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Why useful?

1. Less computationally demanding than DMF ],
with comparable accuracy (with “ghost” extension).

2. Variational (1=0).

3. Computationally convenient extension to
non-equilibrium problems.



Why is computational speed important?

Exploring large THE U.S. MATERIALS GENOME INITIATIVE

“...to discover, develop, and deploy new materials twice as fast, we’re launching what we call the Materials Genome Initiative”
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A. Quantum Embedding (QE) methods.

B. gGA method (multi-orbital models): QE formulation.
Supplementary topics:
- Spectral properties
- Examples of applications.

- Recent formalism extensions and open problems.



Algorithmic structure of QE methods
(DMFT, DMET, GA, gGA,...)

Self-consistency

fX)

Embedding Hamiltonian
or impurity model .
(Atomic energy scalesS g

of fragment included explicitly )

Impurity : Bath 1



Dynamical mean-field theory of strongly correlated fermion systems
Exa m ple. D M F I and the limit of infinite dimensions
N
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756231 Paris Cedex 05, France
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PHYSICAL REVIEW X 5, 011008 (2015)

GA/RISB (QE formulation)

Phase Diagram and Electronic Structure of Praseodymium and Plutonium
Nicola Lanaté,l’* Yongxin Yao,z’Jr Cai-Zhuang Wang,2 Kai-Ming Ho,2 and Gabriel Kotliar'

k endi
PRL 118, 126401 (2017) PHYSICAL REVIEW LETTERS 24 MARCH 2017
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Slave Boson Theory of Orbital Differentiation with Crystal Field Effects:
Application to UO,
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PHYSICAL REVIEW B 96, 195126 (2017)

gGA/gRISB (QE formulation)

Emergent Bloch excitations in Mott matter

Nicola Lanata,! Tsung-Han Lee,! Yong-Xin Yao,? and Vladimir Dobrosavljevié!

PHYSICAL REVIEW B 104, 1.081103 (2021)

Quantum embedding description of the Anderson lattice model with the ghost
Gutzwiller approximation
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A. Quantum Embedding (QE) methods.

B. gGA method (multi-orbital models): QE formulation.
Supplementary topics:
- Spectral properties
- Examples of applications.

- Recent formalism extensions and open problems.



HEOC[C;(’ Cia] f..
The Hamiltonian: !
(a=1,..1))
N v L
— 71 i
- Z joclCigp Ciad + Z Z Z[ lap CnCip
=1 1#] a=1 p=1
. ij Indices of the fragments of the lattice.
. ZOC[C . Local operator on fragment 1
e a,p: Indices of Fermionic modes within each fragment.

N L7 P Matrix elements of the hopping term.



The gGA variational wave function:

N
W) = P Yo = Hgﬂ‘yo)
i=1

Evaluating and minimizing

(Wl H|Ys) = (Yol PLHP G|, )



The gGA variational wave function:
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The gGA variational wave function:

S
o) = P61V = | [ 2:1W))
=1

Suggestive analogies:

Auxiliary

* Matrix product states and projected entangled pair states. Spacce
* Ancilla qubit techique (S. Sachdev)

» Hidden Fermion (M. Imada) ‘ ‘PO>
* Hidden Fermi liquid (P. Anderson) Physical

space

|Fg)



Our goal is to minimize ('Y P H@G [Y,)
w.r.t. {A b [ Po)

Vi x 2BV o
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(@=1,.0) Self-consistency
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Necessary steps:

1. Definition of approximations (GA and G. constraints).
2. Evaluation of (V- | H| ¥ ) in terms of {/A\i}, | P)-

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Our goal is to minimize ('Y P H@G [Y,)
w.r.t. {A b [ Po)

Wi ¢ DBY,; Auxiliary
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@G space
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space
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Wick's theorem: (¥lc,cc.cqlWo) = (¥oleical Po)(Polcje.|Wo) — (Folcge. | Po)(Wol e, cql Wo)

| Y .) can be treated only numerically in general:



Evaluating (V' ;| H| ¥Y.) = (Y] Q@JZISI@G [Y,)

oy WA
Wick's theorem: (¥,lcic/c.cilWo) = (¥olcieql Po)(Polcje.|Po) — (Polcae. [Po) (ol c)cql o)

Gutzwiller constraints:

<‘Po\@j@i | W) = (Po| Pp) =1
(ol PIP.fIf1¥o) = (Yol fif, 1¥)  Va,be{l,.By}

Gutzwiller approximation:

We will exploit simplifications that become exact in the limit of co-coordination lattices.
In this sense, the GA is a variational approximation to DMFT.



Gutzwiller constraints:

%

<qjo\@§@i | W) = (Fo| ¥p) =1
(ol PIP.fIf1¥0) = (Yol fif, 1¥o) | Va.be{1,.By}

Key consequence:
(ol PLP, [11, | Wo) = (Po | AT (Pl £ £, |'Wo)

T <‘PO ‘ [@j@z ] fiiz]gb ‘ ‘PO>2—legs



Gutzwiller constraints:

%

<‘Po\@j@i [ W) = (Fo| ¥p) =1
(ol P12 fIf 1W< (Wl fif, 1¥e)  Va.be{l,.By}

Key consequence:
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Gutzwiller constraints:

%

<‘Po\@§@i | W) = (Fo| ¥p) =1
(ol PIP.fIf1¥0) = (Yol fif, 1¥)  Va.be{l,.By}

Key consequence:
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Gutzwiller constraints:

%

<‘Po\@§@i | W) = (Fo| ¥p) =1
(ol PIP.fIf1¥0) = (Yol fif, 1¥)  Va.be{l,.By}

Key consequence:  (If [A]l,, = (Yo|f [ |V suchithat Al = A)
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Necessary steps:

1. Definition of approximations (GA and G. constraints).
2. Evaluation of (V- | H| ¥ ) in terms of {/A\l-}, | P)-

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



The Hamiltonian:

N Vi
H = Z AEOC[CZZZ’ Cig) + Z Z ZJ [tij]aﬁ C;Cjﬁ

=1 17 a=1 p=I1
¢ I,]: Indices of the fragments of the lattice.
. H ;Oc[c;, ¢;,] : Local operator on fragment i
e a,p: Indices of Fermionic modes within each fragment.

e 2] ,5: Matrix elements of the hopping term.
ijlap



Local operators:

N
(WolHi | We) = (¥, (H ) » (H%) ¥,)
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Local operators: (disconnected terms)
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Local operators: (disconnected terms)

T
N 1
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Local operators: (connected terms 2 legs)




Local operators: (connected terms >2 legs)

P
(%] (] )[Hg” ](WHEOCAI)\‘P@ =0

k'#i1k ‘J
(G. Approximation)

( Exact in limit of co dimension )



Local operators:
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The Hamiltonian: !
(a=1,..1))
N v L
— 71 i
- Z joclCigp Ciad + Z Z Z[ lap CnCip
=1 1#] a=1 p=1
. ij Indices of the fragments of the lattice.
. ZOC[C . Local operator on fragment 1
e a,p: Indices of Fermionic modes within each fragment.

N L7 P Matrix elements of the hopping term.



Non-Local 1-body operators, i.e., 1 # j:

S S
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k=1 1

k=




Local operators:

<‘PG | ﬁéoc | lPG> ~ <LPO | “@Jjﬁém‘@éi | lPO>

Non-local 1-body operators, i.e., 1 # J:

(W5l cfe,1Wa) ~|(ol (Pl




Non-Local 1-body operators, 1.e., i # ;:
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Non-local quadratic operators:

Auxiliary
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Variational energy:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).
2. Evaluation of (V- | H| ¥ ) in terms of {/A\l-}, [P

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Variational energy:
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Variational energy:
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5. Lagrange formulation of the optimization problem.



Quantum-embedding formulation . . 5.
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Quantum-embedding formulation . . 5.
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Variational energy:

ZZZZfE@ wiaCip + 20 2

yj a=1 p=I1 R i>1
% = Z Z [@jzlj%] fl’;]b+2<q> Al (e, el | D)
i,j=1 a,b=1

Where: (D, | ¢ by | @;) = 2 [ F]aal A1 = Ai)]gb

(D;|D;) = (Y| Fp) =1

(@, 157D | D) = (Yo | £] fir 1) = [Alyy» VYa,b=1,..,Bu

l



Necessary steps:

1. Definition of approximations (GA and G. constraints).
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Variational energy:
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Lagrange function:
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Lagrange equations:

Self-
consistency
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Lagrange equations:
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Lagrange equations:

PHYSICAL REVIEW B 104, L081103 (2021)

Quantum embedding description of the Anderson lattice model with the ghost
Gutzwiller approximation

Marius S. Frank ©,! Tsung-Han Lee ©,> Gargee Bhattacharyya®,! Pak Ki Henry Tsang,® Victor L. Quito ®,*?

Vladimir Dobrosavljevié,® Ove Christiansen®,> and Nicola Lanata®!"



Lagrange equations:

PHYSICAL REVIEW B 96, 235139 (2017)

Dynamical mean-field theory, density-matrix embedding theory, and rotationally
invariant slave bosons: A unified perspective

Thomas Ayral,! Tsung-Han Lee,! and Gabriel Kotliar'-?



Summary steps done

1. Definition of approximations (GA and G. constraints).
2. Evaluation of (V- | H| ¥ ) in terms of {/A\l-}, [P

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.
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Spectral properties

Ground state:  |Y;) = P |Y)
P& 1 ¥o)

Excited states: |V

Ay is(@) = (gl c. ol — H) C}Z | W) + (s Cj; 5(w + H) ¢, | ¥.-)

PHYSICAL REVIEW B 96, 195126 (2017)

RERSICAL REVIEW 8B 67, [5109(2003) Emergent Bloch excitations in Mott matter

Landau-Gutzwiller quasiparticles

Nicola Lanata,! Tsung-Han Lee,' Yong-Xin Yao,? and Vladimir Dobrosavljevié!

Jorg Bunemann

Oxford University, Physical and Theoretical Chemistry Laboratory, South Parks Road, Oxford OX1 3QZ, United Kingdom PHYSICAL REVIEW B 104, L081103 (2021)
Florizm Gebhard
Fachbereich Physik, Philipps—Universitat Marburg, D-35032 Marburg, Germany
Riidiger Thul Quantum embedding description of the Anderson lattice model with the ghost
Abteilung Theorie, Hahn-Meitner-Institut Berlin, D—14109 Berlin, Germany Gutzwiller approximation

Marius S. Frank ©,' Tsung-Han Lee ©,?> Gargee Bhattacharyya ®,! Pak Ki Henry Tsang,? Victor L. Quito®,*3
Vladimir Dobrosavljevié,? Ove Christiansen ©,> and Nicola Lanata ©1,6-*



Spectral properties

Ground state: ITG) = 2| ¥,)

Excited states: PET|P,)

N
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A(w) 1 1
Y R o, N L —
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Spectral properties

Ground state: ITG) = 2| ¥,)

Excited states:  |W.) = P& Y)

N

Ajg.if(@) = (‘I’Glc o(w — H)CWL \‘PG)+(‘PG\C 5(a)+H)c \‘I’G)
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al EA Y E
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Example: Structure, Density, Gap

ARTICLE OPEN

TheOl‘y VS EXp eriments Connection between Mott physics and crystal structure in a

series of transition metal binary compounds

Nicola Lanata', Tsung-Han Lee*?, Yong-Xin Yao (3, Vladan Stevanovi¢® and Vladimir Dobrosavljevi¢?
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Example: Structure, Density, Gap
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The()ry VS EXp eriments Connection between Mott physics and crystal structure in a

series of transition metal binary compounds

Nicola Lanata', Tsung-Han Lee*?, Yong-Xin Yao (3, Vladan Stevanovi¢® and Vladimir Dobrosavljevi¢?
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Example: phase diagram of Pu
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Benchmark calculations Hubbard model:
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Benchmark calculations Hubbard model:

Self-
consistency

TABLE I. The g-RISB total energy at U = 2.4 and filling » = 1 and n = 0.75 with different numbers of bath orbitals N,. The DMFT
energy at 8 = 200 with the CTQMC solver is shown for comparison.

n Nb=1 Nb=3 Nb=5 Nb=7 CTQMC
1 —0.03637 —0.06155 —0.06189 —0.06199 —0.0621 £ 0.0001
0.75 —0.21829 —0.23158 —0.23189 —0.23190 —0.2319 £ 0.0001

Impurity i

PHYSICAL REVIEW B 107,L121104 (2023)

Accuracy of ghost rotationally invariant slave-boson and dynamical mean field theory
as a function of the impurity-model bath size

Tsung-Han Lee ©,"" Nicola Lanata ©,” and Gabriel Kotliar'-3



Benchmark calculations Hubbard model:
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