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Motivation:  spin-orbital physics

Orbital models:  quantum frustration

eg orbital model & spin order:  thermodynamic order at T<Tc  

Kugel-Khomskii model in KCuF3 and K2CuF4

t2g orbital models: LaVO3, triangular lattice, Kitaev …

Experimental manifestations of entanglement
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zx xyyz

3z2-r2 x2-y2

3d orbitals

correlated insulators

orbitals are quantum
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Inventors of spin-orbital physics at Blois (France, 2006)
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Intrinsic frustration of orbital interactions due to directionality
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disorder:

frustrated lattice

order 

out of disorder

square lattice:

no frustration

Cubic symmetry of directional orbital interactions:

SU(2) symmetry:

Interaction depends on the bond direction => frustration on a square lattice
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frustrated

kagome lattice

eg orbitals t2g orbitals

Orbital interactions are directional !

eg systems ( d7,d9 ) z-like active

t2g systems ( d1, d2, d4 ) two
active orbitals along each axis, e.g.     

zx and xy along a axis

classical quantum

spins:
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Spin-orbital physics

LaVO3

t2g orbitals

LaMnO3

eg orbitals

C-AF A-AF

Goodenough-Kanamori rules:

AO order supports FM spin order

FO order supports AF spin order

Are these rules sufficient?

AF phases with some FM bonds

spin-orbital entanglement
no entanglement for FM bonds 

Frustration can be removed

[AMO, J. Phys.: Condensed Matter 24, 313201 (12)]

eg orbitals t2g orbitals

Orbital interactions are directional !
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Here A and B are spin and orbital degrees of freedom of the system
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1D  entangled spin-orbital model
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Phase diagram of the 1D  spin-orbital model
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Evolution of the 1D  spin-orbital model for increasing spin-orbit coupling

third parameter:
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From on-site to on-bond entanglement in spin-orbital model
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Hopping and orbital superexchange for t2g

In t2g systems (d1,d2, …) two states 

are active along each cubic axis,                            

e.g. yz & zx for the axis c –

We introduce convenient notation 

they are described by quantum operators: 

Scalar product                but for JH>0 also other terms breaking the „SU(2)” symmetry

Orbital interactions

have cubic symmetry

no hopping ||c

[A.B. Harris et al.,

PRL 91, 087206 (03)]

xy orbital called c
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Orbital Hubbard model for  eg orbitals

Real basis:

with interaction =>

has cubic symmetry0
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Superexchange only possible for two orbital configurations:

t2g orbitals:

eg orbitals:

Orbital models

More symmetric for complex orbitals with orbital phases

real orbitals
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2D order in eg orbital model

B
A

0

A

B

C

Onsager

interactions

-J

-J

-J

C

Villain

[L. Longa, AMO, J. Phys. A 13, 1031 (80)]
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eg orbital model spinless electrons

Orbital superexchange => AO
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[G. Jackeli and G. Khaliullin, PRL 102, 017205 (09)]

Entanglement by on-site spin-orbit: compass and Kitaev

Kramers doublet of entangled states:

ABO2 structure A2BO3 structure

triangular

compass

hexagonal

Kitaev

t2g orbitals: l =1, lz= -1,0,+1
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FM AF

A-AF C-AF

G-AFFM

Which kind of eg spin-orbital order ? spin exchange

Strong in-plane anisotropy for G-AF
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Degenerate Hubbard model & charge excitations ( t << U )

[A.M. Oleś, PRB 28, 327 (1983)]
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Two parameters: U – intraorbital Coulomb interaction, JH – Hund’s exchange

single parameter: 

η = JH /U

In a Mott insulator (t<<U)

superexchange follows

from charge excitations

eg systems t2g systems

HS

LS
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Spin-orbital  superexchange model

Spins and orbitals are entangled

anisotropic modes; spin correlations depend on direction
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Optical sum rules follow from superexchange (t<<U)

Spin-orbital superexchange model for a perovskite, γ=a,b,c (J=4t2/U):

contains orbital operators:

Kinetic energy determined by charge excitation n along γ=a,b,c :

Superexchange determines partial optical sum rule for individual subband n:
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[G. Khaliullin, P. Horsch, AMO, PRB 70, 195103 (04)]

Each multiplet level n represents an upper Hubbard subband

Can spin and orbital operators be disentangled ?
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Disentanglement: Spinon-orbiton separation
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Kugel-Khomskii model

We follow the general scheme:

with
KK model
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Kugel-Khomskii model

Equidistant multiplet structure for d 8 ions η=JH /U

HS

LS

Charge excitations fully characterized by:

KK model

In this regime behaves as the 1D quantum antiferromagnet

Experimental observations:
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Spin-orbital entanglement near the QCP

Spin disordered states

Example: Kugel-Khomskii (KK) model (d9)

eg orbitals T=1/2 spins S=1/2

Parameters: (1) Ez/J – eg orbital splitting

(2) JH/U – Hund´s exchange

Phase diagram of the d9 model

Quantum critical point: (Ez,JH) = (0,0)

[L.F. Feiner, AMO, J. Zaanen, PRL 78, 2799 (97)]

Entanglement#1: near the QCP 

QCP

A-AF phase in KCuF3

A-AF

A-AF
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Orbital Hubbard model for  eg orbitals

Real basis:

with interaction =>

has cubic symmetry
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Phase diagram: 2D Kugel-Khomskii model

a

a

η=JH /U

Much weaker AF interactions between holes in        orbitals than in

Entanglement #2: in 2D model
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Entanglement: spin excitations in the FM phase
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Entanglement: orbital background and its modification
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Entanglement #3: Modified FM magnons
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Weak entanglement: LaMnO3

Here the optical spectra weights

are reproduced by disentangled

spin-orbital superexchange
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Spin-orbital superexchange in RVO3

In t2g systems (d1,d2) two states are 

active, e.g. yz i zx for the axis c – they 

are described by quantum operators: 

Scalar product               but for η>0 also:
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 Orbital interactions

have cubic symmetry

Orbital SU(2) symmetry is broken !

Spin-orbit superexchange in RVO3  d 2 ( S = 1 ):

Entanglement expected !

no hopping ||c

[A.B. Harris et al.,

PRL 91, 087206 (03)]

xy orbital is called c
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Optical spectra: HS (n=1) and LS (n=2,3) weights
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Spin-orbital order in a t2g system
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Entanglement #4: Optical spectral weights for LaVO3 (C-AF)

mean-field approach fails: orbital and spin-orbital dynamics

[G. Khaliullin, P. Horsch, and AMO, PRB 70, 195103 (04)]

spin-orbital entanglement is crucial at T>0!

weak orbital order unlike in LaMnO3

Data: S. Miyasaka et al.,

[ JPSJ 71, 2086 (2002)]

( Note: no entanglement in LaMnO3 )
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Phase Diagram of RVO3 (R =Lu,…,La)

with superexchange:

J = 200 K

[P. Horsch et al., PRL 100, 167205 (2008)]

C-AF phase G-AF phase

[J. Fujioka et al., PRB 82, 144425 (2008)]
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Entanglement #5: Phase Diagram of RVO3 (R =Lu,…,La)

TN1 modified due to s-o entanglement !
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Entanglement in the triangular lattice
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Entanglement #6: Triangular lattice



SOE 18 Sep 43

Maximal frustration: No order in the Kitaev model

[G. Baskaran et al., PRL 98, 247201 (2007)]Two-spin correlations 

vanish beyond NN pairs

Gapless but short 

range spin liquid

A model for topological

quantum computations

[A. Kitaev, Ann. Phys. 321, 2 (2006)]

( with FM exchange )
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Entanglement #7: Kitaev-Heisenberg model



SOE 18 Sep 45

[C.C. Chen et al., PRB 91, 165102 (15)]
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[J. Li et al., PRL 126, 165102 (21)]
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[V. Bisogni et al., PRL 114, 165102 (15)]
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[E.M. Plotnikova et al., PRL 116, 165102 (16)]
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Spin-orbital entanglement in Mott insulators

1. From Ising via eg to 2D compass: increasing frustration

2. Kanamori parameters: Hubbard U and Hund’s J

3. Goodenough-Kanamori rules: complementarity

4. Kugel-Khomskii eg model in 3D and in 2D: QCP 

5. Entanglement in spin excitations

6. Spin-orbital entanglement in t2g models

7. Spin-orbital entanglement in Kitaev-Heisenberg model

8. Experimental consequences

eg orbital order below
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