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‘ Interplay of spin, orbital, charge, lattice degree of freedom

3d orbitals

e
Cspin_>—COorbial>

correlated insu[ators‘ \ ZX

orbitals are quantum

@ Superconductivity
@ Colossal magnetoresistance (CMR)

@ Charge and orbital ordering
@ Non-Fermui liquid
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[4] K.I. Kugel and D.I. Khomskii, Sov. Phys. Usp. 25, 231 (1982) *

‘ Inventors of spin-orbital physics at Blois (France, 2006) ‘




| Intrinsic frustration of orbital interactions due to directionality

SU(2) symmetry: Hsp,n—JZS oS

e, systems (d’,d°) z- IlkeJ active

t,, systems (d?, d4, d*) two
active orbitals along each axis, e.qg.

€4 orbitals

@)

toq orbitals

zx and xy along a axis

Orbital interactions are directional !

/

$.\°?_ 478y

classical guantum

disorder: order
frustrated lattice out of disorder

frustrated
kagome lattice

Cubic symmetry of directional orbital interactions:

square lattice:
no frustration

= J ZTi(7)Tj(7)

<ij>

Interaction depends on the bond direction => frustration on a square lattice




‘ Spin-orbital physics

AF phases with some FM bonds

e, orbitals t,, Orbitals

Orbital interactions are directional !

Frustration can be removed

Goodenough-Kanamori rules:
AO order supports FM spin order
FO order supports AF spin order

Are these rules sufficient?

tp, Orbitals e, orbitals spin-orbital entanglement

no entanglement for FM bonds
SOE 18 Sep 6
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Entanglement entropy (Bipartite)

* Two subsystems: A and B H="Ha® Hg
* Wave function: v, =) C, w "y}

* Product state: € =i

* Entangled state: C #CC,

* Taking trace over B leads to

ply) = Trp|Wo)(Ty|
Entanglement is measured by von Neumann entropy in the ground state
0 _ - (0) (0)
Son = —Tra{p, logypy’}

Here A and B are spin and orbital degrees of freedom of the system
SOE 18 Sep 7



| 1D entangled spin-orbital model |

To illustrate these concepts, we begin with a study of a one-dimensional (1D) spin-orbital su-
perexchange model Hgsp defined in a Mott insulator with on-site repulsion U by the spin-orbital
Hilbert space spanned by the eigenstates { |T), |[])}, of spin S = 1/2, and orbital (pseudospin)
operator 1" = 1/2, with the eigenstates { |[+), |[—)}. Such states at two neighboring sites 7 and
1+1 are coupled by 1D spin-orbital (‘Kugel-Khomskii™) superexchange [4-6],

Hsp =T [(S@- Sip1+a) (T T+ ) —af+2. Y 7—}@] , (1)
where Tz-(c) = T_i(c) = 07 /2, and we take the orbital splitting Js, = E. = 0,
At?
antiferromagnetic (AF) superexchange | J = N

A standard measure of entanglement between two subsystems A and B in the ground state
|GS) of a system of size L is the von Neumann entropy [13]: S;x = —Tra{palnpa}/L, see
Fig. 1. Here our two subsystems are spins and orbitals and the entanglement concerns the
entire system (in other applications the system would frequently be separated into A and B by
cutting one bond). The von Neumann entropy is obtained by integrating the density matrix,
pa = Trp|GS)(GS| over subsystem B. Consequently, we use here the following definition of
the von Neumann spin-orbital entanglement entropy:

1
SN = —ZTFS{P.S' Inps}. (3)



\ Phase diagram of the 1D spin-orbital model \
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Fig. 1: Spin-orbital entanglement in the 1D SU(2) @ SU(2) model (1) at E. = 0. Left—The von
Neumann entropy per site S,/ L (3) for the ground state at L = 8 as a function of x and y. The
phase boundaries (solid and dashed lines) are drawn to guide the eye. Right—Phase diagram of
a coupled 1D spin-orbital chain. The diamond point is located at (3/4,3/1). Quantum phases are
distinguished by entanglement: 1, II, and I1I are disentangled, 1V is weakly, and V& VI stronger

entangled. The parameters (x,y) are the same as («, 3) in Fig. 2. Images after Ref. [6].
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Evolution of the 1D spin-orbital model for increasing spin-orbit coupling ‘

(a) (b) (c) SvN
I 0.5
— 0.4
- 0.3
Lo
— 0.2
0.1
A J— o0
0.0
40 -20 00 2.0 4.0 -40 -20 00 20 4.0 -40 -20 00 2.0 4.0
(87 @7 87

Fig. 2: The von Neumann spin-orbital entanglement entropy, Sy~ (3), calculated using ED on
an L=12-site periodic chain for the spin-orbital model Eq. (5) and for the increasing value of
the spin-orbit coupling A [15]: (a) \/J =0, (b) \/J = 0.1, and (c) \/.J — oc.

third parameter: Hsoc = 2 Z Sf']f
i

on-site spin-orbit coupling (SOC)
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From on-site to on-bond entanglement in spin-orbital model

AN

log scale

SOE 18 Se Fig. 3: Schematic quantum phase diagram of Hamiltonian (1) in the (a, 3) plane, see Fig. 1. 11
P The colorful vertical plane shows how spin-orbital entanglement extends to the highly entangled
state, with on-bond entanglement in two disentangled phases: FM®RAO and AFQFO, see Fig. 2.



Hopping and orbital superexchange for t,,

In t,, systems (d',d?, ...) two states /é%) / no hopping ||c

are active along each cubic axis, xy orbital called c
e.g. yz & zx for the axis ¢ —

Hl‘ IL)(] — TT Y zaa Jacr t

a  (ij)|v#a

[A.B. Harris et al.,
PRL 91, 087206 (03)]

We introduce convenient notation

Orbital interactions

la) = |yz). 1b) = |zz), c) = |zy) have cubic symmetry

they are described by quantum operators:
={. 17,1}

Scalar product 7' - T'; but for J;>0 also other terms breaking the ,SU(2)” symmetry
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Orbital Hubbard model for €, orbitals

Hamiltonian for e, electrons couples two directional e,-orbitals

Real basis: Ht €g = —fT 7: a;qag il
A (i7)||ev,o
=132, |5) = L

(i) lab
complex ¢, orbitals

i+ = 5 (li2) —iliz),  li—) = #(72) +iliz)

1 [ —1 1
%T(E g) = —atz Z (G-I+a-j++aj_a.j )Jr"‘ ( X“airaj +e™ X“al_a.jJr)]

a (ij)lla

with yv, = +27/3, \, = —27/3, and x. = 0 has cubic symmetry
soe 15 syth interaction (U 1, m; =>\ orbital Hubbard model |
{




| Orbital models |

t,q Orbitals: [a) =

fZQ — —I‘Z Z i:r:rcr Lo

yz), |b) = |3T) ) = |zy). q 3d orbitals ﬂ
™

a (ij}|[v#a 372_p2 X2-y?
e, orbitals: [z) = %|3:2—r2). |z) = T|;r2—-t,12>.
= _tz Z 3(,_&0 .:f'{c: \ 7X
real orbitals @ (ij)|leo
HT Eg __IL Z [3({12&3;: + aizajz + \/7 (azzajz + aiznjz)] —t Z a;rzﬂ'jz* (] 1}
(mn)||ab (i5} e
More symmetric for complex orbitals with orbital phases
li+) = A(|-z‘.:.:) —1iliz)). i—) = A(|-zt:;) +1liz)).

H, =58 3 (st )or (ol oal g ) U e, a6
T it v, = +2T/3 Yo = —27/3, and xo = 0
Superexchange only possible for two orbital configurations:

\ 1 1 \ 1 ] 1 A
‘P((E;}) = ( +T(r)> (OTjr})+(2TE£r)> (94—?‘;”)). (]7)
oM — ofl_ @\ [(l_ =
SOE18:Q ) = 2 5T 5T |- (18)

T



B

C

- Villain

[L. Longa, AMO, J. Phys. A 13, 1031 (80)]

2D order In 2 orbital model

2 1
Ising __
j =

21og(1 + /2)

~ (0.567296.

TABLE I. The critical temperature 7. and the type of order

for the classical and quantum models on a square lattice: Ising
model, 5 and 2 frustrated Ising [29], fully frustrated Villain
model [30], €y 011)1’5&1 model [23] and 2D compass model [22].

2D model order T./J method  Interactions
Ising 2D 0.567296 exact Onsager
L frustrated 2D 0.410 exact C
% frustrated 2D 0.342 exact - B
Villain — 0.0 exact A
e, orbital 2D 0.3566 =+ 0.0001 VTNR ~ E(y aJ‘
compass nematic 0.0606 £ 0.0004

VINR 15




e, orbital model spinless electrons

Orbital superexchange => AO eg-orbital model in d = oo dimensions
12) = %‘3:2—?"2)__ |Z) = ﬁhﬁg—y?)‘ Gutzwiller approximation contains mostly the OL phase
30

(a) (b) [ (c)

tul tzzl 202—

|
—il-
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e

U/t
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Fig. 5: Virtual charge excitations leading to the eg-orbital superexchange model for a strongly
correlated system with |z) and |r) = |Z) real e, orbitals (10) in the subspace of 1-spin states:
(a) for a bond along the c axis (ij) || ¢; (b) for a bond in the ab plane (ij) || ab. In a FM plane
of KCuF5 (LaMnO3) the superexchange favors AO state of |AO=+) orbitals (not shown).

(c) The transition from FOr to OL found at d = oc at finite U, and at U = oo (dashed line).




Entanglement by on-site spin-orbit: compass and Kitaev ‘

N ’
N ’
*.180%°

XZ

P,

FIG. 2 (color online).

XZ

XZ

yz

P,

Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The

Kramers doublet of entangled states:
1) = sin6l0, 1) — cosb| + 1, 1),

|I) = sinf|0, |) — cosf| — 1, 1).
1,0,+1

.‘f!

isospin up spin up, |,=0 spin down, |,=1

orbltals | =1, L= -

=¥y

ABO, structure

triangular
compass

A,BO, structure

hexagonal
KitaeV



| Which kind of e, spin-orbital order ? |~ SPin exchange

Strong in-plane anisotropy for G-AF

z __ 1
'](t-b — E]
z _ 9

ab — EJ

C-AF

G-AF




| Kanamori parameters: Coulomb U and Hund’s exchange .J |

1

Hipe = U Z NiatTial + Z ( Lip— EJC*-B) Nialig — 2 Z Jap Sia = Sy

i< 3

+ Z Jafd (-‘.’I *(I“uf zﬁiag ST _|_ a, SAQISJ’C{Z&J,(%QT) (19}
T, < 3
U=A+4B + 3C,
inter-orbital exchange elements J.z3 for 3d orbitals
3d orbital Ty Yz 2T P—yt 8z
Ty 0 3IB+C 3B+C C AB+C
Yz 3B+ C 0 3B+C 3B+C B4C
2T 3IB+C 3B+C 0 3IB+C DB+C
T2 g C 3B+C 3B+C 0 AB + C
Seird  AB O B4l B4C 484U 0
U=U,z+2Jag.
J; = 3B+C,
Jg = 4B+ C.
degenerate Hubbard model
Hﬂf = anTnme—l— ((? ;JH) Z NiaNimg — 2JH Z bm. 1}3
icy - i< 3 i, 3
SOE 18 +.Ji Z (a:.ra?aj.a 18, Qigp + aimalﬁ (i, Jfa._mT) . (24)

i< 3

19



Degenerate Hubbard model & charge excitations (t << U) ‘

Two parameters: U — intraorbital Coulomb interaction, J,, — Hund’s exchange

Hing =U D Mo aNigy + U =23) D nignis —23y > Sia-Sip
o La<p La<p
+ A+ + 4+
# I 2 (0400 dipudip + dipnds digydig)
La<p
[A.M. Ole$, PRB 28, 327 (1983)] e, systems t,q Systems
. 4 (a) 4 A (b)
In a Mott insulator (t<<U) | y,a | v R
superexchange follows e Us2d,, A T
from charge excitations oy LA —
m—+1 _ym—1 ’ T"W U T, E LS
™m Jrn. - = —_
dl dJ ~ dl d,] U_‘JH_E U_JH _1TE_1~E
single parameter: Y L
n=2J,/U Te o Te o |™
H

SOE 18 Sep 1 1
FIG. 1: Energies of d*dT* — d*t d7* ™" charge excitations



| Spin-orbital superexchange model |

+2

H==D .. 2. Pal®) %y
i)y

Py (S) 1s the projection on the total spin & = S'£1/2

Spins and orbitals are entangled
orbital operators, IC ™) and N’ &)

HJ—JZZ{ ) (8- 8, +92)+M§.’f}. (28)

v (@l
anisotropic modes; spin correlations depend on direction

H=Jy Y Si-Sj+J.Y Si-S; (29)

(i5)||ab (i5)lle

Se = <‘S{'i ) *5{j>,3’ Sab = <5 >ab

SOE 18 Sep 21



Optical sum rules follow from superexchange (t<<U)

Spin-orbital superexchange model for a perovskite, y=a,b,c (J=4t%/U):
~v) (& & . r(v)
Hy=TY Z {}C_ij (bi-bj +52) + NS }

contains orbital operators, I'C'i ") and N a2

Kinetic energy determined by charge excitation n along y=a,b,c:

2 aoh

7T e

K = —2<H,§7> (i j)> j e (w)do

Superexchange determines partial optical sum rule for individual subband n:

mad
N(ffn: UK = — )

C
Each multiplet level n represents an upper Hubbard subband

Can spin and orbital operators be disentangled ?
[G. Khaliullin, P. Horsch, AMO, PRB 70, 195103 (04)]

SOE 18 Sep




‘ Goodenough-Kanamori rules ‘

AF SO has as well FO order, while
FM SO 1s accompanied by AO order.

Zz QD ) QD AF ::)z (D @ i
O © | © @®

W@ Bl OO
D D | © @

Fig. 7: Artist’s view of the GKR [36] for: (a) FOz and AF spin order and (b) AOz and FM spin
order in a system with orbital flavor conserving hopping as alkali ROy hyperoxides (R = K, Rb,
Cs) [38]. The charge excitations generated by inter-orbital hopping fully violate the GKR and
support the states with the same spin-orbital order: (¢) FOz and FM spin order and (d) AOz 5

and AF spin order. Image reproduced from Ref. [38]. 3



‘ Disentanglement: Spinon-orbiton separation ‘

(a)

- = EL N~

Fig. 8: Schematic representation of the orbital motion and the spin-orbital separation in a 1D
spin-orbital model. The first hop of the excited state (a)—(b) creates a spinon (wavy line) that

moves via spin exchange o J. The next hop (b)—(c) gives an “orbiton” freely propagating as
a “holon” with an effective hopping t ~ J/2. Image reproduced from Ref. [39].




- _. 10 j8

‘ Kugel-Khomskii model ‘ d}dy = d;°d;
i .

We follow the general scheme: |H = —Z — Z Py (S) O/

7 & Npm, T {5 g _ LYz
ZZ{ Lr_ng (S Sj+4)7)<ij>+y_,jH (Sﬁ'sﬁf—4) (i5)

(23 |l
12 12
L (U— B © U+JH)

N mod‘el with |P] = (l) “,,T;w) (% _ T_;«.f)) - (% ~ T;-«,r.)) G +»,—}ﬂ) |
crystal field o< E. 2 3 > 3t

. 1 _ ) .

(v) — () ()

. Q(ij) = 2 (Q — T ) (2 — T ) :
=y

A, charge excitation spin state . 01't.)i_tal state o
UtdyF—| n type s S Py (S) orbitals on (ij) || v  projection

|1 OHS U=37g 1 (ﬁi-w%) iG) 156 (&) 136) P
W2 s U-an 0 (S5 -1) i) g (i) iG) P
vl |3 LS U-Jg 0 —(S-5-4 i¢,) 15¢,) g

£ 4 I8 Fsds 0 —=(8g-1 liC,) [5¢,) )54




Kugel-Khomskii model n
U | —
Equidistant multiplet structure for d 8 ions n=Jy /U . |Ls
E
Charge excitations fully characterized by: Sy —
1 1 1 A
r = — ro = 1rg = _ ry = J = 4t2/U U-3Jy —_ HS
1—=3n 1—n 1+n 4

H(d") = ;JZ > H—rl (E@-Eﬁ

vl

3
4
- = 1 1
+ (13 + 74) (Si -5 — 4) (T@-_m + 5

KK model
Experimental observations:
K,CuF, — the FM spin phase

KCuF; finite Hund’s exchange 7 favors AO order stabilizing A-AF
KCuF; exhibits spinon excitations for 1" > Iy
SOE 18 Sep In this regime behaves as the 1D quantum antiferromagnet




‘ Spin-orbital entanglement near the QCP ‘

||||||||
||||||||

Example: Kugel-Khomskii (KK) model (d?) e R ﬂﬁﬂﬂﬂﬂﬂﬂ

| A-AF VBa VBc

1) (i) c
qgiﬁf:"‘JA:":4::::%552"lJM:"MJ‘:":‘E:::;?
Y b Fi¢ee et a
c& d o P T R
a

PVBA

(i) (iv) Spin disordered states
@ A-AF phase in KCuF4

0.4

ey Orbitals T=1/2  spins S=1/2

0.3
Parameters: (1) E,/J — e, orbital splitting > |
(2) J/U — Hund’s exchange 302

Quantum critical point: (E,,J,,) = (0,0)

Entanglement#1: near the QCP

E,/J

Phase diagram of the d® model
SOE 18 Sep _ 27
[L.F. Feiner, AMO, J. Zaanen, PRL 78, 2799 (97)]



Orbital Hubbard model for €, orbitals

Hamiltonian for e, electrons couples two directional e,-orbitals

Real basis: Ht lEjg - —fT y: aICaJ 1Ca0

(i) ]| v,0

(i) lab (i7)[le
complex ¢, orbitals

i+ = 5 (li2) —iliz),  li—) = #(72) +iliz)

1 [ —1 1
%T(Eg) = —atz Z _(G-I+a-j++aj_a.j )Jr"‘( X“airaj +e™ X“al_a.jJr)]

a (ij)||o
with y, = +27/3, \, = —27/3, and \,. = ( has cubic symmetry

soe 18 sith ineraction | U > mim,_ =>|orbital Hubbard model |
{




Phase diagram: 2D Kugel-Khomskii model |

Entanglement #2: in 2D model | the (E./.J, 7)) plane

n=J,/U

0.20 |

0.15 |
0.10 |

0.05 | L

0.00

ortho-AF phase

orbital excitations |z) — |

-~
~

)

Much weaker AF interactions between holes in |::> orbitals than in |5)
a quantum critical point (Qop = (—0.5.0) in the (E./.J. 1) plane 5




Entanglement: spin excitations in the FM phase

Wl = 1O 1 PO(E) = 4J,5 (1—;)

Variational Approximation (VA)

Jo — Je. and the magnon dispersion would soften.
for each value of momentum % independently

we{8iL}) = I({0i}: k) + P({0iL}: )

the angles {#;; } are real and L. = A, B refers to the sublattice

the constraint #; = 6,4, = .5
defines the Simplified Variational Approximation (SVA)

exact diagonalization employing a Numerical Ansatz (NA)
with six states per sublattice:

SOE 18 Sep 30



‘ Entanglement: orbital background and its modification ‘

FRhETry
o T 96T o

XY
o 1%
¥y o

o
) §

Fig. 11: Artist’s view of a spin excitation (inverted red arrow at the central site) in the FM plane
of KoCulFy (green arrows) and AO order of the orbitals occupied by holes at E, = —0.8.J, with:
(a) frozen orbitals; (D) optimized orbitals at the central site and at four its neighboring sites in
the square lattice, forming a quasiparticle (dressed magnon). The above value of E. leads to
the expected AO order in KoCuF 4, with Oupe =~ T1° in Egs. (14). When the VA is used, case (a)
is still realized at k ~ 0, while case (D) represents a dressed magnon with k ~ M where orbital
states in the shaded cluster are radically different from those shown for frozen orbitals in (a).




Entanglement #3: Modified FM magnons

L0 T T T ]
0.8 iiiivfierikin o T S N o L
~ 0:0p g BEEF B
~2
3

ol [k e

0.2 L. f5 7 B S | .-
.
.

ool ©T . . . v
I X M I' T X M I’

Fig. 12: The magnon energy wi/.J obtained for the FM state of KoCuFy at Jg /U = 0.2 and:
(a) B, = —0.80J and (b) E, = —0.30.J. Results are presented for four approximations: frozen
orbitals (black line and grey background), the VA (green line), the SVA (red line), and the 12-
state NA (purple dots). The high symmetry points are: I'= (0.0), X = (7.0), M = (x.m).



| Weak entanglement: LaMnO, |

8#556(7) 3 1 §..5. —4)p?
ZZ 52(°A ( T )73@)* ('E) " 5e(iAy) ("‘?"f"_")pﬁ»ﬂ

v (i)l
ILZ tQ e J () c
+{ ~TIREC 42)} (-5, -4) Q<U>}+Ez it (49)
4 P y— e e -
1 ' R — 1 A - . T —m————— -
My = <TI0 (S,L-.Sj _ 4) B il 220 L o]
2 2% 0 o0 4]
4 f, 80 .
E &
Here the optical spectra weights < %r x"ﬁ;{'"(';;
are reproduced by disentangled A, e
spin-orbital superexchange Rl ssasanaringy AL '-
s L win
6 E 5[ \\,______ ]
Ay 35 BT
_5 KC o5 [ n=1 ......_
d 1 1 (bl)
M 100 200 300
SOE 18 Sep TK)

Kinetic energies per bond Ky



Spin-orbital superexchange in RVO;,
In t,, systems (d*,d?) two states are /{%) / no hopplng llc

active, e.g. yz i zx for the axis ¢ — they
are described by quantum operators:

T __ (X Yy Pz
=TT
F=1lg¥ 17 =157 17 =157

[A.B. Harris et al.,
PRL 91, 087206 (03)]

A A )
Scalar product i- - f,- but for n>0 also: Abtel e eEicne
T, ®Tj =T, XTjX - T, yij +T, ZTJ-Z have cubic symmetry

Orbital SU(2) symmetry is broken!

la) = |yz). b) = |zx), lc) = |zy).
Spin-orbit superexchange in RVO, d 2(S=1):

1 (7)
H0=—JE (S;-S;+ 1)( -7 +4nnj>

(plly
Entanglement expected ! 24

SOE 18 Sep



Optical spectra: HS (n=1) and LS (n=2,3) weights

charge excitations ¢,, arising from the transitions to [see Fig. 6(b)]: A (b)
(i) a high-spin state A5 at energy U —3.7y, A, 27,
B . ~ . U+2dy  =— —_—
(11) two degenerate low-spin states 2Ty and 2F at U, and TooH
(iii) a 275 low-spin state at U+2.J [16]. 2T, 2E
. o (€) - - b ’ _1T21 E
One derives a HS contribution f; ’(z7) and H}“ (i) U-dpyf —
1 al ~ ‘ . . . - N o — 1
3(5;:-55+2) is the projection operator on the HS state for 5 = 1 spins Ly 3T, ‘A,
(i L §68 8 ‘ - UHT
Hl (.?j) — —gj?1(5153—|—2)(1— a'-l".l'j). d2 d3
{ﬂbj il L i | L ~ = ‘ | .
H 1 (3 ) ) = _E'j 1 1(51' T 2) (Z 4 z’z T; ) Energies of charge excitations =,

LS excitations (n = 2,3) contain instead the spin operator (1 — 5_;5;;)

HQC)(._?'.j) — —% it (1 — _;z.) (% — T — T3 0y F 5T?§”T}").
H?(ij) = —1drs(1—-Si-S;) (L + 7272 182 — 7).
Hy"'(i) = =5 J (1= 5-5) (53 F 37 F 377 = 57075).
H (i) = —gIrs(1=88) G F 57 F 475 +775).
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Spin-orbital order in a tog System

J. = %J {?p-rl —(ri —nry — ?1}‘5)(% + (T5+75)) — 21 ?'E{frf"frjf)} *

) —
Jap = %J{l_?F?'l_'T?'TS‘I‘(?I_T}’?l_7}'? )(%—l—(;zﬁ))}.

t 7

In the orbital sector one finds at the same time,

H,. = Z JI7 - T — J(1 = se)nrsmT] } + J Z g

(ij)e (i) ab

JI = 2J[(1+sc)ri+ (1= s )n(ri+rs)] .

_|_
Jo, = 2J[(1=sa)r1 + (1 + sap)n(ri+rs)] .

depending on spin correlations: s. = (5;-5;). and s, = —(5;-55;) .

I : s .
(2 ]

SOE 18 Sep
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Entanglement #4: Optical spectral weights for LaVO, (C-AF)

mean-field approach fails: orbital and spin-orbital dynamics
T ] oo
0.9 ~ (c)
o [ ] Neﬁ
= 06 | o
~ [ i
. 03} ) n=3\ .
] ] N=
04 [ _ ] |
AP Q----(-a;-: 0.0 r—_l—_l:l_—_[—_t-_-:ﬁ—l—kl—l—l—ﬁ—l—l— 0
AR D T T - “\\, b:
*%0 02 04 06 08 10 06 F 000 Tme-a t E’.t_g_ij_-_(__)_:'
16—l 1 IR P L p=2 ]
N ._ tot 5 04 F . .
1.2 | T = 3 [ N= ]
2 n=3 XI: 0.2 F T .
8 osf TN . n=1
c i i SN 1 0.0 I M N B PR
< Bn=2 o TTrmeeaead 00 02 04 06 08 1.0
S ; T/
0'00-0' ' 'olzl 04 'olsl ' 'OIB.TE)I--O : : :
ST weak orbital order unlike in LaMnO,

pata: S Miyasakaetal, | gnin_orbital entanglement is crucial at T>0!

[ JPSJ 71, 2086 (2002)]
SOE 18 Sep [G. Khaliullin, P. Horsch, and AMO, PRB 70, 195103 (04)]

( Note: no entanglement in LaMnO, )



Phase Diagram of RVO; (R =Lu,...,La) ‘

C-AF phase G-AF phase

= (A)

FIG. 1: (color) The orbital transition Too and Néel Tn

Tso, Too (K)

with superexchange:

J=200K

SOE 18 Sep
[P. Horsch et al., PRL 100, 167205 (2008)] [J. Fujioka et al., PRB 82, 144425 (2008)]



Entanglement #5: Phase Diagram of RVO; (R =Lu,...,La) ‘

250 |

Lu

Sm

Pr

La

1.0 |

o
o

X

z

z
<S> <T>g, <T>
o = o
e NN (8)]

o
o

Fig. 14: Phase transitions in the vanadium perovskites RVOs: (a) phase diagram with the
orbital Too and Néel Tny transition temperatures obtained from the theory with and with-
out orbital-lattice coupling (solid and dashed lines) [50], and from experiment (circles) [51];
(b) spin (S7) (solid) and G-type orbital (177)c (dashed) order parameters, vanishing at Ty, and
Too, respectively, and the transverse orbital polarization (T) (dashed-dotted lines) for LaVOs
and SmVOs (thin and heavy lines). Images reproduced from Ref. [50].

. o
Ty, modified due to s-o entanglement !
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Fingerprints of spin—orbital entanglement
in transition metal oxides
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‘ Entanglement in the triangular lattice

Sij = % Zn<n 5. gj‘-@. (54)

T, = ézn<n (f; ("’} > (55)

Cy = 13, (n|(S; f;j — i) (T; - Ty — Ti;)|n) (56)
= 1%, (|5 S - B = (15, (]S, 8 ) (& 5, (| (T T5) ).

The effective spin-orbital model considered here for NaTiOs reads [54].

H=1T ((1—&) Ho+V(I—a)a Hy + Hd_) |

The parameter o in Eq. (57) 1s given by the hopping elements as follows,

a= ()2 [+ ()] .

interpolates between the superexchange H, (o« = 0) and kinetic exchange H;(ax = 1)

SOE 18 Sep 41



Entanglement #6: Triangular lattice

SOE

SR B S SR AR R SR S

P
il Ml

0.8 1.0

Fig. 15: Left — (a) Hopping processes between to, orbitals along a bond parallel to the c axis
in NaTiOs: (i) tpg between Ti(ta,) and O(2p,) orbitals—twe t,q transitions define an effective
hopping t, and (ii) direct d-d hopping t'. The to, orbitals (7) are shown by different color: The
bottom part gives the hopping processes along the v = a, b, c axes that contribute to Eq. (57):
(b) superexchange and (c) direct exchange. Right — Ground state for a free hexagon as a func-
tion of ce: (a) bond correlations—spin S;; Eq. (54) (circles), orbital T;; Eq. (55) (squares), and
spin—orbital Ci; Eq. (56) (triangles); (b) orbital electron densities n1, at a representative site
i = 1 (left-most site): nia (circles), niy (squares), ni. (triangles). The insets indicate the orbital
configurations favored by the superexchange (o = (), by mixed interactions 0.44 < o < 0.63,
and by the direct exchange (o« = 1). The vertical lines indicate an exact range of configurations
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Maximal frustration: No order in the Kitaev model

(X)

The Kitaev Hamiltonian is ( with FM exchange )

=15 oios— 1,5 olo) = 1.5 oicr

(i) (ij)y (ij):
() [A. Kitaev, Ann. Phys. 321, 2 (2006)]
TWO-Spin correlations [G. Baskaran et al., PRL 98, 247201 (2007)]
vanish beyond NN pairs | ;. A e
Y L N - :ch e C% .
Gapless but short B . 7 '\%y X
range spin liquid X e (
: X(23): (cy+ 1C§) = c%? .
A model for topological 1 . g et
23)

: y . : _ —_
quantum computations G =16 (X 3 X)) > O3 = & (X, 77X,

FIG. 1 (color online). Elementary hexagon and ‘“bond fer-
mion’”’ construction. A spin is replaced with 4 Majorana fermi-

SOE 18 Sep ons (¢, ¢*, ¢¥, ¢*). Bond fermion y(3y and spin operator are
defined. A and B denote the sublattice index.



Entanglement #7: Kitaev-Heisenberg model

Huc =T (Si-8) +K Y §78].

{i7) VIl {i5)

dual 120° order nematic phase

dual Zs
vortex cr}rstal—}

Zis vortex crystal

FM =>» < 120° order

Zg FM z ual Zs FM

® dual O(3) FM

Fig. 16:  Phase diagram of the Kitaev-Heisenberg model Eq. (59) with parametrization
(J, K) = (cos e, sin «) as obtained from exact diagonalization data. Solid lines show the map-
ping between two Klein-dual points. Red lines mark the location of the four SU(2 }—symmetric
points. Yellow diamonds mark the two Kitaev points. Image reproduced from Ref. [56].



‘one—dimensi{:}nal (1D) Kugel-Khomskii Hamiltonian

the one-dimensional (1D) Kugel-Khomskii Hamiltonian [14]: (a) K, =0 S, PEAR SO T R PR
l ] AF x AO 2 3 v | - A v |
P / . ) = . ) - z » :._...__ -3 — _'_'_ —— — L
H:”;(S* SJ+4>(T* TJH)*EZZ:’?- 2 S A LIS 2 :
.J c . o A | A A
SU(4) limit: fractionalization and entanglement. 1 orbital flip A v |I'I'T ..
AF x AO correlations described by SU(4) singlets v \ 4

o flavoron — + + 1 & +
+ A | V
7 flavoron + _— e | 1}“ ' N—

(b) E, > E"

------------------------------------

a strong crystal field (E. > E), electrons occupy only AF  FO - 4 | - 4 | T S IRTE. N
lower-lying orbitals and show AF correlations (AF x FO) -1 vl V.l V.1 ° Y
_ AR 3| .
1 orbital flip F'y F'3 ) F'y
[C.C. Chen et al., PRB 91, 165102 (15)] F v T ¥I1™1¥ 1T ¥
spinon 7 W [ S—
g 4 | l 4 | 4 |

FIG. 2. (Color online) Illustrations showing collective excita-

tions in the spin-orbital chain in two different limits described in the

SOE 18 Sep literature [20,29]: (a) without crystal field (E. = 0), the ground-state
exhibits AF x AO correlations described by SU(4) singlets (top row,
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FIG. 1. Scattering geometry and overview of RIXS spectra.
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FIG. 4. Low-energy excitations of KCuF; revealed by the Cu L5 edge

‘Canonical Orbital System KCuF;;‘

|th=: OO is mostly driven by the JT mechanism |

Conclusion.—In summary, we performed high-resolu-
tion RIXS experiments on the orbitally ordered KCuF;.
The high-energy excitations are found to stem from
localized dd orbital excitations, consistent with the ab initio
calculation based on a single cluster.

[J. Li et al., PRL 126, 165102 (21)]
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Orbital Control of Effective Dimensionality:

[V. Bisogni et al., PRL 114, 165102 (15)]

HOLE PROPAGATION
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e\ﬂ//‘@ ﬂ\a\n/&\/@q

L] /

In the energy region between 1.5-2.6 eV, we observe
orbital excitations, corresponding to the hole [9] in the
3d,2_,2 ground state being excited into a different orbital.

L t, t, t,
ORBITAL PROPAGATION

n® ;0

Intensity (arb. units)

u N\

0 05 1 .1-.5,'2‘
Energy Ios s (eV)

RIXS spectra of CaCu,0;

FIG. | (color online). Schematic view of the hole or orbiton
propagation in an § = 1/2 environment. (a) A hole with 3d>_,»
symmetry moves from its original position (second plaquette
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Jahn-Teller Effect in Systems with Strong On-Site Spin-Orbit Coupling

Conclusions.—We analyzed here the impact of a lattice-
mediated Jahn-Teller effect in the presence of strong SOC,
which quenches orbital degeneracy in the ground state.

| (a) Jahn-Teller

8+
7 1 1
(m,0) (0,0) (n/2,7/2) (.
Momentum
16 T T
(c) Superexchange
14 +
S ol -
=
G 10 N
w0
8 4
6 1 1
(m,0) (0,0) (n/2,m/2) (m,
Momentum
FIG. 3.
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| (b) Jahn-Teller,
BT =0
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Momentum

0) (=,

(d) Suplerexchanlge,
- ESP =

e |

(0,0) (w/2,m/2)
Momentum
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[E.M. Plotnikova et al., PRL 116, 165102 (16)]

0)

Spin-orbit exciton spectra with propagation driven by
either superexchange or Jahn-Teller interaction (calculated SCBA

VAN

v
v

FH R

R EEEEBHE
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Y
- N’
BHUNEE BHNBESE

v

b

FIG. 4. Illustration showing the two types of nearest-neighbor
hopping of a je = 3/2 exciton in the antiferromagnetically
ordered background. (a) Polaronic hopping (due to Jahn-Teller
effect or superexchange): a j. = 3/2 exciton with the j, =
—3/2 quantum number (left-hand panel) does not change its j,



Spin-orbital entanglement in Mott insulators

From Ising via e, to 2D compass: increasing frustration
Kanamori parameters: Hubbard U and Hund’s J
Goodenough-Kanamori rules: complementarity
Kugel-Khomskii e, model in 3D and in 2D: QCP
Entanglement in spin excitations

Spin-orbital entanglement in t,; models

Spin-orbital entanglement in Kitaev-Heisenberg model

© N o O A~ wWwDhRE

Experimental consequences

e, orbital order below | 1. = 0.3566 £ 0.0001

; 1 o
f ~ 0.567296.

21og(1 + 1/2)
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