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Introduction

| 934: Resistance of magnetic alloys shows a minimum at low temperatures de Haas, de Boer, van den Berg, Physica (1934)
S5 120 f
| 964: Kondo explains resistance anomaly: Kondo, Prog. Th. Phys. (1964) on | f
Q 110 ¥
O
Kondo model: Hxkondo = Z akc};scks + JSq - s, Sc = Z cJ,LS SO 551 Cp a /
ks,k/ s’ o
o
spin flip scatterin s
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spin-flip scattering leads to scattering rate which increases with decreasing temperature temperature

r~: T .7 pT)/
density of states
per spin high-energy cutoff

l i

Kondo problem: perturbative result for scattering rate diverges logarithmically v(T") ~ J + v.J?log(D/T)

Spin screening

no spin flip scatterlng
Kondo effect: for 1" — 0, local spin is screened into spin singlet:

1975: Wilson develops RG treatment of flow from weak to strong coupling Wilson, RMP (1975)
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Single-impurity Anderson model (SIAM): local moment formation

Anderson, Phys. Rev. (1961)
How can a stable local moment arise in 2 metal?

it U —— |A
Hsiam = Hpath + Hioe + Huyp
A vk
Hpath = Zé‘kﬁks : Nks = CLSCkS o - o er = 0
ks k(%)
Hyoe = Z(5d — %hs)ﬁds + Ungynay Nds = dlds localized level: ¢4 -6—'1—’
j Fermi sea
thb — Z Uk (CLSdS + dlcks)
ks
2
Hybridization function: A(w) = Z Yk (fully describes effect of bath parameters on d-level dynamics)
w— e +10T
I'
. / T'(e) (€)
Spectral representation: — [ de :
w—e+i0F o A -
€
Hybridization spectrum: ['(e) = Z ve|*(e — ex) I'(e)
k

For simplicity, assume )
box-shaped spectrum: I'(e) = (A/m)O(D — |¢|), A/m = vV
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Single-impurity Anderson model (SIAM): local moment formation

Anderson, Phys. Rev. (1961)

Local state space: Energy:
it U —— |A
empty: 0) Eo =0
singly-occupied: 1), |4) E.: FE.— Ly B — Ly %
: , 5 t+ = &d — 5N, ¢—€d—|-§, o E@ €F:0
k()
doubly occupied: ) — ©
)4 P ET~L 2¢g + U > T—’
Fermi sea
Condition for single occupancy: FEy— Es > A, Eyy —Es > A
eq + A <0, eqa+U>A local moment regime
Spin-flip transitions occur via second-order hopping: O
(V) @@ KO@
2 2 >
jo v, O— — —
Ed eq+U
Uv? 2UA

€d(€d—|—U) 7T€d(€d—|—U)

= effective exchange coupling constant of Kondo model ©



From Anderson to Kondo model: Schrieffer-Wollff transformation 2120

Schrieffer, Wolff, Phys. Rev. (1966)
Project to subspace with n4 =1 )Xg 1Y, 1), %)
Starting point: HSIAM — Hbath -+ Hloc + thb
— ——
Ho~O(0) Hi~O(vl)
Goal: find unitary transformation, such that H = e Hgaye @, with  A=—-AT~ O +0w?) +...

contains no terms  O(v')

should cancel

v \%
Expanding [ in powers of v , one obtains H=(Hy+ H,) +[A Hy+ Hy] + LA, [A, Hy +H1]] + O(v°)

Choose A such that H; = —[A, Hy], then H = Hy + LA, Hi] + O(v°)

!

1 U
A= v[ ¢l d, al]L_Sal_ScJr ds} — h.c.
%8: Ek — €d ke (€d _5k)(5d‘|‘U_5k) ks
Iy Pl _%UQU
A ~ -~ | /
H= Zeknks + Z’Ukkfsd CLy50 s/ Crrgr + oo v Vpk! = e — el (eat U —en) (k < k")
s Kk’ d — “kJ\cd k
v2U
Low-energy limit: ~ Hkondo ~ = J, Ve, lex | < leal, leqa + U

Sd(é“d -+ U)
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Kondo model: effective coupling constant

. \®\ spin flip scattering/®/
SC — E C’CS§JSS,C]€’S,

Anderson, J. Phys. C (1970)
Hyondo = Z 5]@01301@5 + JSd * Sc,
ks

ks,k’s’ 6 9
g9(T')
Perturbative result for scattering rate: y(T') ~ J + vJ?log(D/T)
P T
ive di | ing: (T) = : =vJ : |
Effective dimensionless coupling: g /g0 —In(D/T)’ 9o T 7 D

Kondo temperature:

Universality:

g(TK) = X0 —

=

1/g0 = In(D/Tx)

TK — De_l/(JV)

exponentially small

1

g(T) =

" In(D/Tx) — In(D/T)

1

In(T/Tk)

Physical quantities depend on temperature only via the ratio T'/Ty

For example, resistivity p = p(T/Tk),

spin susceptibility x = x(7/Tk)

resistivity of Cu, Au,__Fe
R {ull emfato%)

e Cu-0-0) at% Fe

X CuggAug =0-0f at% Fe

& Au—-0-0025 at%o Fe

B
T

24
13
© Cugnhu,~0-08 at%h Fe 86

0-24

0-01

Q-

T/Tk

100
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Kondo model: spin screening

Anderson, J. Phys. C (1970)

Effective dimensionless coupling: g(T)

Perturbative treatment breaks down for 1" < Tk . What really happens for 1" — 0 ?

% T

Ground state is a spin singlet, with total spin Siot = 0 Tk

Spin screening: cloud of conduction electrons with a net spin s, = % , the so-called Kondo cloud, screens local spin to form singlet.

y, 7 0 N
. . / A
SpIn screening / o ;\
— - / P
Cartoons depictions of singlet: , \% ‘ 0) ‘ (@) ) _ ‘ & > ‘ ® ) , ! © @ 5% ) \|
S = () ) ) \\\ /11
\ ® ® /

\®\ spin flip scattering/@/ \@\ no spin flip scattering /@/ £~ 1/Tk
—ik’'r ikr —ik'r ikr 17
e ! e e ee

©) (@@

o o phase shift of 7

local moment regime: 1" > Tik strong-coupling regime: T' < Tk
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Wilson, RMP (1975)

Physical consequences of spin screening

In(2)
In(2), T > Tk degenerate doublet ~  _ _ [TTTTTTTTTTTTTTTTTTTTTTTmmmmooes
Impurity entropy: S(T) ~ S(T)
In(1) =0, TI'< Tk non-degenerate singlet |
Tk 1
Static impurity d(Sz(h)) 7 1 ~_~ Pauli behavior
i tibility: x(T) = —4 ~ Curie-Weiss law 1/(AT.
spin susceptibility in o 4(T 1 Tx.) /(4T )
N\ 1 .
alternative definition of Kondo temperature Ti. = X(T) Curie law
© T 4x(0) | ~1/T
! 1— O[In(T/Tx)]] T>T 1K, g
Z — 1 — n , >
asymptotic behavior:  (T') = d<s‘é(:)>T ~ 4T “ *
=0 IxO) L -0(T7/1g)], T < Tk
- Fermi-liquid behavior
1
Electron scattering rate: Y(T) ~ , T > Tk
In(7/Tic) v(T) log behavior
W (T)=~0)[1-O0(T/Tx)*], T/Tk <1 |
Tk, 1
x(T) T* (7)) mt T
Universal prefactors in strong-coupling regime: 1 = — 1 = T/Tx, <1
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Numerical renormalization group (NRG): low-energy spectrum

7

Wilson, RMP (1975)
Bulla, Costi, Pruschke, RMP (2008)

discretization ourity e 0 o o .
j‘> O O O O ~energy scale separation

Logarithmic ['(e) Wilson chain

Discretization grid \\\\\ ///// € to ty t, ts ty ~ A/2
~ A" (A > 1) O
Iterative diagonalization /—c\v
l f+1 {42 o
|
5
-)
discarded g ~
14 ¢ — —
s, B} < J
o <
b9 S ||
= (T < 3 | Ny
@ kept —— () l l | | | I ' e
{la)t, BL ) < T e 1071210711100 10 Tx 1077 10 107° 10¢ U 102 107! 10
K oTRa - T == energy scale ~ A~/?
. — = o . . free orbital
- Fermi liquid regime: local moment regime: regime:
— screened singlet free spin 0@

Wilson shell ¢ 9 ) Q O

Iterative refinement of energy spectrum Detailed description of crossovers between fixed points
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NRG: complete basis

Wilson, RMP (1975)
Bulla, Costi, Pruschke, RMP (2008)

discretization MM impurity site 0  site | site 2 | |

> ~energy scale separation
Discretization grid \\\\ ‘ o O £ O ‘, O ‘. b~ \—t/2
~ AT (A1) °

Logarithmic ['(e)] Wilson chain

\

NRG approximation Hloe), ~ EL, e, Anders, Schiller, PRL (2005)

ae)t = )i ®le)l, x=K,D

Iterative diagonalization

Anders-Schiller basis Projector onto sector x of shell /7,
resolving part of spectrum with energy ~ A—¢/2:
- ae), =|a);, ®le)’
discarded D D D Z\ >££< ‘ Lo
/¢ / R — e e p— 1 ‘ ‘
{la)t, BL} < B x = 2 |%€ixx T
¢ ¢ ¢
Z ae)y” = |&>’;r=1 Ble)™ - - / 041 b+l
0 > Iterative refinement: P. =P, +P.
® kept
— : Discarded states form
‘3>£7 Ees < — e Lol L 1 = £
{ T } e — > complete basis| for full Hilbert space: ;PD
.-
N > Spectral representations of dynamical correlators:
#KK
Wilson shell ¢ S[A, Bl(w) = Tr[(0A)d(w — H)B] = > > Tr[Pi(0A)PLd(w — H)B]
¢ xx/

Iterative refinement of energy spectrum NRG resolves real-frequency dynamics on all energy scales
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NRG for SIAM: thermodynamic quantities

[numerical results for SIAM computed by Andreas Gleis]

Symmetric Anderson model: ¢;=-U/2, U=2-10"°% A =0.04U, h=0
; - 1313
Ti AU o o o o
Haldane’s definition 1 U A
_ ~ -+
of Kondo temperature: Ik = 4v(0) — VUA/2 e 38750
Haldane, J. Phys. C (1978)
Impurity entropy:
In(4) = 21n(2), U<T “degenerate” quartet
S(T) ~ < In(2), Tk < T < U degenerate doublet
-3 10-2 1n-1 0 1 2 3 4 6
In(1) =0, I'< Tk non-degenerate singlet 107 107 107 10° 10° 10° 10° 10° 10> 10
T/ Tk
0
10 R R B
10~ ~<
Static impurity spin susceptibility: ~ 104 ~> Ix/T
~ s
1T, = L
it , Tk <T KU Curie law 251070 -
Trx(T) ~ 4T -
kx(1) =9 108 SC FO
— I < Tk Pauli behavior
4 ]_0_10 PTI EPEP

1073 1072 107+ 10° 10' 102 10% 10* 10° 10°
T/ Tk



NRG for SIAM: dynamical spin susceptibility

Static impurity spin susceptibility:

1T;
— 2 Tk <T<U Curie law
4 T
Txx(T) =~ .
1 TI'< Ik Pauli behavior
10° 102 107t 10° 10' 10* 10° 10* 10° 10°
T/Txk
09 @ e
101
Dynamical impurity spin susceptibility: 102
103
I 104
X(w) = X (@) + () = [ dte (=D (0). 8 0)1 o
o __107°
S 107§
1 21078
—, max{Tk,T} < w <K U similar to Curie law = 1079
X”(u)) ~Y W 10—10
W, w < max{Tk, T} Fermi-liquid behavior 10_1;
10~
1013
10—+

10910 °10 410 310 210 1 10° 10! 10% 103 10%
w/TK



NRG for SIAM: local spectral function

o0
Local d-level spectral function: Gs(w) = / dt e (—1)0(t)({ds(t),ds(0)})
— 00
1 1
0.9} T/Tx . 0.9}
Kondo 10—4
0.8 L resonance ——— — 1073 1 0.8 |
— 1072 |
0.7} 1070 - 0.7} 10!
10Y 10Y
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4 —  10? 4 — 107
§ 0.5 —  10° - § 0.5} — 103
< <

0.4} - 0.4}

Hubbard Hubbard
0.3} side band side band - 0.3} -
0.2k ! - 0.2+ '
0 I I I I L L I 0
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 1079107°107%10210"210"t 10 10' 10% 10% 10%

00
o O o
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NRG for SIAM: local self-energy

Local self-energy:

1.4} E:
1.2} 10
/4
/
-
= 104 / / T/Tx
\_:_g/ / 10—4
[ o —3
= ) (c,u/TK)2 10_2
& / 10
L // 107!
// o 101
% — 107
— 10°
10°8 //
/
/
O 1 1 I |

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
w/U
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NRG for SIAM: o / T scaling of local self-energy

Andreas Gleis, unpublished (2022)

2 22
In Fermi-liquid regime: —ImY(w,T) :@A(w 1) : w, " < Tk

2
Ty
' 10" "
resonance — >
102
N<] T/Tx %
521104 — 1077 ~ //
2 — 10729 4 7 T/Tx
&~ 10 _
S 1072 3 A — 107
. _ A 103
- 10 1.5 - //N ((U/TK)Q 18_2
3 10~ T ) 10~
- 5 — 10705 ‘ 10°° / 0
,_'E - O " ]_0
| E — 10 . - // — 107
: / L0?
)/ — 108

10 o[ - 10~ ] /
. /
[ ) /

10-* 1072 1072 107t 10 10t 10° 10° 10%
w/T




NRG for SIAM: magnetic field

Magnetic field splits the local levels:

6_

It shifts apart spin- 1 and spin- | contributions to

%ﬁh

It breaks up the Kondo singletif h 2> Tk

T —

[AT(w) + Aﬂwﬂ AT /2

19

w/TK

-o0 -40 -30 -20 -10 O 10 20 30 40 50

o)

A(w) = A4(w) + A (w), causing the Kondo resonance to split:




Two-channel Kondo model 17120

Nozieres, Blandin, J. Phys. (1980)

[numerical results for SIAM computed by Jeongmin Shim]
Local spin coupled to two separate but identical conduction band:
~ 1
HQCK — Z Z (Sknkjs _I_ JSd * SC) SC — Z Z CLjSio-SS,Ck,jSI
ks 3=1,2 ks, ks’ 3=1,2

Due to channel symmetry, both channels contribute equally to screening.

Spin singlet can not be formed — local spin is “overscreened”, causing non-Fermi-liquid behavior. S #0

Impurity In(2), Tw < T Dynamical l’ max{Tk,T} < w
entropy: S(T') ~ spin susceptibility: X" (w) ~ ¢ W
In(v2) = £1n(2), T < Tk const. , w < max{Tk, T}

0.70 F

S/In(2)

0.25 }

106 104 102 10° 102 104



