alamos National Laboratory.
The sample, sealed in a cylindrical vanadium tube under an
helium gas atmosphere, was measured from 300 to 1150 K.
A final measurement at 300 K confirmed that the sample
was unchanged by the thermal cycling in reducing atmo-

PRL 94, 177203 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
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what is the origin of JT distortion?
is the Jahn-Teller distortion really Jahn-Teller?
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re-plot the (GGA+U) mexican hat
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the T-dependence is via the lattice constant!

PHYSICAL REVIEW B 96, 054107 (2017)

Thermally assisted ordering in Mott insulators
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Landau theory describes phase transitions as the competition between energy and entropy: The ordered
phase has lower energy, while the disordered phase has larger entropy. When heating the system, ordering is
reduced entropically until it vanishes at the critical temperature. This picture implicitly assumes that the energy
difference between the ordered and disordered phases does not change with temperature. We show that for orbital
ordering in the Mott insulator KCuF3, this assumption fails qualitatively: entropy plays a negligible role, while
thermal expansion energetically stabilizes the orbitally ordered phase to such an extent that no phase transition
is observed. To understand this strong dependence on the lattice constant, we need to take into account the
Born-Mayer repulsion between the ions. It is the latter, and not the Jahn-Teller elastic energy, which determines
the magnitude of the distortion. This effect will be seen in all materials where the distortion expected from the
Jahn-Teller mechanism is so large that the ions would touch. Our mechanism explains not only the absence of
a phase transition in KCuF3, but even suggests the possibility of an inverted transition in closed-shell systems,
where the ordered phase emerges only at high temperatures.

DOI: 10.1103/PhysRevB.96.054107

Mott insulators with orbital degrees of freedom often
exhibit orbitally ordered phases [1]. There are two established
explanations for this: (i) electron-phonon coupling induces
cooperative Jahn-Teller distortions [2] that lead to orbital
ordering or (ii) Kugel-Khomskii superexchange [3] gives rise
to orbital order that leads to a cooperative lattice distortion.
Since both mechanisms tend to result in the same type of
ordering, identifying which one drives it is a “chicken-and-
egg problem” [4]. Even though they strongly differ, these
two mechanisms have one fundamental aspect in common:
Their hallmark is a conventional Landau-type second-order
transition [5,6] between a low-temperature ordered structure
and a symmetric high-temperature phase [7]. This implies that
the distortion, which acts as the order parameter, goes to zero
at the transition temperature. Here we show that in KCuF3, this
conventional picture fails qualitatively: The Jahn-Teller mode
is so soft that the distortion is determined by the Born-Mayer
repulsion of the ions. As a consequence, the distortion and the
corresponding gain in energy increase with lattice constant, so
that, via thermal expansion, the order parameter increaseswith
temperature.We anticipate that this thermally assisted ordering
can operate even in closed-shell systems. This would result in
an inverted Landau transition, with symmetry breaking above
a critical temperature. These surprising conclusions are based
on very general arguments. We thus expect that similar effects
will play a key role in other ordering phenomena of totally
different nature.

Following the seminal work of Kugel and Khomskii [3],
the fluoride KCuF3 is considered the prototype of an orbitally
orderedmaterial. Its structure [8], shown in Fig. 1, derives from
a cubic perovskite with Cu in d9 configuration with one hole in
the eg orbital surrounded by an octahedron of fluoride ions in
a cage of potassium ions. The actual crystal shows a tetragonal
compression, slightly lifting the eg degeneracy. The fluoride

*e.koch@fz-juelich.de

ions in the a-b plane move along the lines connecting the Cu
ions such that long (!) and short (s) bonds alternate in the x and
y directions, leading to a cooperative Jahn-Teller distortion
and a competing splitting of the eg orbital. The distortion
pattern also alternates in the z direction, resulting in an
antiferrodistortive orbital ordering. The tetragonal distortion
is parametrized by c/a

√
2 and the Jahn-Teller distortion by

δ = (! − s)/a
√
2.

ab

c

FIG. 1. Crystal structure of KCuF3. Inequivalent atoms inside the
I4/mcm unit cell (thick black lines) are shown in color (Cu: brown; F:
green; K: violet). The additional atoms in gray show the pseudocubic
setting in which the network of corner-sharing octahedra becomes
apparent. The pseudocubic axes are defined as x = (a + b)/2,
y = (−a + b)/2, and z = c/2. For clarity, lattice distortions are
exaggerated twofold.

2469-9950/2017/96(5)/054107(5) 054107-1 ©2017 American Physical Society
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t2g systems at low temperature?

perhaps we looked in the wrong place..

larger orbital degeneracy, weaker electron-lattice 
coupling, smaller crystal-field coupling



change of orbitals at low T?
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t2g systems: representation of orbital

ZHANG, KOCH, AND PAVARINI PHYSICAL REVIEW B 105, 115104 (2022)
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FIG. 1. Total superexchange energy gain for YTiO3 (top panel), LaTiO3 (middle panel), and a hypothetical cubic perovskite with only
ddπ hopping integrals (bottom panel). The different lines, as shown in the inset, correspond to φ values between 0 and π . The orange line
is the φ yielding the absolute minimum, which is identified by the angles θM , φM , given at the bottom of each panel. Equivalent solutions
can be obtained by symmetry via the transformation θM , φM −→ π − θM , φM + π . The hopping integrals for YTiO3 and LaTiO3 have been
obtained ab initio, downfolding oxygen and other high-energy states. The angles defining the lowest energy crystal-field state θCF, φCF are also
given; the black lines are the φ = φCF curves. PM: paramagnetic. AFM: antiferromagnetic (G-type). FM: ferromagnetic. Coulomb parameters:
U = 5 eV, J = 0.64 eV.

same hopping parameters entering the DMFT calculations of
Ref. [13]. Paramagnetic DMFT results show that orbital order-
ing occurs at angles determined by the crystal-field splitting
[13]. For LaTiO3, these angles are θCF ∼ 52◦ and φCF ∼ 54◦,
while for YTiO3, we found θCF ∼ 55◦ and φCF ∼ 97◦. They
differ from those that minimize the energy curves in Fig. 1,
as can be seen from the left panels, because in the figure only
superexchange interactions are considered. The curves corre-
sponding to φCF are shown in black for comparison. Figure 1
explains, however, why the ground state of YTiO3 is ferro-
magnetic and that of LaTiO3 antiferromagnetic. In the case
of YTiO3, the angles θCF,φCF are close to those yielding
the superexchange minimum for ferromagnetism (right top
panel, orange line, angles θM,φM). For the orbital |θCF,φCF〉,
the energy gain for ferromagnetism is thus larger than the
energy gain for antiferromagnetism. For LaTiO3, instead, at

the angles θCF,φCF, ferromagnetism is strongly suppressed
since the associated energy gain is basically zero, while the
energy gain for antiferromagnetism remains sizable. This is in
line with our previous conclusions based on extensive DMFT
studies and the associated calculation of magnetic superex-
change couplings for the orbitally ordered phase [10,17,18].
This behavior is hard to understand in terms of a simple cubic
model (bottom row of the figure), for which paramagnetic,
ferromagnetic, and antiferromagnetic structures have minima
at the same angles.

VI. CONCLUSIONS

We have shown how general superexchange Hamiltoni-
ans for correlated materials can be obtained, exploiting the
properties of irreducible tensors. We give the analytical
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TABLE IV. Additional relevant quadratic (r != 0, r′ != 0) and linear terms (r = 0, r′ != 0) for t12g and t22g configurations, spin rank q = 0.
The tensors for spin rank q = 1 can be obtained by replacing Wi −→ W̃i and Vi −→ Ṽi. Prefactors and hopping integrals are defined in the
caption of Table III.

r µ r′ µ′ t12g t22g Di j
rµ,r′µ′ × U/2

0 s 0 s −W0 −V0
(
t2xz,xy + t2xz,yz + t2xy,xz + t2xy,yz + t2yz,xz + t2yz,xy

)

0 s 1 x −W1 −V1
2√
3

[(txz,xz + txz,yz )txz,xy + (tyz,xz + tyz,yz )tyz,xy + (txy,xz + txy,yz )txy,xy]

0 s 1 z −W1 −V1

√
2√
3

(
t2yz,xz + t2xy,xz − t2xz,yz − t2xy,yz

)

0 s 2 xz −W1 −V1
2√
3

[(txz,xz − txz,yz )txz,xy + (tyz,xz − tyz,yz )tyz,xy + (txy,xz − txy,yz )txy,xy]

0 s 2 x2−y2 −W1 −V1
2
√
2√
3

(txz,xztxz,yz + tyz,xztyz,yz + txy,xztxy,yz )

0 s 2 z2 −W1 −V1

√
2
3

(
t2yz,xz + t2xy,xz + t2xz,yz + t2xy,yz − 2t2xz,xy − 2t2yz,xy

)

1 z 1 z −W2 −V2
(
t2xz,yz + t2yz,xz

)

1 z 2 z2 +W2 +V2
1√
3

[
t2xz,yz − t2yz,xz − 2

(
t2xz,xy − t2yz,xy

)]

2 z2 2 z2 +W2 +V2
1
3

[
t2xz,yz + t2yz,xz − 2

(
t2xz,xy + t2xy,xz + t2yz,xy + t2xy,yz

)]

1 z 1 x +W2 +V2

√
2 [(txz,xz + txz,yz )txz,xy − (tyz,xz + tyz,yz )tyz,xy]

1 z 2 xz +W2 +V2

√
2 [(txz,xz − txz,yz )txz,xy − (tyz,xz − tyz,yz )tyz,xy]

1 z 2 x2−y2 +W2 +V2 2(txz,xztxz,yz − tyz,xztyz,yz )

2 z2 1 x +W2 +V2

√
2√
3

[(txz,xz + txz,yz )txz,xy + (tyz,xz + tyz,yz )tyz,xy − 2(txy,xz + txy,yz )txy,xy]

2 z2 2 xz +W2 +V2

√
2√
3

[(txz,xz − txz,yz )txz,xy + (tyz,xz − tyz,yz )tyz,xy − 2(txy,xz − txy,yz )txy,xy]

2 z2 2 x2−y2 +W2 +V2
2√
3

(txz,xztxz,yz + tyz,xztyz,yz − 2txy,xztxy,yz )

1 x 1 x +W2 +V2 [(txz,yz + tyz,xz )txy,xy + (txz,xy + tyz,xy )(txy,xz + txy,yz )]

1 x 2 xz +W2 +V2 [(−txz,yz + tyz,xz )txy,xy + (txz,xy + tyz,xy )(txy,xz − txy,yz )]

2 xz 2 xz −W2 −V2 [(txz,yz + tyz,xz )txy,xy − (txz,xy − tyz,xy )(txy,xz − txy,yz )]

2 x2 − y2 2 x2−y2 +W2 +V2 2txz,yztyz,xz

1 x 2 x2−y2 +W2 +V2

√
2 [(txz,xz + tyz,xz )txy,yz + (txz,yz + tyz,yz )txy,xz]

2 xz 2 x2−y2 +W2 +V2

√
2 [(txz,xz − tyz,xz )txy,yz + (txz,yz − tyz,yz )txy,xz]

C. The n = 4 and 5 case

For n = 5 and 4, electron-hole transformation of the atomic
states yields the corresponding changes. To obtain the same
prefactors (aside from a sign) for spin operators with rank
zero, one must then also replace ni −→ 6−ni, yielding the
number of holes, in the definition. As in the eg case, in the
hole representation, the only modification with respect to the
analogous electron case is the change of sign in the terms
which mix operators with orbital rank zero and higher.

V. ENERGY SURFACES

It is now easy to use the superexchange Hamiltonians to
calculate energy surfaces in the static mean-field approxima-
tion. We use as an example the case of t12g perovskites in
the GdFeO3-type structure, for which we performed extensive
many-body calculations based on DMFT [13]. For the calcu-
lations, we use hopping integrals for t2g Wannier functions,
obtained ab initio via the linearized augmented plane-wave
method, as implemented in the WIEN2K code [16]. We define
the most occupied orbital at a Ti site as

|θ ,φ〉 = − |π−θ ,φ ± π〉
= sin θ cosφ|xz〉 + cos θ |xy〉 + sin θ sin φ|yz〉. (58)

The orbitals for equivalent Ti sites in the unit cell are related
via space-group symmetries; in the GdFeO3-type structure,
with four atoms per unit cell, if at site Ti1 the most occupied
orbital is |θ ,φ〉1, the corresponding states at sites 2, 3, and 4,
where site 3 is on top of site 1 and site 4 on top of 2, are given
by, respectively, |θ ,φ〉2 = |θ , π

2 − φ〉1, |θ ,φ〉3 = | − θ ,φ〉1,
and |θ ,φ〉4 = |−θ , π

2 − φ〉1. Thus, the superexchange energy
gain for orbital ordering in the paramagnetic phase is

$E (θ ,φ) =
>∑

rµ,r′µ′

(
8D

ab
rµ,r′µ′τ

r′µ′

2 τ rµ
1 + 4D

c
rµ,r′µ′τ

r′µ′

3 τ rµ
1

)
,

where τ rµ
i = i〈θ ,φ|τ̂ r,µ|θ ,φ〉i, and the sum is for r + r′ > 0.

Furthermore,

D
ab
rµ,r′µ′ = 1

8

∑

i= j, j+ẑ

(
Dii+x̂

rµ,r′µ′ + Dii−x̂
rµ,r′µ′ + Dii+ŷ

rµ,r′µ′ + Dii−ŷ
rµ,r′µ′

)
,

D
c
rµ,r′µ′ = 1

4

∑

i= j, j+x̂

(
Dii+ẑ

rµ,r′µ′ + Dii−ẑ
rµ,r′µ′

)
.

Analogous expressions can be written for the ferromagnetic
and antiferromagnetic phases. In Fig. 1, we show the resulting
energy surfaces as a function of θ and φ, in the paramag-
netic, antiferromagnetic, and ferromagnetic cases, using the
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.

DOI: 10.1103/PhysRevLett.92.176403 PACS numbers: 71.30.+h, 71.15.Ap, 71.27.+a

Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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TABLE IV. Additional relevant quadratic (r != 0, r′ != 0) and linear terms (r = 0, r′ != 0) for t12g and t22g configurations, spin rank q = 0.
The tensors for spin rank q = 1 can be obtained by replacing Wi −→ W̃i and Vi −→ Ṽi. Prefactors and hopping integrals are defined in the
caption of Table III.

r µ r′ µ′ t12g t22g Di j
rµ,r′µ′ × U/2

0 s 0 s −W0 −V0
(
t2xz,xy + t2xz,yz + t2xy,xz + t2xy,yz + t2yz,xz + t2yz,xy

)

0 s 1 x −W1 −V1
2√
3

[(txz,xz + txz,yz )txz,xy + (tyz,xz + tyz,yz )tyz,xy + (txy,xz + txy,yz )txy,xy]

0 s 1 z −W1 −V1

√
2√
3

(
t2yz,xz + t2xy,xz − t2xz,yz − t2xy,yz

)

0 s 2 xz −W1 −V1
2√
3

[(txz,xz − txz,yz )txz,xy + (tyz,xz − tyz,yz )tyz,xy + (txy,xz − txy,yz )txy,xy]

0 s 2 x2−y2 −W1 −V1
2
√
2√
3

(txz,xztxz,yz + tyz,xztyz,yz + txy,xztxy,yz )

0 s 2 z2 −W1 −V1

√
2
3

(
t2yz,xz + t2xy,xz + t2xz,yz + t2xy,yz − 2t2xz,xy − 2t2yz,xy

)

1 z 1 z −W2 −V2
(
t2xz,yz + t2yz,xz

)

1 z 2 z2 +W2 +V2
1√
3

[
t2xz,yz − t2yz,xz − 2

(
t2xz,xy − t2yz,xy

)]

2 z2 2 z2 +W2 +V2
1
3

[
t2xz,yz + t2yz,xz − 2

(
t2xz,xy + t2xy,xz + t2yz,xy + t2xy,yz

)]

1 z 1 x +W2 +V2

√
2 [(txz,xz + txz,yz )txz,xy − (tyz,xz + tyz,yz )tyz,xy]

1 z 2 xz +W2 +V2

√
2 [(txz,xz − txz,yz )txz,xy − (tyz,xz − tyz,yz )tyz,xy]

1 z 2 x2−y2 +W2 +V2 2(txz,xztxz,yz − tyz,xztyz,yz )

2 z2 1 x +W2 +V2

√
2√
3

[(txz,xz + txz,yz )txz,xy + (tyz,xz + tyz,yz )tyz,xy − 2(txy,xz + txy,yz )txy,xy]

2 z2 2 xz +W2 +V2

√
2√
3

[(txz,xz − txz,yz )txz,xy + (tyz,xz − tyz,yz )tyz,xy − 2(txy,xz − txy,yz )txy,xy]

2 z2 2 x2−y2 +W2 +V2
2√
3

(txz,xztxz,yz + tyz,xztyz,yz − 2txy,xztxy,yz )

1 x 1 x +W2 +V2 [(txz,yz + tyz,xz )txy,xy + (txz,xy + tyz,xy )(txy,xz + txy,yz )]

1 x 2 xz +W2 +V2 [(−txz,yz + tyz,xz )txy,xy + (txz,xy + tyz,xy )(txy,xz − txy,yz )]

2 xz 2 xz −W2 −V2 [(txz,yz + tyz,xz )txy,xy − (txz,xy − tyz,xy )(txy,xz − txy,yz )]

2 x2 − y2 2 x2−y2 +W2 +V2 2txz,yztyz,xz

1 x 2 x2−y2 +W2 +V2

√
2 [(txz,xz + tyz,xz )txy,yz + (txz,yz + tyz,yz )txy,xz]

2 xz 2 x2−y2 +W2 +V2

√
2 [(txz,xz − tyz,xz )txy,yz + (txz,yz − tyz,yz )txy,xz]

C. The n = 4 and 5 case

For n = 5 and 4, electron-hole transformation of the atomic
states yields the corresponding changes. To obtain the same
prefactors (aside from a sign) for spin operators with rank
zero, one must then also replace ni −→ 6−ni, yielding the
number of holes, in the definition. As in the eg case, in the
hole representation, the only modification with respect to the
analogous electron case is the change of sign in the terms
which mix operators with orbital rank zero and higher.

V. ENERGY SURFACES

It is now easy to use the superexchange Hamiltonians to
calculate energy surfaces in the static mean-field approxima-
tion. We use as an example the case of t12g perovskites in
the GdFeO3-type structure, for which we performed extensive
many-body calculations based on DMFT [13]. For the calcu-
lations, we use hopping integrals for t2g Wannier functions,
obtained ab initio via the linearized augmented plane-wave
method, as implemented in the WIEN2K code [16]. We define
the most occupied orbital at a Ti site as

|θ ,φ〉 = − |π−θ ,φ ± π〉
= sin θ cosφ|xz〉 + cos θ |xy〉 + sin θ sin φ|yz〉. (58)

The orbitals for equivalent Ti sites in the unit cell are related
via space-group symmetries; in the GdFeO3-type structure,
with four atoms per unit cell, if at site Ti1 the most occupied
orbital is |θ ,φ〉1, the corresponding states at sites 2, 3, and 4,
where site 3 is on top of site 1 and site 4 on top of 2, are given
by, respectively, |θ ,φ〉2 = |θ , π

2 − φ〉1, |θ ,φ〉3 = | − θ ,φ〉1,
and |θ ,φ〉4 = |−θ , π

2 − φ〉1. Thus, the superexchange energy
gain for orbital ordering in the paramagnetic phase is

$E (θ ,φ) =
>∑

rµ,r′µ′

(
8D

ab
rµ,r′µ′τ

r′µ′

2 τ rµ
1 + 4D

c
rµ,r′µ′τ

r′µ′

3 τ rµ
1

)
,

where τ rµ
i = i〈θ ,φ|τ̂ r,µ|θ ,φ〉i, and the sum is for r + r′ > 0.

Furthermore,

D
ab
rµ,r′µ′ = 1

8

∑

i= j, j+ẑ

(
Dii+x̂

rµ,r′µ′ + Dii−x̂
rµ,r′µ′ + Dii+ŷ

rµ,r′µ′ + Dii−ŷ
rµ,r′µ′

)
,

D
c
rµ,r′µ′ = 1

4

∑

i= j, j+x̂

(
Dii+ẑ

rµ,r′µ′ + Dii−ẑ
rµ,r′µ′

)
.

Analogous expressions can be written for the ferromagnetic
and antiferromagnetic phases. In Fig. 1, we show the resulting
energy surfaces as a function of θ and φ, in the paramag-
netic, antiferromagnetic, and ferromagnetic cases, using the
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LaVO3: A true Kugel-Khomskii system
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We show that the t22g perovskite LaVO3, in its orthorhombic phase, is a rare case of a system hosting
an orbital-ordering Kugel’-Khomskii phase transition rather than being controlled by the Coulomb-enhanced
crystal-field splitting. We find that, as a consequence of this, the magnetic transition is close to (and even
above) the superexchange driven orbital-ordering transition, whereas typically magnetism arises at much lower
temperatures than orbital ordering. Our results support the experimental scenario of orbital ordering and G-
type spin correlations just above the monoclinic-to-orthorhombic structural change. To explore the effects of
crystal-field splitting and filling, we compare to YVO3 and t12g titanates. In all these materials the crystal field is
sufficiently large to suppress the Kugel’-Khomskii phase transition.

DOI: 10.1103/PhysRevB.106.115110

I. INTRODUCTION

Almost 50 years ago, Kugel’ and Khomskii (KK) showed
in a classic paper that, in strongly correlated materials, orbital
ordering (OO) can arise from pure superexchange (SE) inter-
actions [1]. It can, however, also result from the crystal-field
(CF) splitting via a lattice distortion, i.e., from electron-lattice
coupling [2]. In typical cases both mechanisms lead to similar
types of ordering so that identifying which one actually drives
the transition is a “chicken-and-egg problem” [3]. Despite
the intensive search, it has, therefore, been hard to find an
undisputed realization of a KK system.

Initially it was believed that the eg perovskites KCuF3
and LaMnO3 could be KK materials [3–6]. In recent years,
however, it was proven that neither in these, nor in other
eg systems, superexchange interactions are strong enough to
drive the OO transition alone [7–12]. In fact, in order to
explain the presence of OO at high temperature, lattice dis-
tortions, arising from the Jahn-Teller effect, the Born-Meyer
potential, or both [13], have to be present. The CF splitting
generated by the distortions is then effectively enhanced by
the Coulomb repulsion, which suppresses orbital fluctuations
[14–16], leading to a very robust OO state. The actual form of
the ordered state is then essentially determined by the crystal
field. Recently, the case of t12g perovskites was explored as
possible alternative [17]. In fact, the CF is typically weaker
in π -bond than in σ -bond materials, whereas, at the same
time, the orbital degeneracy is larger. This can potentially
turn the balance of interactions in favor of SE. It was indeed
shown that TKK, the critical temperature of super-exchange-
driven orbital ordering, is remarkably large in LaTiO3 and
YTiO3, about 300 K [17]. At the same time it became,
however, also clear that even in these systems OO is domi-
nated by correlation-enhanced CF splitting rather than the SE
interaction.

In this paper we identify the first compound in which
KK multiorbital superexchange yields an orbital-ordering
phase transition at observable temperatures: the t22g perovskite
LaVO3 in its orthorhombic (GdFeO3-type structure) phase.
LaVO3 has drawn a lot of attention due to its peculiar prop-
erties and phase diagram [18–24]. In the low-temperature
monoclinic phase (T < Tstr ∼ 140 K), it exhibits a C-type
magnetic structure. Due to the small distortions of the VO6
octahedra, it was suggested that C-type spin order could
arise from strong xz/yz orbital fluctuations [25]. Calculations
accounting for the GdFeO3-type distortions have, however,
shown that orbital fluctuations are suppressed below Tstr , and
classical OO is sufficient to explain C-type spin order [16].
The debate remains open for what concerns the intriguing
phase just above the structural phase-transition, Tstr < T <
TN′ ∼ 145 K. Here thermodynamic anomalies and weak mag-
netic peaks suggest a change in spin-orbital order, either long
or short ranged [22–24], the origin of which is, however, un-
clear. Our results show that the KK nature of LaVO3 provides
a natural explanation.

To understand what makes orthorhombic LaVO3 special,
we compare it with the similar but more distorted YVO3 and
the two isostructural t12g titanates. We start from the param-
agnetic (PM) phase. We show that, for the vanadates, TKK is
actually smaller than for titanates, TKK ∼ 190 K in LaVO3 and
TKK ∼ 150 K in YVO3, but at the same time the crystal field
is weaker, for LaVO3 more so than for YVO3. The surprising
result of the energy-scale balance is that, while in YVO3 the
occupied state is still, to a large extent, determined by the
CF splitting, for LaVO3 it substantially differs from CF-based
predictions (Fig. 1). Staying with LaVO3, we find that the
actual orbital-ordering temperature TOO is close to TKK. Even
more remarkable is the outcome of magnetic calculations.
They yield a G-type antiferromagnetic (AF) phase with TN >
TOO ∼ TKK > Tstr . This is opposite to what typically happens

2469-9950/2022/106(11)/115110(5) 115110-1 ©2022 American Physical Society
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FIG. 3: (Color online) Orbital polarization p (left) and (right)
occupied state |θ〉 (| − θ〉) for sites 1 and 3 (2 and 4) as a
function of temperature. Solid line: 300 K (R11) and 800 K
(R800K

2.4 ) structures. Dots: orthorhombic structures with half
(R6) or no (R0) Jahn-Teller distortion. Pentagons: 2 (full)
and 4 ( empty) sites CDMFT. Dashes: ideal cubic structure
(I0). Circles: U = 5 eV. Diamonds: U = 5.5 eV. Triangles:
U = 6 eV. Squares: U = 7 eV. Crystal-field splitting (meV):
840 (R11), 495 (R6), 219 (R0), 168 (R800K

2.4 ), and 0 (I0).

to the randomly oriented t2g spins. These spectra are
in line with experiments [31–34]. We find that even at
1150 K the system is fully orbitally polarized (p ∼ 1).
On sites 1 and 3, the occupied state is |θ〉 ∼ |106o〉,
on sites 2 and 4 it is | − θ〉 ∼ | − 106o〉 (d-type OO);
|θ〉 is close to the lower crystal-field state obtained from
LDA (table I) and in excellent agreement with neutron
diffraction experiments [8]. We find that things hardly
change when the JT distortion is halved (R6 structure in
Fig. 3). Even for the average 800 K structure (R800K

2.4 ) OO
does not disappear: Although the Jahn-Teller distortion
is strongly reduced to δJT = 2.4%, the crystal-field split-
ting is ∼168 meV and the orbital polarization at 1150 K
is as large as p ∼ 0.65, while θ is now close to 90o. For
all these structures, orbital order is already determined
by the distortions via the crystal-field splitting.

To find the temperature TKK at which Kugel-Khomskii
super-exchange drives orbital-order we consider the zero
crystal-field limit, i.e. the ideal cubic structure, I0. The
eg band-width increases to Weg

∼ 3.7 eV and for U =
5 eV the system is a Mott insulator with a tiny gap only
below T ∼ 650 K. We find TKK ∼ 650 K, very close
to the metal-insulator transition (Fig. 3). To check how
strongly TKK changes when the gap opens, we increase
U . For U = 5.5 eV we find an insulating solution with
a small gap of ∼ 0.5 eV and TKK still close to ∼ 650 K.
For U = 6 eV, Eg ∼ 0.9 eV and TKK ∼ 550 K. Even with
an unrealistically large U = 7 eV, giving Eg ∼ 1.8 eV,
TKK is still as large as ∼ 470 K. Thus, despite the small
gap, TKK decreases as ∼ 1/U , as expected for super-
exchange. For a realistic U ∼ 5 eV, the calculated TKK ∼
650 K is surprisingly close to the order-disorder transition
temperature, TOO ∼ 750 K, though still much smaller

than TJT ! 1150 K. The occupied state at site 1 is |θ〉 ∼
|90o〉 for all U .

Such a large TKK is all the more surprising when com-
pared with the value obtained for KCuF3, TKK ∼ 350 K
[21]. For the ideal cubic structure the hopping matrix
(table I) is ti,i±z

m,m′ ∼ −tδm,m′δm,3z2−1, ti,i±x
m,m = ti,i±y

m,m ∼
−t/4(1 + 2δm,x2−y2), and for m $= m′ ti,i±x

m,m′ = −ti,i±y

m,m′ ∼√
3t/4. Since the effective (after averaging over the di-

rections of St2g
) hopping integral in LaMnO3, 2t/3 ∼

345 meV is ∼ 10% smaller than t ∼ 376 meV in KCuF3

[21], one may expect a slightly smaller TKK in LaMnO3,
opposite to what we find. Our result can, however, be
understood in super-exchange theory. The KK SE part of
the Hamiltonian, obtained by second-order perturbation
theory in t from Eq. (1), may be written as

Hi,i′

SE ∼
JSE

2

∑

〈ii′〉x,y

[

3T x
i T x

i′ ∓
√

3 (T z
i T x

i′ + T x
i T z

i′)
]

+
JSE

2

∑

〈ii′〉x,y

T z
i T z

i′ + 2JSE

∑

〈ii′〉z

T z
i T z

i′ , (2)

where 〈i, i′〉x,y and 〈i, i′〉z indicate near neighboring sites
along x, y, or z; −(+) refers to the x (y) direction, T x

i

and T z
i are pseudospin operators [3], with T z|3z2 − 1〉 =

1/2|3z2 − 1〉, T z|x2 − y2〉 = −1/2|x2 − y2〉. The su-
perexchange coupling is JSE = (t̄2/U)(w/2), where t̄
is the effective hopping integral. In the large U limit
(negligible J/U and h/U), w ∼ 1 + 4〈Sz

i 〉〈Sz
i′ 〉+ (1−

4〈Sz
i 〉〈Sz

i′〉)u
i,i′

⇑,⇓/ui,i′

⇑,⇑, where Sz
i are the eg spin operators.

In LaMnO3 the eg spins align with the randomly oriented
t2g spins, thus t̄ = 2t/3, w ∼ 2, and JSE ∼ 2(2t/3)2/U .
For d-type order, the classical ground-state is |θ〉 ∼ |90o〉,
in agreement with our DMFT results. In KCuF3, with
configuration t62ge

3
g, the Hund’s rule coupling between eg

and t2g plays no role, i.e. 〈Sz
i 〉 = 0. The hopping inte-

gral t̄ = t is indeed slightly larger than in LaMnO3, but
w ∼ 1, a reduction of 50%. Consequently, JSE is reduced
by ∼ 0.6 in KCuF3. For finite J/U and h/U , w is a more
complicated function, but the conclusions stay the same.
We verified solving (1) with LDA+DMFT that also for

LaMnO3 TKK drops drastically if ui,i′

σ,−σ = 0 and h = 0.
It remains to evaluate the effect of the orthorhombic

distortion on the transition. For this we perform calcu-
lations for the system R0 with no Jahn-Teller distortion,
but keeping the tetragonal and GdFeO3-type distortion
of the 300 K structure. This structure is metallic for
U = 4 eV; for U = 5 eV it has a gap of ∼ 0.5 eV. We
find a large polarization already at 1150 K (p ∼ 0.45).
Such polarization is due to the crystal-field splitting of
about 219 meV, with lower crystal-field states at site 1
given by |1〉 ∼ |x2 − y2〉. Surprisingly the most occupied
state |θ〉 is close to |1〉 (θ ∼ 180) only at high temper-
ature (∼ 1000 K). The orthorhombic crystal-field thus
competes with super-exchange, analogous to an external
field with a component perpendicular to an easy axis.

TKK ≪ TOO and TJT

super-exchange strong but alone cannot explain TOO
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KBF3 : also JT not enough (Born-Mayer repulsion)
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