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1.2 Eva Pavarini

1 Introduction

The term orbital ordering (OO) indicates the emergence of a broken symmetry state in which
localized occupied orbitals form a regular pattern, in a similar way as spins do in magnetically
ordered structures. Orbital ordering phenomena typically occur in Mott insulators with orbital
degrees of freedom; for transition-metal compounds, the main focus of this lecture, the latter
stem from the partially filled d shells of the transition metal. The perhaps most representative
case is the perovskites KCuFs, shown in Fig. 1. In first approximation KCuFj is cubic (Oy, point
group) with Cu?* at the center of a regular octahedron of F~ ions (anions), enclosed in a cage
of K* (cations). Due to O;, symmetry at the Cu site, the d manifold, 5-fold degenerate for free
Cu?*, splits into a to, triplet (zz, yz, xy), lower in energy, and a e, doublet (> —y* and 322 —1?);
the electronic configuration of the Cu®" ion is thus tggez (one 3d hole). The tq, states are
completely filled and do not play any active role in OO; instead, electrons in the eg configuration
have orbital degeneracy d=2. Making an analogy with spin degrees of freedom, they behave as
an effective 7=1/2 pseudospin; in this view, one of the two e, states, say |x?—y?), plays the role
), and the other one, |322—7?), of the pseudospin down, | ). The

two pseudospin states are degenerate and, by symmetry, one could expect them to be equally

of the pseudospin up,

occupied. In reality the symmetry is broken and KCuF; is orbitally ordered with the orbital
structure shown in Fig. 1; depicted are the empty (hole) e, states at each Cu site. Furthermore,
the system exhibits a co-operative Jahn-Teller (JT) distortion, also shown in Fig. 1, with long
and short Cu-F bonds alternating in the ab plane. Indeed, the two phenomena — electronic
OO and structural JT distortion — are concurrent; it is therefore difficult to say which one is
the cause and which one is, instead, the effect. This is a classical case of a chicken-and-egg
problem. The second paradigmatic system showing OO is LaMnOs (ion Mn3*, configuration
3d*), the mother compound of colossal magnetoresistance manganites, also a perovskite. Due
to the Hund’s rule coupling J, the actual electronic configuration of Mn3™ is tgge;. The half-
filled ¢3 , state has no orbital degeneracy; the only orbital degrees of freedom are, as for KCuFj,
those associated with e, electrons. Again, the system is orbitally ordered and OO goes hand
in hand with the co-operative JT distortion. Among o, Systems, i.e., materials with partially
filled t5, shells, classical examples of orbitally-ordered crystals are the perovskites LaTiO3 and
YTiOs (configuration ¢3,), LaVO3 and YVOj (23,), and Ca;RuOy (t5,); in these cases the to,
electrons behave as an orbital pseudospin 7=1. Although this is not a prerequisite for orbital
ordering, as we have seen, many orbitally-ordered materials are perovskites; for this reason in
the present lecture we will use the perovskite structure as representative.

The origin of orbital ordering has been investigated for decades. One of the problems in clari-
fying its nature is that, while magnetic order can be directly probed, e.g., via neutron scattering
experiments, orbital ordering is typically only indirectly observed. Indeed, its principal hall-
mark is the presence of the co-operative Jahn-Teller distortion itself. Identifying the origin of
orbital ordering is thus intimately related to finding the cause of the co-operative Jahn-Teller
distortion. In this lecture I will first illustrate the two main mechanisms [1, 2] which have
been proposed as possible explanation for OO phenomena, the classical Jahn-Teller effect [1],
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Fig. 1: Crystal structure, distortions, and orbital ordering in KCuF5. Cu is at the center of
F octahedra enclosed in a K cage. The conventional cell is tetragonal with axes a, b, c. The
pseudocubic axes X, y, z pointing towards neighboring Cu, are shown in the corner. Short (s)
and long (1) CuF bonds alternate between x and y along all pseudocubic axes (co-operative
Jahn-Teller distortion). The distortions are measured by §=(1—s)/(1+s)/2 and y=c/a /2. R is
the experimental structure (v=0.95, 6=4.4%), Rs (y=0.95) and Is5 (y=1) two ideal structures
with reduced distortions. In the 1 structure the cubic crystal-field at the Cu site splits the 3d
manifold into a to4 triplet and a e, doublet. In the R structure, site symmetry is lowered further
by the tetragonal compression (y<1) and the Jahn-Teller distortion (6 # 0). The figure shows
the highest-energy 3d orbital. From Ref. [3].

perhaps enhanced by Coulomb repulsion [4], and Kugel-Khomskii (KK) superexchange [2].
Kanamori well illustrated the first mechanism in an influential work [1] in 1960; the main idea
is that electron-phonon coupling yields a static Jahn-Teller distortion, which lowers the symme-
try of the system and produces a crystal-field splitting. As a consequence, electrons preferably
occupy the lower energy states, giving rise to a periodic pattern of occupied orbitals. This is
self-evident in the limit in which the crystal-field splitting is very large, let us say, larger than
the bandwidth; the lower-energy states at each site will be clearly the first ones to be occupied.
If, however, the bandwidth is large in comparison with the crystal-field splitting, the hopping
integrals can strongly reduce such a tendency to orbital ordering. A natural question thus arises
at this point. How large should the crystal-field splitting be to give rise to a orbitally-ordered
state? To answer this question we have to remind ourselves that transition-metal systems with
partially filled d shells are also typical examples of strongly-correlated materials. Their low-
energy properties are believed to be well described by a generalized multi-band Hubbard model

F[:FIO_‘_FIU:

the sum over a one-electron term H, describing the transition-metal d bands and a Coulomb
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electron-electron repulsion term H;. The one-electron term is

=222 ot i

o mm/

T

where Cimo,

creates an electron at site ¢ with spin ¢ and orbital quantum number m, and the pa-
rameter tmm, are the hopping integrals (i) or the crystal-field splittings (i=i"). The Coulomb

repulsion can be written as

E 1 i
Z Z Z mamﬁmamﬁ Cim UczmﬁO"szﬁU’czm o

Uammmm

The elements the Coulomb interaction tensor, U,,_ ., amlym?,» Can be expressed in terms of the
Slater integrals.! Here we will restrict the discussion to the e, or t5, manifolds only. In this
case, in the basis of real harmonics, the Hubbard model takes the form

Z Z Z tmm/ sza im'o +U Z Z nzanznw

o mm/

4+ = ZZZ (U—=2J—=Jb5.6") NimoTim o’

oo’ m#m/

—J Z Z [Cim,rcim 1CimCims ¢+Csz¢Cim ¢C;rm/ ¢Cim'¢] , (D)
i m#Em/
where m, m’ are here either t5, or e, states, Upym/mm =Up,m=U—2J (1—0,, ) and, for m
m, Upmm/mim=Jm.m=4J. The last two terms describe the pair-hopping and spin-flip processes
(Unmm/m'=Jm m 1if we use a basis of real harmonics, while for spherical harmonics Uy, pm/m=0).
Finally, U=U, and J=J; (ty, electrons) or J=J; (e4 electrons), with

8 51
=F, + — E+ F,
UO o+ 5L7avga javg 714( 2+ )
3 20 1
Ji :EF2 9 49F47 Jy == 2Tavg +3J1 .

In strongly correlated systems described by a Hamiltonian of type (1), it turns out that a small
crystal-field splitting, a fraction of the bandwidth, is sufficient to produce orbital order even at
high temperature. This happens because the Coulomb repulsion effectively enhances it, while
suppressing orbital fluctuations [4]. Hence, the mechanism illustrated by Kanamori becomes
very efficient in the presence of strong correlations (small ¢/U limit, the typical limit for Mott
insulators; here ¢ is an average hopping integral). This is, however, not the end of the story:
Coulomb electron-electron interaction provides, in addition, an alternative explanation of the
origin of orbital ordering. In a seminal work, Kugel and Khomskii [2] have shown in 1973
that, in the presence of orbital degeneracy, many-body effects can produce orbital ordering
even in the absence of a static distortion, i.e., of a crystal-field splitting. This happens via

'For a pedagogical introduction see, e.g, Ref. [5].
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Fig. 2: The unit cell of a cubic perovskite ABCs and its symmetry axes; the lattice con-
stant is a. The transition metal B (red) is at (0,0,0); the ligands C (green) are located
at (£a/2,0,0), (0,4+a/2,0),(0,0,+a/2) and form an octahedron; the cations A are located
at (£a/2,+a/2,+a/2), (£a/2,Fa/2,+a/2), (Fa/2,+a/2,+a/2), (+a/2,+a/2,Fa/2) and
form a cube. The bottom figures illustrate the rotational symmetries of the cell.

electronic spin-orbital superexchange, the effective low-energy interaction which emerges, in
the small ¢/U limit, from the orbitally-degenerate Hubbard model. In this picture, the co-
operative Jahn-Teller distortion is rather the consequence than the cause of orbital order. As I
already mentioned, the predictions of the two theories for the final broken-symmetry structure
are basically identical for most systems; thus it is very hard to determine which of the two
mechanisms, Jahn-Teller effect or Kugel-Khomskii superexchange, dominates. In the last part
of the lecture we will see how the problem was recently solved in representative cases [3,6] by
using a new theoretical approach based on the local-density-approximation + dynamical mean-
field theory (LDA+DMFT) [7-10] method. For the paradigmatic systems KCuF3; and LaMnOs,
it was shown that Kugel-Khomskii superexchange alone, although strong, cannot explain the
presence of the Jahn-Teller distortion above 350 K (KCuFs3) [3] and 650 K (LaMnOs) [6];
experimentally, however, the distortion persists in both systems basically up to the melting
temperature. This leads to the conclusion that a mechanism directly generating a static crystal-
field splitting, such as the standard Jahn-Teller effect, is necessary to explain the experimental
findings. In fact, for KCuF3 and other ionic systems, it turns out that even the classical JT
picture fails. A new mechanism, based on Born-Mayer repulsion, has to be invoked to describe
the actual experimental structure and the associated ordering at high temperature [11]. A true
Kugel-Khomskii system was recently identified in LaVOg3 [12].
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2 Cubic crystal-field splitting

Let us consider a system with the ideal cubic perovskite structure ABC3, shown in Fig. 2. In
this structure, B is the transition metal with partially filled d shell. The site symmetry at site B is
cubic; thus, as we mentioned before, d states split into e, and t5,. Let us understand how exactly
this happens. For a free ion, the potential vg () which determines the single-electron energies
is rotationally invariant, i.e., it has symmetry O(3). This means that all single-electron states
within a given [ shell are degenerate, as it happens in the case of hydrogen-like atoms. When the
same ion is inside a molecule or a solid, vg(7) has in general lower symmetry, corresponding
to a finite point group.? Thus one-electron states within a given shell /, degenerate for the
free atom, can split. The symmetry reduction arises from the crystal field; the latter has two
components, the Coulomb potential generated by the surrounding charged ions, dominant in
ionic crystals, and the ligand field due to the bonding neighbors. In this section we will analyze
the first contribution; the covalent contribution to the crystal-field splitting is discussed in the
next section. Both effects give rise to a similar splitting of levels; which contribution dominates
depends on the system.

Let us thus assume that the crystal is perfectly ionic and that the ions can be treated as point
charges ¢, (point-charge model). Then, the one-electron potential can be written as

Qo
T):Za:mzvo +Z|R _r|_U0(T)+UC(r)7 2)

where R,, are the positions of the ions and ¢, their charges. The term v,(r) is the ionic central
potential at site Ry, with spherical symmetry. The term v.(r) is the electric field generated at a
given site Ry by all the surrounding ions in the crystal and it is called crystal-field potential.
For the perovskite structure ABC3; we are interested in the crystal-field potential at the site
of the transition metal, B. Let us first assume that only the contribution of nearest neighbors
(the negative C ions, typically oxygens or fluorines) is relevant. The six C ions are located at
positions (+d¢, 0,0), (0, £d¢, 0), (0,0, £d) and have all the same charge g¢, while the B ion
is at (0,0,0); in terms of a, the cubic lattice constant, d-=a /2. Then we can write the potential
around ion B as

x r z T
UR<T>_7+%lAU<dC dc>+A (dc dc)—l—Av(dC dc)]

where

Av(&; p) =

\/1+p

1— -2
1+p 14p2

Via the Taylor expansion

| L8, 5
VI 21T 8" T 16"

%For a concise introduction to group theory see, e.g., Ref. [13], chapter 6.

35 1,
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we can find an approximate expression of Av(¢; p) for small &, i.e., close to ion B; the first
contribution with less than spherical symmetry is

35 3 3
Vot (T) = Zg_g <£U4 +yt 2t - 57’4) =D (:1:4 +yt 2t — gr4> )
We can rewrite this potential as
(ev&s 5
Vot (1) = iq_??“‘ Y50, 0) + 4/ 7 (Vi (0, 90) + Y4(0,9)) | 3)
3 d 14
where
31 3 1 35z% —3022%r% + 3rt
Y50 = = (35cos'¥ —30cos?9+3) =——
o(0e) = g \/E( o RS AT = ’
, + )4
Y0, 0) = 5[ sin? e = 8 [ty .

16V 2r 16Vor ot

To obtain the crystal field due to the cubic cage of cations A (with charge ¢4), shown in Fig. 2
we repeat the same calculation; the main difference is that there are eight A ions, located at
positions (£d¢, £d¢, £de),(Fde, £do, de), (£de, Fdo, de), (£de, £de, Fde), with the
distance from the origin being d 1=+/3a /2. By following the same procedure that we used for
B octahedron, one can show that

~ 8qa (dc’
Ucube(r>_ §Q_C (a) UOCt(T);

i.e., Ueupe (1) has the same form as v, (7); this happens because a cube and an octahedron are
dual polyhedra® and have therefore the same symmetry properties. If g4 /qc > 0, Veupe(T) has
opposite sign than v, (7); in the case of a perovskite, however, A positions are occupied by
cations, i.e., positive ions; thus the crystal field due to the A cage has the same sign of the crystal
field generated by the B octahedron.

The crystal-field potential v () lowers the site symmetry and can therefore split the (2/+1)-fold
degeneracy of the atomic levels. To calculate how the [ manifold splits, we use two approaches.
The first is exact and based on group theory. We assume for simplicity that the symmetry is only
O (group of the proper rotations which leave a cube invariant); using the full symmetry group
of the cube, O, = O ® C; (where C; is the group made by the identity and the inversion) does
not change the result, because the spherical harmonics are all either even or odd. The character
table of group O is given by

partner functions O |E 8C3; 3C, 6C5 604
(2% + y? + 2?) A |1 1 1 1 1
A1 1 1 -1 -1 @
(22 —y*322—7r?) E|[2 -1 2 0 0
(Rs, Ry, R.) (x,y,2) |3 0 -1 -1 1
(xy,xz,yz) |13 0 -1 1 -1

3Every polyhedron has a dual which can be obtained by exchanging the location of faces and vertices.
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Let us explain this table. The first line yields the group, here O, and the symmetry operations
of the group, collected in classes Cy, here { E'}, {C3}, {Cs}, {C4}, {C4}. For each class only a
representative element is given and the number Nj, in front of this element yields the number
of operations in the class; for example 8C} indicates 8 symmetry operations in class {C3}. The
symmetry operation C,, is an anticlockwise rotation of an angle & = 27/n. For a finite group
with h elements, the h group operations {O(g)} can be expressed as h matrices {/'(¢g)} acting
on an invariant linear space; the basis of this space, {|m)}, can be, for example, a finite set of
linearly independent functions, such as the spherical harmonics with angular quantum number
[. The collection of matrices {I'(g)} is a representation of the group; the dimension of the
invariant linear space yields also the dimension of the matrices, i.e., the dimensionality of the
representation. Each group has infinitely many possible representations, but some sets are spe-
cial and play the role of an orthonormal basis in a space of vectors; they are called irreducible.
If G is the group of operations which leave the Hamiltonian invariant, the irreducible represen-
tations of G can be used to classify all eigenstates of the Hamiltonian; eigenstates which build a
basis for different irreducible representations are mutually orthogonal and have typically (leav-
ing the cases of accidental degeneracy and hidden symmetry aside) different energies. The
irreducible representations [ of group O are listed in the first column of Table 4, below the
group name; they are A; (trivial representation, made of 1-dimensional identity matrices), Ao,
also 1-dimensional, F, two-dimensional, and 7} and 75, both three-dimensional. The numbers
appearing in Table 4 are the characters y;(g), defined as

Xilg) = Tr Ti(g) = Y _(miTi(g)lm) = > I (g).

m

For a given representation (corresponding to a line of Table 4) the character for a specific ele-
ment can be found below the corresponding class label (columns of Table 4); all elements in the
same class have the same character. Thus the second column of the character table, showing the
character of the identity, yields also the dimensionality d; of the representation itself. Next we
calculate the characters of the matrix representation 1" constructed using spherical harmonics
with angular quantum number [ as a basis. An easy way to do this is to assume that the rotation
axis is also the axis of quantization, i.e., z; the characters do not depend on the actual direction
of the quantization axis but only on the angle « of rotation. Thus for O(g) = C,, we have

Co YL (0, 0) =YL (0, 0—a) = e ™ Y (1, ¢)

F,,ilm/ (Ca) :6mm/€7ima.

This yields the following expression for the character

l

: 1
l —ima Sln(l+§)05
C’a — = .
X ( ) m§:l e sm%
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The characters for representations I are therefore

o) E 8C5 3C, 6C, 6C4
I=rs1]1 1 1 1 1
mn=rr{3 0 -1 -1 1
?=rt\5 -1 1 1 -1
m=rfr7 1 -1 -1 -1

In spherical symmetry (group O(3)) representations I are irreducible. In cubic symmetry
(group O), instead, the I’ ! can be reducible, i.e., they can be written as the tensorial sum &
of irreducible representations of the group O. The various components can be found by using
the orthogonality properties of irreducible representations, which lead to the decomposition
formula
. 1 N
M=@Qal;  with o= (G| =23 @)Y (9), 5)
i g

where h, the number of elements in the group, is 24 for group O. Hereafter the symmetry
representations of electronic states are written in lower case to distinguish them from capital
letters which we will use later for labeling vibrational modes. We find

I° = ay
Fp - tl
Fd = e@tg

Ff = &Q@tl@tg.

Thus, in cubic symmetry, the s- and the p-functions do not split, because the a; irreducible rep-
resentation is one-dimensional and the ¢; irreducible representation is 3-dimensional. Instead,
d-functions split into a doublet and a triplet, and f-functions into a singlet and two triplets.
To determine which functions {|m);} form a basis (a so-called set of partner functions) for a
specific irreducible representation /; we can, e.g., use the projector for that representation

P = > o)l 00), ©

In our case, we can read directly the partner functions {|m);} for a given irreducible repre-
sentation of the group O in the first column of Table 4, on the left. In short, for representa-
tion e possible partner functions are (z2—y?, 322—r?) and for representation ¢, we can instead
use (ry, xrz, yz). A small step is still missing: As we already mentioned, the full symme-
try of the B site is Oy, and the group O}, can be obtained as direct product, O, = O ® C};
with respect to O, group Oy, has twice the number of elements and classes, and thus twice the
number of irreducible representations. The latter split into even (a4, asg, €4, t14, t24) and odd
(@1u, A2y, €y, tiu, tay). All d-functions are even, and therefore z2—y? and 322—r? are partners
functions for the e, irreducible representation, while zy, xz, yz are partner functions for the
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to, irreducible representation. Summarizing, to, states (zy, 2z, and yz) and e, states (z2—y?

and 32%2—r?) have in general (again excluding the cases of accidental degeneracy and hidden
symmetry) different energy.

Group theory tells us if the degenerate 2/ + 1 levels split at a given site in a lattice, but not of
how much they do split, and which orbitals are higher in energy. We can, however, calculate
the crystal-field splitting approximately using the potential (3) as a perturbation. This is the
second approach previously mentioned; differently from group theory, it is not exact, but it
gives us an estimate of the size of the effect and the sign of the splitting. For d states we
can calculate the elements of the octahedral potential v,.¢(7) in the basis of atomic functions
Vrim (0, 9, 0)=Ru(p)Y.L (9, ), where R,(p) is the radial part, p=Zr, Z is the atomic number,
Y™ (9, ¢) a spherical harmonic, and n the principal quantum number (Appendix B). We obtain

(n20 |Goct|tnz0 ) = +6Dg (Una1]Doct|Pn2s1) = —4Dq
<¢n2i2|@0%|¢”2i2> =+ Dq <¢n2:|:2|@oct|¢n23|32> = +5Dq
where Dg=qc(r*)/6d and (r*)= [ r?dr r* R2,(Zr). The crystal-field splitting between e,
and t,,-states can be then obtalned by diagonalizing the crystal-field matrix
Dq O 0 0 5Dq
0 —4Dq 0 0 0
Hep=1 0 0 6Dq 0 0
0 0 0 —4Dq 0
5Dg 0 0 0 Dq

We find two degenerate e, eigenvectors with energy 6 Dgq

Wn20> = |3Z2 - 7”2>7

1 2 2
E(|¢n2_2>+|¢n22>) = [z° —y7),

and three degenerate 5, eigenvectors with energy —4Dq

(an 2> |wn22>) = ‘:Cy>7
(an 1)— |¢n21>) = |z2),

SRS

(|wn2 1>+|7/1n21>) = lyz).

The total splitting is
Acr = E.,—Ey,, = 10Dq.

Thus the e,-states are actually higher in energy than the ¢,,-states. This happens because e,
electrons point towards the negative C ions (see Fig. 3), and will therefore feel a larger Coulomb
repulsion than ¢, electrons, which have the lobes directed between two negative C ions.
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Fig. 3: The Cu e, and tyy Wannier orbitals for the cubic perovskite KCuFs, obtained from first
principles calculations, using a Wannier basis that spans all bands.

How general is, however, this result? We obtained it via a truncated Taylor expansion of the
potential close to the nucleus. Does this mean that we have perhaps neglected important higher-
order terms? For a generic lattice, we can expand the crystal-field potential (2) in spherical
harmonics using the exact formula

k
k —k
|1.1 _1.2| Z k+1 2k+1 Z Y:; (1927902)Yq (U1, ¢1),
—k

where r— ( r-) is the smaller (larger) of r; and r5. The crystal-field potential takes the form

) k
=22 BY; ™
k=0 q=—k

where B(’; = (—1)1B* ;- Although the series in (7) is in principle infinite, one can terminate it
by specifying the wavefunctions, since

(YLIYFIYLy =0 if k> 2L

For example, for p electrons k& < 2, for d-electrons, k < 4, and f electrons k < 6. Thus, for
d-electrons and O}, symmetry, the terms that appear in the potential (3) are actually also the only
ones to be taken into account, because all other terms yield an expectation value equal to zero.
Finally, the derivation of both equations (3) and (7) presented here might let us think that the
first-nearest neighbors are those that determine the crystal field. This is, however, not always
the case, because Coulomb repulsion is a long-range interaction; for example, in some systems
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VSSO

po Vppn

Vsdo Vpdo Vpdn Vddo Vads Vdan

Fig. 4: Independent Slater-Koster two-center integrals for s, p, and d atomic orbitals (Appendix
B). The label o indicates that the bonding state is symmetrical with respect to rotations about

the bond axis; the label 7 that the bond axis lies in a nodal plane; the label § that the bond axis
lies in two nodal planes.

the first-nearest neighbors yield cubic symmetry at a given site but further neighbors lower the
symmetry.* Furthermore, the point-charge model discussed in this section is useful to explain
the relation between crystal field and site symmetry, however yields unsatisfactory results for
the crystal-field splitting in real materials. Corrections beyond the point-charge approximation
turn out to be important. In addition, as we will see in the next section, in many systems
the crystal field has a large, sometimes dominant, covalent contribution, the ligand field. The
modern approach to calculate crystal-field splittings including the ligand-field contribution is
based on material-specific potentials obtained ab-initio via density-functional-theory (DFT) and
the associated DFT localized Wannier functions. Nevertheless, it is worth to point out the
remarkable success of the point-charge model in giving qualitatively correct d crystal-field states
in cubic perovskites; such a success relies on the fact that this approach, even if approximate,
yields the exact symmetry of final states, i.e., the same obtained via group theory, and does not
neglect any relevant (e.g., high-order) term.

4This means that, of course, Oy, is not the actual symmetry of the site.
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+sin B R

Fig. S: Illustration of the decomposition of a general s-p two-center integral in terms of Vp,.

3 Tight-binding e, and 5, bands of cubic perovskites

In this section we will construct the bands of KCuF;3 in the cubic limit using tight-binding
theory. Let us first remind ourselves of the crucial steps of this approach. The one-electron
Hamiltonian can be written as

. 1 1
he(r) = —§v2 +Y v(r-T—R,) = —§V2—|—UR(7'),

where R,, are the positions of the basis {«} atoms in the unit cell and T;, the lattice vectors. We
take as a basis atomic orbitals with quantum numbers /m (we drop here the principal quantum
number for convenience). For each atomic orbital we construct a Bloch state

P (k) \/_Z T Y (r—Ti—R,), (8)

where N is the number of lattice sites. In the Bloch basis (8), the Hamiltonian and the overlap
matrix are given by

Hyoe (k) = (e, (k) he|vis . (K)),
O (k) = (U5, (K)o, (k).

These matrices define a generalized eigenvalue problem, the solution of which yields the band
structure. The Hamiltonian matrix is given by

Hﬁr{;l,ofl/m/<k) :El/ /Oaa /(k)+A£lml’ / _— — Z . lai?ﬂ,,

Im,l'm Im,l’
za;éz o

Here ¢ are the atomic levels, and Aefy, i the crystal-field matrix elements

Al = / dr Yim(r—Ra) {UR(T')—U(T'—ROJ} i (r—Ra) )
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Fig. 6: Unit cell of idealized cubic KCuF5 with cubic axes in the left corner.

which are two-center integrals. Finally,
ity = — /dr Vim(r—Ro~T,) [vR<r>—v<r—Ra/—:n/> Yime(r=Ro=Ty).  (10)

The hopping integrals (10) contain two- and three-center terms; if the basis is sufficiently local-
ized we can, however, neglect the three-center contributions and assume ¢}, ~ — Vi,
where

m,l'm

e :/dr Ui (P—Ro—T3)v(r— Ry —T}) s (1 — Ry —Tr)

is a Slater-Koster two-center integral (Appendix B). A generic Slater-Koster two-center integral
can be expressed as a function of a few independent two-center integrals, shown in Fig. 4 for
s, p, and d-functions. Apart from the o bond, which is the strongest, other bonds are possible;
the 7 bonds are made of orbitals which share a nodal plane to which the bond axis belongs,
and the 0 bond, for which two nodal planes intersect in the bond axis connecting the two ions.
Fig. 5 shows how to obtain a generic two-center integral involving p and s orbitals.” Let us
now consider the case of the e, and t5, bands of KCuF3; here we assume for simplicity that the
system is an ideal cubic perovskite, shown in Fig. 6. The primitive cell contains one formula
unit (a single K cube in Fig. 1). The cubic axes are x, y, z, and the lattice constant is a. A Cu
atom at site R; is surrounded by two apical F atoms, F; at R; + %z and Fg at R, — %z, and four
planar F atoms, F; and F, at R; + %:c and F; and F5 at R; & %y. In Fig. 7 one can see the effects
of the cubic approximation on the e, bands: the crystal-field splitting of the e, states is zero, the
band width slightly reduced, gaps disappear, and the dispersion relations is sizably modified.
The cubic band structure in Fig. 7 was obtained with a unit cell containing two formula units, in
order to compare it with the band structure of the experimental (Jahn-Teller distorted) structure

>More details on the tight-binding approach can be found in Ref. [13].
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Fig.7: LDA e, (blue) and ty4(red) band structure of KCuF'; for the experimental structure (R)
and ideal structures with progressively reduced distortions (see Fig. 1). Iy: simple cubic. The
unit cell used in this calculation contains two formula units. The figure is from Ref. [3].

of KCuF3; hence we see four (instead of two) e, bands. The band-structure of cubic KCuF; for
a cell with one formula unit is shown in Fig. 8; in the following we will refer for comparison to
that figure only. Let us take as tight-binding basis the atomic 3d e, orbitals for Cu and the 2p
orbitals for F; we neglect for convenience the overlap integrals (i.e., we assume that our atomic
functions are, approximately, localized Wannier functions). For such a tight-binding basis the
only relevant Slater-Koster parameter is V,4,. The |322—72); and |z2—1?); states of the Cu at
R; can couple via V4, to |2°);, the p, orbitals of F5 and Fg, to |2%);, the p, orbitals of F; and F,
and to |y°);, the p, orbitals of F, and F5. From the basis |«); of localized atomic functions we

construct the Bloch states |ka) = LN >, e®Bijq),;, and obtain the tight-binding Hamiltonian
Hg;B |k z¢) |k x%) |k 1) k322 —r?) |k a? —y?)
|k z¢) Ep 0 0 —2Vpio Sz 0
|k z%) 0 Ep 0 VodorSe  —V3Vpaose  (11)
Ik y") 0 0 p Vpdo sy \/g%dasy
|k3 322 — T2> _Q%dagz ‘/;)dggx V;)dggy Ed 0
|k :BQ - y2> 0 _\/g‘/;odagx \/g%dagy 0 €d

where s, = ie”**2sink,a/2, o = 3,y,2, 6, < €4 = £p + Apa, and Vpao < 0. If |Vpao | /Apa
is small, the occupied bands are F p-like, while the partially filled bands Cu e4-like. We now
calculate the bands along high-symmetry lines.® Along I'-Z, the eigenvalues ¢; (; < €;11) of

®Special points: I = (0,0,0), Z= (0,0, 7/a), X= (7/a,0,0), M= (7/a,n/a,0), R= (7/a,7/a,7/a).
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Fig. 8: LDA band structure of cubic KCuF's. The tyy bands are in red and the e, bands in blue.

HQ;B are
g2 = &p
£3 = &p
[ = &4

€15 = &+ %Apd + %\/A]%d + 16Vp2dalsz\2

where £, (sign —) is bonding and F z-like, while €5 (sign +) anti-bonding and Cu 3z%—72-like.
Along I'-X, we have instead the dispersion relations

9 = &p
€3 = &p
[ = &4

€15 = &p + %Apd + %\/A]%d + 16‘/132dglsx‘2

where ¢, is bonding and F 2-like, while €5 anti-bonding and Cu 2?—y?2-like. To obtain the
eg-like bands, instead of diagonalizing H eTg B as we have done above, we can also use the down-
folding procedure, which, for non-interacting electrons, can be carried out exactly. This method
works as follows. We divide the orbitals in passive (F p) and active (Cu d), and write the
eigenvalues equation as

Hpy, Hpa |k p) _ Iy, 0 |k p)
Hy Hu | |kd)| = 0 I ||lkd) ]

where H,, (I,,) is the Hamiltonian (identity matrix) in the p-electron space (3 x 3), and H 44
(144) the Hamiltonian (identity matrix) in the d-electron space (2 x 2). By downfolding to the d
sector we obtain the energy-dependent operator 1, which acts in the d space only

Hiy = Hag — Hap(Hpp — 5Izop)ialda
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and a correspondingly transformed and energy-dependent basis set for the active space, |k d)..
The operator Hj; has the same eigenvalues and eigenvectors as the original Hamiltonian. In the
case of the e, bands (Hg; = H¢ ) of KCuF;

H;, ‘ |k 32%—r?). |k 22 —y?).
|k 32%—r?), |el,—2t2[5(cos kya+cos kya)+cos k.al Ztg[\/Tg(cos kya—-cos kya)] (12)
|k 22 —y?). 217[¥3 (cos kpa—cos kya)] el,—2t2[3(cos kya+cos kya)]

where the effective parameters are

2

o __ V;)do

t. = ,
€—¢&p

5:1 =4+ 3t7.

The downfolding procedure has renormalized the parameters ¢, of the original model (11),
but also introduced a new interaction: inter-orbital coupling. Furthermore, H7; and the Bloch
basis are now energy dependent. Along ['Z, the eigenvalues of (12) are given implicitly by the
equations e=e,4+2t7 —2t. cos k,a (band ¢;5) and e=¢,4 (band €,4); in second-order perturbation
theory we find

2
o o __ pdo
lg ~t,, = ——

Apa’
€5 ~ €q + 2t — 2t7 cosk.a.

From Hamiltonian (12) it is relatively easy to see that the e, bands are 2-fold degenerate along
direction I'-R, to find the dispersion along I'-M and R-M, and to obtain the e,-like bands in
Fig. 8. By Fourier transforming the Bloch states |k 3z2—72). and |k z*—y?). we can build

2 or 22—y* symmetry as the atomic orbitals,

a set of Wannier functions. They have 32%—r
and, additionally, they span, to arbitrary accuracy, the ¢, bands. These Wannier functions are
by construction longer range than atomic orbitals, since they have p tails on the downfolded
neighboring F sites.

We can now repeat the same calculation for the ¢5, bands. The minimal tight-binding basis is
of course different with respect to the case of e, bands. The states |zy); of the Cu ion located at
R; are coupled via V4, to the |y*);, the p, orbitals of F; and F, and to |z%);, the p, orbitals of
F, and F;; in a similar way, |xz); is coupled via V,4, to the |2%);, the p, orbitals of F; and Fy,
and to the |x¢);, the p, orbitals of F5 and Fg; finally |yz); is coupled via V,4, to the |2°);, the p,
orbitals of Fy and F;, and to the |y°);, the p, orbitals of F5 and Fs. After constructing for each
|a); the corresponding Bloch state, we obtain the tight-binding Hamiltonian. The latter splits
into three decoupled blocks,

HIP | ky?)  [ka”)  |kay)
ky") | & 0 2VoirSe
|k z°) 0 Ep 2V i Sy
|k3 SL’y> 2‘/pd7r§m 2‘/1)d71'§y Ed
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and cyclic permutations of x, y, and z (and, correspondingly, of a, b, and c). In the I'-X direction
we thus find

Eg/(k) =&4

) \/Ad+16 2 Isa]?
es(k) =ep + p

~Eg + 2257r - 215’T cos kya

where ¢7 = pdﬂ /A,q. By downfolding the oxygen states we obtain
y, Ik yz)e |k 22)e |k zy)e
|k yz)e | €] — 2tT (cos kya+ cos kya) 0 0
|k x2). 0 ell — 2tT (cos kya+ cos k.a) 0
|k yz)e 0 0 ell — 2tT (cos kya+ cos k.a)

where the parameters in the matrix are
=&q + 4t?,

|Vyar|?

T =
E—¢&p

€
As in the case of the e, bands, we find renormalized energy levels and effective band disper-
sions; since different Cu ¢y, states couple to different F p states, and we neglected hopping
integral between oxygens, the zy, xz, and yz bands are totally decoupled in our model. We are
now in the position of calculating the (approximate) expression of the covalent contribution to
the e,-to, crystal-field splitting, i.e., the energy difference

Voo [Vpan|”
AC "\-’5/—5”:3‘pa —4 p
: d d Apd Apd

> 0. (13)

As we can see, the sign of the covalent crystal-field splitting is the same as that of the ionic
contribution. This happens for two reasons. First, the so-called d bands are the anti-bonding
states of the p-d Hamiltonian, hence both the energy of the e, and ¢, states moves upwards due
to the interaction with the p orbitals. Second, o bonds are stronger than 7 bonds, hence ¢, states
shift to sizably higher energy than ¢, states.

The tight-binding model we have used so far is oversimplified, but it already qualitatively well
describes the e, and 7, bands in Fig. 8. A more accurate description can be obtained including
other Slater-Koster integrals, such as the hopping to apical F s states, or between neighboring
F p states. With increasing number of parameters, it becomes progressively harder to estimate
them, e.g., from comparison with experiments; furthermore a large number of fitting parameters
makes it impossible to put a theory to a test. Modern techniques allow us, however, to calculate
hopping integrals and crystal-field splittings ab-initio, using localized Wannier functions as
the basis and the Kohn-Sham potential vz (7) as the one-electron potential; because Wannier
functions are orthogonal, the corresponding overlap matrix is by construction diagonal.



Orbital Ordering in Materials 1.19

4 Jahn-Teller effect

In order to introduce the Jahn-Teller effect we have to take a step backwards and start from
the central equation of solid-state physics, the eigenvalue problem HW = EW, defined (in the
non-relativistic limit) by the many-body Hamiltonian

- __ZV2 Z |'rz—n/ Z lr; — R | ZWV2 Z |R R

z;é’

a”

-~

Te vee ven T vm

Here {r;} are the coordinates of the NV, electrons, { R, } those of the N,, nuclei, Z, the atomic
numbers, and M, the nuclear masses. The Born-Oppenheimer Ansatz

({ri} {Ra}) = v({ri}; {Ra}) P({Ra}), (14)

splits the Schrodinger equation HW = EV into the system

IA{JM{W}; {Ra}) = 5({Ra})@/}({rl}, {Ra}>7

(15)
H,9({R.}) = EP({R.}),
where the Hamilton operators for the electrons (I:[ ) and that for the lattice (ﬁn) are
He=T. 4 Vee + Ven + Vium, (16)
H,=T,+c({R}) =T, +U,, (17)

and where in (17) we neglect non-adiabatic corrections.” In the electronic Hamiltonian (16)
the atomic positions { R, } are simple parameters. The electronic eigenvalue £({R,,}) acts as
potential for the nuclei and defines a Born-Oppenheimer (BO) energy surface. While (16) de-
scribes the electronic structure, (17) yields the equilibrium crystal structure and the vibrational
modes. These equations are impossible to solve in the general case. The first difficulty is
that Hamiltonian (16) describes the electronic quantum many-body problem. The latter can
be solved only approximately, for example the energy of the ground state can be obtained
via density-functional theory using one of the known approximations to the universal func-
tional. For strongly-correlated systems, advanced methods combine density-functional theory
with many-body approaches such as the dynamical mean-field theory [7,8]. The second issue
is the very high number of atoms, and therefore of { R, } parameters to explore; finally, even
if we solve the electronic many-body problem exactly, we still have to deal with the nuclear
many-body problem, Hamiltonian (17). Despite all these obstacles, let us assume for a moment
that, for a given system, we did solve the electronic problem for general values of { R, }. Let us
also assume that the set of positions { R, } = {R"} defines a specific crystal structure, whose

7We neglect the operator A,,, with elements (m|A,|m’) = — 3" +} 1 3 WmIVatm) + (Um|Vathm:) - Vo
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electronic ground state (i.e., the lower energy BO surface) has degeneracy d > 1. We can at this
point ask ourself the question: Is structure { R} actually stable?

The Jahn-Teller theorem states that any electronically degenerate system can lower its energy
by undergoing some structural distortions, and therefore is unstable.® This is due to the cou-
pling between electrons and lattice. In order to better understand the microscopic origin of this
phenomenon, let us consider a system in a high-symmetry structure, { R® }, for which the elec-
tronic ground state has energy ({ R }) with degeneracy d > 1. This means that there are d
Born-Oppenheimer surfaces degenerate for { R, } = { R},

em({R0}) = c({Ry}).

In the rest of the chapter we will take £({ R }) as the energy zero. The corresponding degenerate
electronic wavefunctions are ¢, ({r; }; {R%}). Let us expand the nuclear potential U,, for one
of these surfaces around the symmetric structure { R? }. This leads to the Taylor series

1
top +5 DD

(RO} au alp!

Uap Ualy! + - - -
{RY}

07U,
aau(?a’u’
where u, = R, — R are displacement vectors with respect to the equilibrium position, and
p=z,y,z If {R2} is an equilibrium structure, the gradient is zero and

A~

Uyl + - =T, + UPR{ROY) + ..., (18)

aauaalﬂl {RO}

The standard procedure to diagonalize (18) consists of two steps. First we change coordinates
Uay = Uap M.
Second we introduce the dynamical matrix

1 1

and diagonalize it. Its IV, eigenvectors are the normal modes Q,,,

DQn = W%Qm

Nn
Qnu = § § Any,apUap,

a=1 p=xy,z

02U,

D
Dos Oty

)

{RrR3}

withn = 1,...N,,, and v = x,y, z. The normal coordinates {(Q),,, }, together with the associ-
ated canonically-conjugated momenta { P, }, bring (18) in the form

2 1 2 2.2

Hy o~ >R +wiQ]. (19)

nv

8The only exceptions are linear molecules and Kramers degeneracy.
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In a crystal, this Hamiltonian yields the phonon energy levels. Let us now determine the pos-
sible /V,,, normal modes for a cubic perovskite. For simplicity we consider here only a single
octahedron and the modes associated with the vibrations of its atoms. Given that each atom can
move in three directions, and there are 6 atoms of type C and 1 atom of type B, in principle
such a system has 21 degrees of freedom; eliminating global translations (3 degrees of free-
dom) and global rotations (3 degrees of freedom), i.e., displacements which are not vibrations,
15 degrees of freedom are left, hence the system has 15 possible normal modes. In group the-
ory language, assuming again for simplicity that the group is O instead of Op,, one can show
that these modes can be labeled as belonging to irreducible representations Ay, F, T} or Ts.
To obtain this result we first build a matrix representation of the group in the linear space of
all possible displacements; this space is 21-dimensional, and so is the associated matrix repre-
sentation /... The latter can be expressed as the direct product [iot = [ns @ ectors Where
I, 5. 1s the so-called atomic-site representation. [, s has as a basis the original atomic positions
(without displacements); in our case it is has therefore dimensionality 7. The character of I, .
for a given operation is simply the number of sites left invariant by that operation. Finally, in
group O the irreducible representation for a vector is Iyt = 17; this can be seen from the
partner functions (x, y, 2) in Table 4. Summarizing all this in a character table, we have

10 \E 8Cs 3C, 6C, 60,
[as. 7 1 3 1 3
et —rasgr.. 121 0 -3 —1 3

Once we know the characters for representation /., we can split the latter into irreducible
representations of group O via the decomposition formula Eq. (5). After subtracting (ten-
sor subtraction ©) the representations for mere translations (77) and mere rotations (77) of
the octahedron,” we arrive at the final decomposition of the vibrational-modes representation
Librations = 1 tot © Lvector © Lrotation = A1 @ E @ 2T, @ 2T5. Normal modes which are a ba-
sis for different irreducible representations have in general different energies. Let us focus on
modes A; and . We can obtain mode A; by using the projector, Eq. (6), for irreducible rep-
resentation A;. As a matter of fact, if we assume that atom F; (Fig. 9) is displaced by u,, by
applying the projector P41 to u; we generate automatically the linear combination of atomic
displacements (all having the same length) forming the mode of symmetry A;. This leads to

Qo = u1(qo) + u2(qo) + us(qo) + walqo) + us(qo) + ue(qo).

9The representation for an improper vector (rotation) is I'oration = 11, as can be seen from the corresponding
partner functions (R, R,, I?;) in Table 4.
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Fig. 9: Unit cell (top) and vibrational modes (), ()1, and Q)5 of cubic KCuFs.

Here wu; are the (normalized) displacements for the C; atom (see Fig. 9) which we rewrite as

ui(@) = 750(1,0,0)
ux(g) = Z5%0(0,1,0)
uz(q) = 5(0,0,1)
ui(qo) = —\/%QO(LO,O)
us(q) = —750(0,1,0)
us(q) = —za(0,0,1)

The potential energy of such a breathing mode is
pr _ 1 2
Un — §CA1 qO .

The @, mode expands or compresses the unit cell, but does not change its symmetry which
remains cubic. Hence, this mode has no influence on the stability of the structure, at most it can
affect the actual value of the lattice constant. More interesting are the two degenerate modes
of type E. These modes can be obtained in a similar way as we have done for Q, this time
using the projector for irreducible representation £'; within the resulting 2-dimensional space,
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we choose as basis the mutually orthogonal modes that transform as the [ = 2 partner functions
of E, 22—y? and 32%2—r2. These are Q; and Q5, shown in Fig. 9. They are defined as

Q1 = ui(q1) +uz2(q) + us(qr) + us(qr),

Q2 = ui(q2) + u2(q2) + us(q2) + wa(q2) + us(q2) + ue(q2),

where the displacements are

ui(q1) = \/%ICH(L 0,0) ui(q) = —\/%(h(l, 0,0)

uz(q1) —5701(0,1,0)  wa(g2) = —542(0,1,0)

uz(q1) = (0,0,0) uz(qa) = V%Qz(& 0,1)
_ 1 _ 1

uy(q1) = —71%(1, 0,0) uy(q) = \/—1—2(]2(17 0,0)

’U,5(q1) = \/qul (Oa ]-7 0) U5(Q2) = \/%(h(oa 17 0)

ug(q1) = (0,0,0) ug(qa) = _\/%%(07 0,1)

The corresponding quadratic potential has the form
1
O = 5C(af + a3)-

The normal modes 7} and 75 can be obtained in a similar way; since they are not relevant for
structure stability in the example considered here we do not provide their form explicitly.

Up to now we have assumed that the hypothetical high-symmetry structure { R } is a stationary
point. In general, however, this might or might not be true. The behavior of the BO energy
surfaces close to the point in which they are degenerate allows us to separate them into two
classes, the first one in which { R?} is a stationary point for all degenerate electronic states m
(Renner-Teller intersection), and the second in which the surface is not a stationary point at
least for some of the surfaces (Jahn-Teller intersection). The classical Jahn-Teller systems are
those for which VU, ({R%}) # 0 at least in some direction (see, e.g., Fig. 10). Let us now
calculate the first-order correction to the m degenerate eigenvalues due to a small distortion
around { R }. The electronic Hamiltonian (16) has matrix elements

- OH, .
<wm|He({Ra})‘wm/> = Z(@@n‘ [—] Wm/)uau 4= U;]n?m’ 4+ ....
{

ou
s I ry

[\

o
The perturbation U7, the Jahn-Teller potential, couples the degenerate BO energy surfaces; it
also couples electrons and lattice vibrations, as we can see from the coordinates u,,, appear-
ing in the expression above. Thus, if there are modes for which Ur # C I where I is the
identity matrix and C a constant, the system gains energy at linear order via a distortion which
lowers the symmetry; the Jahn-Teller theorem states that such modes always exist for electron-
ically degenerate systems (with the exceptions of Kramers degeneracy and linear molecules).
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Fig. 10: Born-Oppenheimer potential-energy surface exhibiting the form of a mexican hat. The
slope of the curve at small distortions qi, qs yields the Jahn-Teller coupling constant \.

In order to better understand the effect of the electron-lattice coupling, we generalize the Born-
Oppenheimer Ansatz as follows

U({r} {R}) = D vm({ri}i {Ra}) em({Ra}).

To find the equations for the functions {®,,}, we write the Schrodinger equation HY = EV,
multiply on the left by 1),,,, and integrate over the coordinates of the electrons. We obtain

Pn({Ra}) = |1+ 02| €, ({R.D) 2 Ut ({Ra}) = BO0({Ro)). QO

The dynamics of the system close to the degeneracy point is determined by all degenerate
sheets. The minimization of the new potential energy yields a new structure { R%} in which the
electronic states are not any more degenerate. The modes that can produce such an instability
should satisfy the condition

Al S ({ m ® Fm] ® (Fvibrations 7A A1>>7

where [, is the irreducible representation to which the electronic degenerate states belong,
and [[},, ® I},,] is the symmetric direct product; for e, states, [¢, @ e,]=a; & e,. The trivial
representation A; has to be excluded from [, .ii0ns Decause, as already discussed, it does
not lower the symmetry. In the case cubic KCuFj, the relevant normal modes coupling to the
degenerate ¢, electronic states are thus the £/ modes; as for the electronic states, if the group
O — Oy, then ¥ — E,. Thus we can say that KCuFs is an example of a ¢, ® I/, Jahn-Teller
system, a system in which an electronic doublet (e,) is coupled to a doublet of normal modes
(E,). The form of the Jahn-Teller potential {/’" can be obtained from the effect of perturbations
of type Q1 and Q- on the crystal-field matrix. As for the crystal field, there are both a ionic and
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a covalent contribution. For the ionic contribution, we can use once more perturbation theory.
In this case, we have to take into account that the Cu-F distance d- depends on the direction,
i.e,

de — de + 0dy,
where ;1 = x,y, 2; the specific dd, values for each atom are given by the specific vibrational
mode. After summing up all contribution, the first non-cubic correction due to £, modes is

A’UJT:/\<Q2 QI).
a1 —Qq2

It is, at this point, useful to introduce pseudo-spin operators acting on the e, states, i.e., operators
7, with i = x,y, z and

TN = =1\, Tal N =+ ), Tyl N0 = =il )
1 =+, ol /) =+ N\, Tyl ) =+l N\

where | ) = |2% — ¢?) and | \,) = [32% — r?). In matrix form these operators can be written
as pseudo-Pauli matrices

(1 oo . (o1 . (o -
TZ_(O —1) T""’_<1 0) Ty_(z‘ 0)' D

We can then rewrite the Jahn-Teller potential as
AUJT =A (Chﬂ + q27ﬁz> )

where A ~ (qc/d%) (36/7+/3) > 0. This potential expresses both the essence of the Jahn-Teller
theorem and its relation with orbital order; the systems gains energy at linear order by making a
distortion; the latter produces a crystal-field splitting, which leads to preferential occupation of
the lower energy level. For example, if ¢; = 0 and ¢» < 0 (tetragonal compression) the 322 — -2
state is higher in energy. Let us now calculate the covalent contribution to the Jahn-Teller
potential. In this case the linear-order correction is

Aglm,l’m’(oa Roc + ’U,) - Aglm,l’m’(oa Ra) ~ VAf‘:lm,l’m’(oa Ra) -u

For e,-states we use for simplicity the following approximations'®

1 g
A€322—r2,3z2—r2 ~ |:TL2 - §(l2+m2):| Vdd0'7
V3

1 ~
A€322—7‘27J32—y2 ~ 7(l2—m2) |:7’L2 — §(l2+m2):| Vdd07

2 2\271;
A€$2_y2@2_y2 ~ Zl(l —m ) V;ldg.

10The crystal-field integrals are also two-center integrals; the table of Slater-Koster integrals in Appendix B is
thus still valid, provided that V};/, are replaced by the corresponding crystal-field terms, which we indicate as V.
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X2-y?2

Fig. 11: Linear combinations of e,-states, |9) = — sin 2|22 —y?) + cos 2|322—r?). The ¥ = 0°
orbital is the excited state in the presence of a tetragonal compression along the z axis, while
¥ = £27/3 are excited states for a tetragonal compression along x or y. This three-fold
degeneracy (rotation by +27/3) is due to cubic symmetry.

By summing up the contributions from all C ions for each mode, we obtain

Acyr(qr, ¢2) = A ( @ n ) = >\<qﬁm + qﬁz),

1 —q2

where A ~ —%gf/d’da > 0. This is the same form of potential that we have obtained for the
ionic contribution. Again, if ¢; = 0 and ¢, < 0 (tetragonal compression) the 322—7? is higher
in energy. In conclusion, if we neglect the kinetic energy of the nuclei (limit M, /m,. — o0),
the ground state of the system can be calculated by minimizing a potential energy of the form

“ ~ ~ 1 ~
Ulq,q2) = U'T + U = ) ( 22 Zl ) + 5OE (@ +¢) 1, (22)
1 —42

where 1 is the 2 x 2 identity matrix. To find the minimum of (22), it is convenient to introduce
polar coordinates, which we define as ¢ = —qcosv,q; = —¢gsind, so that for 0 < J < 7/2
we have ¢; < 0 (compression of z axis) and ¢g» < 0 (compression of 2 axis); this corresponds
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to the distortion of the octahedron labeled with number 1 in Fig. 1. In these coordinates

- cos sin
UM = -\ :
1 ( sin —cosv >
The diagonalization of matrix (22) yields two eigenvalues; the lower energy branch
Cg
E_(q) =—-X¢+ 7612
takes the form of a mexican hat, shown in Fig. 10. The minimum of E_(q) is obtained for
q = go = A/C and has value
EJT = —)\2/QCE;
the quantity Ejr is defined as the Jahn-Teller energy of the system. The electronic ground state
can be written as

¥ —7

¥ -7

|¥)g = —sin |z%—y?) + cos |32%—12).

The excited state (hole orbital), with energy

c
Ei(q) =\ + TEQQ,

is then given by
v v
|¥)p = —sin §|x2—y2) + cos §|3z2—7‘2>.

The states |}) g with different ) are shown in Fig. 11. In the simple model discussed so far, all
states |0)s have the same Jahn-Teller energy. Cubic symmetry, however, only requires states

19), [9+21/3), [9—27/3)

to be degenerate. The additional (accidental) degeneracy is removed when we take into account
anharmonic terms, the lowest order of which has the form

U™ (g1, q5) = A(qg — 3quf) = Aqs(cos3 ¥ — 3 cos ¥ sin? 19) = —Aq> cos 30

and yields the tetragonal distortion as a ground state, with ¢} = 0, £27/3 for positive A and with
¥ = m,m £+ 27/3 for negative A. Higher-order terms can make the @, Jahn-Teller distortion
(0 = 7w/2,m/2 £ 2w /3) more stable [1]. For a periodic lattice, mode @, leads to a co-operative
distortion where long and short bonds alternate in the = and y direction; in such a case, the hole
orbital rotates by 7 /2 if we move from a Cu site to its Cu first-nearest neighbors in the ab plane.
Let us now analyze the different electronic configurations that can occur in perovskites. For

the electronic configuration 3d* =3t}

29> the procedure is as the one illustrated above, except that

194 states are 3-fold degenerate and form 7 bonds, which are weaker, therefore the splitting
introduced by the Jahn-Teller effect is smaller than for e, states. In the case of electronic
configurations 3d" with n > 1, to determine if the ion is Jahn-Teller active one has to consider
the degeneracies of the many-body state, including Coulomb repulsion. Weak Jahn-Teller states
are 3d' (Ti** in LaTiOs3) and 3d? (V3 in LaVOs), as also 3ti , 3t5 , 3t3,¢2, 3t e2; strong

2g> “"2g> “V2g-g> V297 g0

Jahn-Teller configurations are, e.g., 3d” (Cu®* in KCuFs) and 3t3,¢} (Mn** in LaMnOs); the

configurations 3t3, and 33 e are not degenerate and therefore usually not Jahn-Teller active.
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S5 Kugel-Khomskii superexchange

Let us now start from a totally different perspective, from the Hubbard model for a cubic per-
ovskite with partially filled e, or ¢y, shell. The Hamiltonian takes the form H = Hy+ Hy + Hy
where

H, :5dzzzﬁimg
HT— Zzzt zmo Cim'o

i#i" o mm/

HU _U Z Z nzanzmi + Z Z Z U 2<] J(SJJ ) nzmanzm o’/

oo’ m#m/

=D [Cimcimicimwcimw + Cimrcz'mﬁjmwcz‘m'?] )
i mtm/

and where m labels either the e, or the 5, orbitals. Kugel and Khomskii have shown that,
in the large ¢ /U limit, this Hamiltonian can be mapped onto an effective generalized superex-
change Hamiltonian with an orbitally-ordered ground state. The actual general super-exchange
Hamiltonian can be found in Ref. [20], for possible the ej and 3, configurations.

Here, to understand the origin of the orbital super-exchange interaction, let us simplify the
problem and consider first a system with only two atoms (i = A, B) and two orbitals (¢4 = ¢.,),
and for which the hopping matrix is diagonal in the orbitals

2 T T
HT = —t Z Z |:CAchm + CBmCAm:| .
o m

Furthermore, let us simplify the Coulomb interaction and neglect the spin-flip and pair-hopping
terms, so that

Hy — Hjy =U > > Ay, + % SN (U =27 = J0eo) imeine.

i=AB m 1=AB oo’ m#m/

Finally, we assume that the systems has one electron per atom (quarter filling, e; configuration).
In the ¢ = 0 or atomic limit there are two types of possible states for this system, those in
which each atom is occupied by one electron, |1, 1),, and those in which one atom has two

electrons and the other zero, |2,0),/. The 16 states of type |1, 1),, all degenerate with energy
1 T

E.(1,1) = 2¢,,, can be written as c}y,, , Cp,.

|0) with « = (m a0, mpog); here m;o; are
the quantum numbers for the electron at site i = A, B. There are 12 states |2, 0),, with one atom

occupied by two electrons; they are listed below together with their energies

12,0) 0 E.(2,0)
2,00im = chych, 100 2, +U
12,0)i0m = CImTszw‘O) 2e., +U —=2J m' #m

12,0)3, = ¢ 0) 26, +U—3] m' #m

mao Zm e
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AFO ___T_ FM U-3J ___T_ AE=-2t2/(U-3J)

FO =—==—=— FM — == AE=0

AFO ——+ AFM U-2J ——4 AE=-212/(U-2J)

FO —— AFM =1 AE=-22/U

Fig. 12: Superexchange energy gain for possible quarter-filling ground states of a two-site
2-fold degenerate Hubbard model with orbital- and spin-diagonal hopping matrices.

The Coulomb repulsion U is positive and J is small with respect to U; therefore the |1, 1),
states define the ground-state manifold. If ¢ is finite but small (/U < 1), we can treat fIT as
a perturbation, and calculate the second-order correction to the energy of states |1,1),. This
correction is always negative (energy gain) and it is given by the matrix

1
Ey(2,0) — Eo(1,1)

AE@LOQ(l’ 1) = - Z 041<17 1|ﬁT|27 0>o/ <2, Ol_ﬁT|1, 1>a2

a/

There are four interesting cases, depicted in Fig. 12. The first is the ferro-magnetic (same spin)
and antiferro-orbital (different orbitals) state, first line of the figure. The corresponding second

order energy gain (a; = g = mo, m'o) is

2t

ABayay(1,1) = ==

For the ferro-magnetic (same spin) and ferro-orbital (same orbital) state (second line in the
figure, a; = ay = mo, mo) the energy gain is, instead, zero

AE,, +,(1,1) = 0.
The reason is that no hopping is possible due to the Pauli principle. For the antiferro-magnetic
antiferro-orbital state (third line, oy = ag = mo, m' — o), we have

2t*
AEa17a1(17 ].) - —m,
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and finally for the antiferro-magnetic ferro-orbital state (a; = as = mo, m — o) we find

2
AEOq,oq(la 1) == —7
Among these four states, the ferro-magnetic antiferro-orbital state is thus the lowest in energy.
The main message is that the system gains superexchange energy by occupying preferentially
different orbitals with the same spin, although the orbitals are by themselves degenerate. The
16 x 16 matrix of the second-order energy corrections AFE,, o,(1,1) can be rewritten as the

effective superexchange Hamiltonian

Hlpaps o 1 L caenl|pa. o _ 1L
Noror + var. |1+ so5t] [or.on !

oI KSA . 8B g4 Sf) (oA .08 — 04 05) - (s;‘ SB i) (og‘ 0B — i)}

where O; = 7, /2 are operators acting only on orbital degrees of freedom and 7 are the pseudo-

Hep =20, {SA . S8 —

spin operators introduced in the previous section, Eq. (21), and

442 412 4t2
F_ = — F _ = F__ - — .
T U T U —3J U—2J

When the second-order Hamiltonian is written in this form it is immediately clear that, among
the four states we considered, the ferro-magnetic antiferro-orbital state is lower in energy. This
happens because the superexchange coupling /7, _ is the largest. If the orbital degeneracy is
one, we can replace the terms O* - OF and O# OF with the ferro-orbital value 1/4; then, the
terms proportional to /. and /" _ drop out and we recover the Heisenberg superexchange
Hamiltonian, as expected for the one-band Hubbard model.

What about KCuF3 and LaMnO3? If we consider only hopping integrals between neighboring
B sites in the cubic perovskite structure, the hopping integral matrices take the simple form

00 3 V3 s
tj;jif—e< ) t:zif—ts(f ) t:;z:ﬂ—te< v ) @)
0 1 v3 —% 1

4 4 4

w
|—

The structure of these matrices can be obtained by using Slater-Koster two-center integrals.
The only non-zero hopping integral in the Z direction is the one between |322—r?) states. As
we have previously seen by using the downfolding approach, it is given by t. = V2, /(e —¢)).

As in the case of the two-site molecule, for integer filling (n electrons per atom) and in the
large ¢./U limit the lattice Hubbard model can be mapped onto an effective superexchange
Hamiltonian by downfolding high-energy states in which some of the atoms have an electron
number larger than n. Only two electronic configurations are relevant for orbital ordering, 651]
(LaMnQs) and eg (KCuFj3). The remaining partially filled state, eg, is magnetic with S = 1 but,
due to Hund’s rule coupling ./, it exhibits no orbital degeneracy (L = 0). After excluding eg we

can, for simplicity, set / = 0. Let us now construct all atomic states | N, ), with IV, electrons.
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For a single atom they are

|Ne>a Ea’(Ne) d(Ne>
|0) E0)=0 d0) =1
1) = cl,,[0) E(1) =&, d(0) =4
2) = clwcmlgf|o> E(2) =25, +U  d(0)=6
13) = ci,wcm,Tch , i|o> E(3) =3e,,+3U  d(0) =4
|4) = CmTCmC ’TC 20y E(4) =4e., +6U  d(0) =1

The total (spin and orbital) degeneracy of the n-electron sector, d(N,), is given in the third
column. Let us consider two neighboring sites 7 and i’ and their states | N,)?, and |N!)?,, where
a and o' run over all degenerate states in the N.-electron sector. We define the collective
state of such a two-site system as |N, ) [N/)?,. Let us start from an e, configuration. In the
large-U limit, at quarter filling (n=1) the ground state will be within the N.=N/=1 mani-
fold, |G)={|1)?|1)?,}. The latter has a degeneracy 4", where N is the number of sites, here
N=2; this degeneracy can be partially lifted via virtual excitations to the doubly occupied states
IE)={]2)7 |0}, {]0)7|2)%,}, which in turn generate an effective low-energy Hamiltonian Hgp.
We can again calculate Hqp by treating Hrasa perturbation.

Let us consider at first only pairs of sites along the Z axis. In second-order perturbation theory
in Hr, we obtain for the lattice the following effective Hamiltonian

Ay ~ — > | B) (B}
E
- ___ZZZ{ ZTO' ZZ 0|ClTU (Cz T0'|2> <2|Cz TO') + (Z — Z/)} 57’7\(

2t21 o'—o pi i 1 ) i i 4
:_7§ZZ{< 1) PTO‘ U’PTJ —0 2(PTO'O'P—TO'U/+P—TO‘O'PTO'O'>}67-7\(7

where we already replaced in the denominator AE = E(2) + E(0) — 2FE(1) with its value, U,

and where, once more, | \,) = [322—r2), | /) = |2°—¢?). In Hamiltonian HZ, we introduced

the operators P

Too!?

which are given by
P77:0'0 - j’?’o”0> <0|c’i70/ = éiT (ézo’ + §:a" + §;a") ’

In this expression on the right-hand side we rewrote P’ _, as product of an orbital and a spin
term, defined as follows:

0t = (5 1+ (-170%) 0rr o= (5 1+ (-1)781) door
ot =0"(1—6,) 85, =5 (1= 0ye)

6;7’ IOZ(l - 577") éz;a’ :Si(l - 6‘70/) )
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where (—1)? = +1 for spin (pseudospin) up and —1 otherwise; the operator I is the identity
matrix. Hence, we can express the effective Hamiltonian as

A 4 r . S MM oon, g Ny 1 L MM
b= § -5 o~ 5] ot - 5] oot -4
e QZS S | 10— 5 [0 - 5| +5 |00 0

where I = 4¢*/U > 0. If we drop all processes involving orbital | ) we recover the usual
superexchange Heisenberg Hamiltonian for the one-band Hubbard model

rs F i il n;ny
R o

Let us now consider two neighboring sites and the energy of some possible states |G) =
{J1)?|1)%,}. A ferro-magnetic spin configuration has energy

r
AETT,T’T - _Z(]- - 67,7")7

hence, there is an energy gain if the electrons occupy different orbitals, i.e., if the systems has
antiferro-orbital arrangement. Let us consider now a antiferro-magnetic spin arrangement. The
corresponding energy is
r r
ABrypy = =5 0mm0ny = (1= 0rr0)

The expression above shows that in the antiferro-magnetic case the system gains more energy if
the occupied state is | ) at both sites. Up to now we considered magnetically ordered states.
In LaMnO3 and KCuF3, however, orbital order takes place well above the magnetic transition.
Let us then assume that the system is orbitally ordered but paramagnetic, with occupied state

9 — 9 —
9); = — sin — " |22 —y?) + cos 2”;322—r2>

at site 7 and |9);+; = |J); at the neighboring site i’ = ¢ &+ 2. This choice corresponds to
ferro-orbital order along Zz, the type of stacking realized in LaMnOj (see Fig. 13). What is the
value of ¢/ than minimizes the energy? We can calculate it using the variational method. The
superexchange energy gain with respect to a paramagnetic paraorbital state is given by

AE(0) = % (C082(19—7r) +2 Cos(19—7r)) :

This function is minimized for ¥ = 0, an angle corresponding to a tetragonal compression. To
determine the optimal angle for the three-dimensional system we have in addition to take into
account the effective Hamiltonian stemming from virtual hoppings in the remaining directions.
Due to cubic symmetry, if we rotate the quantization axis, the superexchange Hamiltonian has
the same form in all directions; to sum up all terms we have merely to rotate back the quantiza-
tion axis to Z. Hence, we have to make the replacements

‘ 1 3
0 & _loi V3o
NS 2

Z—X

. 1 . V3 .
T % _ T v T
0l o — 50+ 520;

Z2—7
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Fig. 13: Orbital order (LDA+DMFT calculations) in the rare-earth perovskite TboMnOs with
the GdFeOs-type structure. From Ref. [6]. This system has the same structure of LaMnQOs.

Let us assume antiferro-orbital order in the plane, again as in the case of LaMnOs, shown in
Fig. 13. This means that, for ¢/ = i + % or ¢/ = i + ¢, the occupied state is

v—m L

2

|¥)ir =+ sin |z%—y?) + cos 327 —12).

We can easily verify that |9),=|—19 + 27),. This is state |); rotated by 7/2 (x — y, y — —x).
The total superexchange energy gain with respect to a paramagnetic paraorbital state is then
given by!!

AE(9) = 1£6 (3 0052(19—7r)—g).
This expression has a minimum for ¢ = 7 /2 (Jahn-Teller-like @, distortion). For the 63 config-
uration (KCuF3), due to particle-hole symmetry, we obtain the same result. This can be verified
by observing, first of all, that the e, bands obtained from the hopping-integrals matrices (23)
—the bands which we have discussed in detail in Sec. 3— are symmetric with respect to the Fermi
level for half filling. In addition, the energy difference entering in the denominator of the su-
perexchange Hamiltonian for an ¢} ground state, AE = E(4) + E(2) — 2E(3), has the same
value (AE = U) as in the case of an e; ground state. The main difference between LaMnOg (e;)
and KCuF;3 (eg), for what concerns the results presented in this section, is that the stacking along
z, ferro-orbital for LaMnOs, can be either antiferro- or ferro-orbital for KCuFs; Fig. 1 shows
the case of antiferro-orbital arrangement. Remarkably, the variational energy gain AE(1)) is the
same for both types of stacking along Z, i.e., for |);1+; = |J); and for |),+; = |[-9+27);. The
conclusions of this section are thus identical for LaMnO3 and KCuF;.

"For the application of this approach to the general super-exchange Hamiltonian see Ref. [20].
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p (DMFT)

0 1000 1500
T/K

Fig. 14: Orbital order transition in KCuFs. Orbital polarization p as a function of temperature
calculated in LDA+DMFT. R: experimental structure. Circles: idealized structures Rs and I
with decreasing crystal-field and U=T eV. Green/Triangles: U= 9 eV, 1y only. Red/Squares:
two-sites CDMFT. From Ref. [3].

6 The origin of orbital ordering in materials

As we discussed in the introduction, the hallmark of orbital order is the co-operative Jahn-Teller
distortion. This static distortion gives rise to a crystal field, which splits the otherwise degen-
erate e, doublet or ¢y, triplet. Due to Coulomb repulsion, it turns out that even a crystal-field
splitting much smaller than the band width can lead to orbital ordering. The importance of this
effect for real materials has been realized first for LaTiOs and YTiOs [4]. This reduction of
orbital fluctuation is dynamical, but it can be already understood from the static Hartree-Fock
contribution to the self-energy; the latter yields an effective enhancement of the crystal-field
proportional to orbital polarization p. For an e, system p is defined as the difference in occupa-
tion between the most and the least occupied orbital, |1) and |2), the so-called natural orbitals.
Thus p=n; —ns, and the Hartree-Fock self-energy correction to the crystal-field splitting is

1
Aeccp = Yo(w,—00) — X (w,—>00) ~ §(U—5J)p.

If p > 0, as it happens in the presence of a crystal-field ecp=c3—¢1>0, this term effectively
increases the crystal-field splitting. This effect is at work not only in LaTiO3 and YTiOs, but
also in several other systems with different electronic structure and even smaller crystal-field
splittings. The case of 3d? KCuF; and 3d* LaMnOs is extreme: the e, crystal-field splitting is
~ 0.5—1 eV; with such a large splitting, orbital fluctuations are suppressed up to the melting
temperature. Thus, Coulomb repulsion makes the Jahn-Teller mechanism discussed in the arti-
cle of Kanamori very efficient. This result, however, does not clarify which of the two mech-
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Fig. 15:  Orbital-ordering transition in LaMnQs. Orbital polarization p (left) and (right)
occupied state |9)= cos 2|3z*—r?) + sin 5|2’ —y?) as a function of temperature. Solid lines:
300 K experimental structure (Ry1) and 800 K experimental structure. Dots: orthorhombic
structures with half (Rg) or no (Ry) Jahn-Teller distortion. Pentagons: 2 (full) and 4 (empty)
site CDOMFT. Dashes: ideal cubic structure (Iy). Circles: U = 5 eV. Diamonds: U=5.5 eV.
Triangles: U = 6 eV. Squares: U=7 eV. Crystal field splittings (meV): 840 (R11), 495 (Rg),
168 (RS %), and 0 (1y). From Ref. [6].

anisms, Kugel-Khomskii superexchange or conventional electron-phonon coupling, plays the
major role in causing orbital order and stabilizing the distortion. Remarkably, in fact, Coulomb
repulsion has also an important effect on structure stabilization. LDA+U total energy calcula-
tions have early on shown that the co-operative Jahn-Teller distortion is stabilized by U [14,15],
a result confirmed recently by LDA+DMFT [16]. This could be — and initially was — taken as
an indication that superexchange is the driving mechanism. If this is the case, it is, however,
hard to explain why the magnetic transition temperature (7x~40 K for KCuF3 and Tx~140 K
for LaMnO3), also determined by superexchange, is relatively low while the co-operative Jahn-
Teller distortion persists up to the melting temperature. On the other hand, if Kugel-Khomskii
superexchange is not the driving mechanism, the associated energy gain should be small with
respect to the total energy gain due to the Jahn-Teller distortion.

To clarify the nature of the dominant mechanism, we disentangled electron-phonon and su-
perexchange effects. To this end we performed LDA+DMFT (single-site and cluster) calcula-
tions for a series of hypothetical structures, in which the distortions (and thus the crystal-field
splitting) are progressively reduced. In the case of KCuFs, these hypothetical structures are
shown in Fig. 1, and the corresponding e, bands are shown in Fig. 7. For each structure we
calculate the order parameter, the orbital polarization p. In Fig. 14 we show p as a function
of temperature. For the experimental structure (R in the figure), we find that p~1 up to the
melting temperature. The empty orbitals on different sites make the pattern shown in Fig. 1.
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Fig. 16: Superexchange energy gain for LaMnOs, AE ~ —Txx /2. From Ref. [6].

For the ideal cubic structure [/, we find that p=0 at high temperature, but a transition occurs at
Tk ~ 350 K. This Tk is the critical temperature in the absence of electron-phonon coupling,
1.e., the superexchange critical temperature. Our results show that around 350 K superexchange
alone could indeed drive the co-operative Jahn-Teller distortion; it cannot, however, explain the
presence of a co-operative Jahn-Teller distortion above 350 K. We performed a similar study
fo LaMnOg. For this tQQeg system we have to take into account the Hund’s rule coupling be-
tween e, electrons and ¢y, spins, St%. Thus the minimal model to understand orbital order is
the modified Hubbard model [17]

H = ZZ Zt m/ a'o' zmo’czmcr’ hz nzmT nzmi)

i/ oo’ mm’' m

+U Z it Timy + > Z Yo (U=2T=Tb500) imaimor,

v oo’ m(#m’)

—J Z Z <Csz¢Csz¢Cim'¢Cz’m'¢ + ijﬁcimczmwcm%)-
i m#£m!
Here the local magnetic field =S5}, describes the Hund’s rule coupling to ¢, electrons, and
Uio o' =2/3(1—0; ;) accounts for the disorder in orientation of the 5, spins. By performing the
same type of analysis as for KCuF3, we find the impressively large Tk ~700 K (Fig. 15). There
is a small point neglected so far; besides the co-operative Jahn-Teller distortion and tetragonal
compression, LaMnOj3 exhibits a GdFeOs-type distortion (Fig. 13), which tends to reduce the
ey band width [4]. To account for this we studied the orbital-order transition for the ideal struc-
ture Ry, which retains all distortions except for the Jahn-Teller one. For structure Ry we cannot
obtain Txk from p(7T'), because, due to the ~200 meV crystal-field splitting, Coulomb repulsion
strongly suppress orbital fluctuations even at 1500 K. We can, however, study the evolution with
temperature of the occupied orbital, here defined as [J)= cos 2|322—r?) + sin 2|z*—y?). For
the experimental structure (/21;) we find ¥ ~ 108°, in agreement with experiments, while for
the [ structure we obtain ¥ = 90°. For the R, structure we find two regimes: At high temper-
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Fig. 17: Orbital ordering in the t%g system LaVOs. Filled circles: ideal case without crystal-
field splitting. Empty circles: experimental structure. For each temperature, the associated hole
orbital is shown on the Bloch sphere. At high temperature it coincides with the predictions of
crystal-field theory (triangle). At the Kugel-Khomskii transition temperature, Txy, it starts to
move towards the ideal Kugel-Khomskii result (filled blue circle). From Ref. [12].

ature the occupied orbital is the lower-energy crystal-field orbital (9=180°). At Txk ~ 550 K
superexchange rotates this ¥} towards 90°, reaching 130° in the zero-temperature limit; this is
the actual superexchange transition temperature for LaMnOs. Such Tk is still remarkably
large, however not sufficient to explain the persistence of the Jahn-Teller distortion in nanoclus-
ters up to basically melting temperature [18]. Furthermore, the superexchange energy gain
associated with orbital order (Fig. 16) is small compared to the total energy gain due to the
Jahn-Teller distortion, calculated via LDA+U [14, 15] or LDA+DMFT [16]. Thus, as in the
case of KCuFj3, the conclusion is that a static crystal-field splitting, as the one generated by
the electron-lattice coupling, is essential to explain orbital ordering at high temperature. We
obtained a similar conclusion for various families of compounds, including ¢,, systems, an in-
dication that pure Kugel-Khomskii materials are actually rare. The first clear-cut case in which
the super-exchange interaction controls orbital ordering, turning the hole orbital way from the
state expected from crystal-field theory, was recently identified in the ¢2 , System LaVO; [12].
This is shown in Fig. 17, where the changes in the hole orbital on lowering the temperature
can be followed on the Bloch sphere (empty circles). Decreasing the temperature the color of
the empty circles changes from red to blue, while the associated polarization increases towards
its maximum vale. One may see that at high temperature they overlap with the pink triangle,
representing the state expected from crystal-field theory. Decreasing the temperature they move
towards the filled blue circle, representing the Kugel-Khomskii ideal value.
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Fig. 18: Distortion parameter ¢ as a function of lattice constant a in thermally expanding
KCuFs5 [21], under hydrostatic pressure [22], for RbCuF3 [23] and (NH4)CuF'3 [24], compared
to our calculations and the values obtained assuming a constant short Cu-F distance (Spin).
From Ref. [11].

Let us now return to KCuFs, the case we have examined in greater detail. The main conclusion
we had reached is that a static distortion is necessary to explain the presence of orbital ordering
at high temperature. Based on the discussion so far, one could at this point conclude that the
latter is determined by the Jahn-Teller effect. However, it turns out that the reality is even more
complex. Indeed, in a second-order transition one would expect that the order parameter goes to
zero at the transition temperature, 7. In the case of electron-phonon-coupling driven orbital
ordering, the order parameter is the Jahn-Teller distortion. If 7o is not yet reached at the
melting temperature, the order parameter should at least decrease with temperature. In KCuFs,
however, it has been found that this simple picture fails to describe experiments. This is shown
in Fig. 18. Increasing the temperature the lattice constant increases by thermal expansion. At the
same time the (dimensionless) Jahn-Teller distortion parameter 9 also increases. This surprising
behavior is due to the fact that the short Cu-F bond remains almost constant while the long Cu-
F bond becomes longer [11], instead of the two changing coherently together as expected via
the Jahn-Teller (; mode. Going to the microscopical origin of this behavior, it turns out that
the Jahn-Teller mode is so soft that the distortion is actually determined by the Born-Mayer
repulsion of the ions. Thus the distortion increases with the lattice constant, and, via thermal
expansion, the order parameter increases with temperature. This new ordering mechanism was
identified in Ref. [11] for the first time. It can operate even in closed-shell systems and would
result in an inverted Landau transition, with symmetry breaking above a critical temperature.
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7 Conclusion

In this lecture we have studied two mechanisms that can lead to orbital ordering phenomena
in Mott insulators. The first is well illustrated in the influential paper of Kanamori, Ref. [1].
In this picture, a co-operative Jahn-Teller distortion generates a static crystal-field, which in
turn splits orbitals otherwise degenerate. This mechanism is made more efficient by Coulomb
repulsion; the latter enhances the orbital polarization, leading to a orbitally-ordered state even
if the crystal-field splitting is a mere fraction of the bandwidth [4]. The second mechanism,
proposed by Kugel and Khomskii [2] in 1973, predicts orbital ordering even in the absence of
a static crystal field; in this picture, orbital ordering is due to the superexchange interaction, the
effective interaction emerging from the orbitally-degenerate Hubbard model in the large U limit.
The general super-exchange Hamiltonians for e, and ?5, systems can be found in Ref. [20],
where the interaction is decomposed in its irreducible tensor components. In paradigmatic
materials, both the Jahn-Teller and super-exchange coupling predict a similar type of order.
Thus identifying which interaction dominates is very difficult. For this reason, the riddle of the
origin of orbital ordering in materials can be viewed an example of a chicken-and-egg problem
— and has been accordingly a matter of debate for decades.

In the last section we saw how this problem was solved in representative cases. This was done
by disentangling the superexchange Kugel-Khomskii interaction from the rest. For the two
classical text-book examples of orbitally-ordered systems, KCuF; and LaMnOs, it was shown
via this approach that, although Kugel-Khomskii superexchange is very efficient, it cannot alone
explain the presence of a co-operative Jahn-Teller distortion up to the melting temperature.
The conclusion is that an interaction giving directly rise to a static crystal-field splitting, e.g.,
electron-phonon coupling, is necessary to explain experimental findings [3,6]. The same result
was obtained for many other materials, with either e, or ¢y, partially filled shells. This shows
that purely super-exchange driven ordering is rare in nature. A clear cut case of Kugel-Khomskii
material was nevertheless recently identified, LaVOs [12]. Finally, to complicate the matter, for
KCuF; it was shown that not even the Jahn-Teller effect alone does explain the evolution of
distortions with temperature. A new ordering mechanism in which the Born-Mayer repulsion
of the ions plays a key role had to be introduced [11]. Only then it could be understood why the
order parameter experimentally increases (instead of decreasing) with temperature.
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Appendices

A Constants and units

In this lecture, formulas are given in atomic units. The unit of mass m is the electron mass
(mo = m.), the unit of charge ¢ is the electron charge (e; = e), the unit of length ay is the
Bohr radius (ag = ap ~ 0.52918 A), and the unit of time is ¢, = 47r50ha0/62. In these units,
Me, ap, € and 1/47ey have the numerical value 1, the speed of light is ¢ = 1/« ~ 137, and the
unit of energy is 1Ha = e?/4meqag ~ 27.211 eV.

B Atomic orbitals

B.1 Radial functions
The nlm hydrogen-like atomic orbital is given by

77Z}nlm(p7 19, 90) - Rnl(p>YTln(197 @)7

where R, (p) is the radial function and Y (9, ) a spherical harmonic, p = Zr and Z the
atomic number. In atomic units, the radial functions are

ra= () s () 5. (),

where Lffj{l are generalized Laguerre polynomials of degree n—[—1.

The radial function for n = 1, 2, 3 are

Ris(p) = 2 AL e’

Raip) = 55 2°7 (2—p) e
Rop(p) = 55 2°7 pe
Rss(p) = 525 2% (1 —2p/3+2p°/27) e
Ry(p) = 32 77 p(1—p/6) e*/3
R3a(p) = gf—\\/fi, AL pre Pl

where we used the standard notation s for /=0, p for [=1 and d for [=2. The spherical Harmon-
ics, using the Condon-Shortley convention, are given by

Vi, ) = (—1)m\/ (22:1) Eﬁ;g;: P! (cos ) e™? (24)

where P (cos ) in an associated Legendre polynomial.
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Fig. 19: The s (first row), py, p., p. (second row), and d,, d,., ds.2_,2, d,., d2_,2 (last row)
real harmonics.

.o

B.2 Real harmonics

To study solids, it is usually convenient to work in the basis of real harmonics. The latter are
defined in terms of the spherical harmonics as follows:

1 1
Yo =Y), Ym = E(Y—lm +(=D)"Y,), Ym = E(Y—lm —(-1)"Y,), m>0.

Using the definitions x = 7 sin ¥ cos ¢, y = rsinvsin ¢, z = r cos 1, so that

cosv = E, eT¥giny = (:Eiiy)’ (25)
r r

we can express the [ = 0, 1, 2 real harmonics (Fig. 19) as

s =0 =Yy =\/=

b mua= S0V =Ry

D= =y =Yy = \/g z/r

Dz =y = \%(Y_ll -Y}H = \/g x/r

doy =Yoo= (V2% Y= \/g zy/r?

dy: yo1 = 5(Y2 +Y7) = \/E yz/r?

d32p2 =Yoo =Y5 = \/%ﬁg (322—r2) /r?
dy- =Y = \%(Y_Ql Y3 = \/g rz/r?

dpr_yp =12 = \%(Yfg +Y2) =1/21  (aP=y?)/r?
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B.3 Slater-Koster integrals

The interatomic Slater-Koster two-center integrals are defined as

iy — / dr D (r—d)V (r—d) Py ().

They can be expressed as a function of radial integrals Vj;,, which scale with the distance d

roughly as d~(++1) [19], and direction cosines, defined as

I=d - i/d,

n=d- 2/d.

The Slater-Koster integrals for s-, p-, and d-orbitals [19] are listed below.

Es s = Vsso

Es = Wepo

Eew = 1V, Vopo +(1- ? )Vppr

Eay = ImVips —lmVppr

Es - = InNVppe —InVppr

Esuy = V3lmVdo

By = A1) Vi,

Eg3.2 42 = n2—1(124+m?)|Vigo

Fowy = VBV (=20

E,y. = V3ImnVpa, —2lmnVpgn

Ep e = V3PV o +n(1-212)Vpir

Eppryp = B =m?)] Voo H(A=124+m?) Vdr

By w2y = Bm[(?=m*)|Vyao —m (14 =m?) Vydr

E.opyp = Lnl(2=m?)]Voao —n(12=m?)Vpir

Ep3.2_r2 = Un* =3 (1P4m*)]Vpao —V3In*Vpin

Eyg2 2 = m[n?—5(P+m*)| Vo —V/3mn?Vyir

E, 322 = nn?—5(124+m*)|Vpdo +V3n(2+m?) Vygr

By 2y = 3Pm*Vage  +H(P4m2—41m?)Vyar +(n2+12m?) Vyas
Eryye = 3ImZnVyg, Hin(1—4m?) Vg, +Hin(m?—1)Vygs
Euy e = 312mnVygy +mn(1—41%)Vygx +mn(1?—1)Vygs
Epya2_y2 = SIm (12 —m?)Vais 2lm(m®—1?)Vidr lm(12—m?)Vaas
Epgry = Sn(P—m?)\Vage —mn[14+2(2=m®)|Vaar  +mn[1+3(12=m?)|Vaas
Epp_p = Sl(P—m*)Vaao  +nl[1-2(12—m?)|Vygr nl[1-1(12=m?)]Vyas
Epys22 = V3Im[n? =3 (12+m?)|Vaar —2/3Imn*Vygx 2 Im(14+n2) Vaas
Ey. 3202 V3mn[n?— 1 (124m?)|Vaas +V3mn(>+m?—n?)Vygr —%mn(lQ—o—mQ)Vddg
Eu3:2 42 V3In[n? =3 (P+m*)|Vage +v3In(1>+m?—n?)Vgn — 3%+ m?)Vaas
Byt gt = (-2 Vi + [P (P Vg 4+ 12 Vi
By go = (2—m?)[n2— 1 (1% +m?) Vi +VBn2(m?—12)WVage +32 (1+0?)(12—m?) Vags
By 25,0 0= (02— 3 (124+m?)]*Vase +3n2(12+m?) Vidr 3(124m?)?Vyas
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