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scheme of the lecture

I.DMFT and LDA+DMFT
II.linear response functions
III.magnetic response for the Hubbard model
IV.linear response in DMFT and LDA+DMFT

�(q;!)
the value obtained in second-order perturbation theory,
indicating that charge fluctuations and higher-order pro-
cesses such as the ring-exchange are not playing a crucial

from 7 eV to 4.7 eV, i.e.,
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I: DMFT and LDA+DMFT



DMFT for the Hubbard dimer
this is a toy model: coordination number is one

DMFT is exact for t=0, U=0, for a single correlated site

 and in the infinite dimension limit



the Hubbard dimer
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 t=0: exact diagonalization
|N,S, Szi N S E(N,S)

|0, 0, 0i = |0i 0 0 0

|1, 1/2,�i1 = c†1�|0i 1 1/2 "d

|1, 1/2,�i2 = c†2�|0i 1 1/2 "d

|2, 1, 1i = c†2"c
†
1"|0i 2 1 2"d

|2, 1,�1i = c†2#c
†
1#|0i 2 1 2"d

|2, 1, 0i = 1p
2

h
c†1"c

†
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†
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i
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h
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†
2"

i
|0i 2 0 2"d

|2, 0, 0i1 = c†1"c
†
1#|0i 2 0 2"d + U

|2, 0, 0i2 = c†2"c
†
2#|0i 2 0 2"d + U

|3, 1/2,�i1 = c†1�c
†
2"c

†
2#|0i 3 1/2 3"d + U

|3, 1/2,�i2 = c†2�c
†
1"c

†
1#|0i 3 1/2 3"d + U
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 finite t: exact diagonalization N=1
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1 2  exact diagonalization
S=1 states S=0 states

|N,S, Szi N S E(N,S)

|0, 0, 0i = |0i 0 0 0

|1, 1/2,�i1 = c†1�|0i 1 1/2 "d
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 finite t: exact diagonalization
half filling (N=2)
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the ground state (N=2)1 2
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mix Slater determinants



 finite t: exact diagonalization
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Lehmann representation
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the local Green function

using Lehmann representation

1 2
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the local spectral function
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the local Green function1 2
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the local Green function

sum two terms together
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the local Green function1 2

change from site to k representation
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local Green function
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U=0 vs finite U

local self-energy plus modified hybridization function
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local self-energy

the local Green function1 2
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1 2 the local Green function

non-local self-energy
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local Dyson equation

similar to quantum impurity Dyson equation
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map to a quantum impurity model ?
the Anderson molecule
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self-consistency

same occupations of Hubbard dimer εs=εd+U/2=µ

half filling: N=2
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solution: Hubbard vs Anderson

Hubbard dimer

 Anderson molecule
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the local self-energies are identical!
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modified hybridization function

1 2 solution: Hubbard vs Anderson1 2

local self-energy approximation



Green function U=4t

Anderson  vs  Hubbard (local self-ene approx)
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QIM solver

DMFT for the dimer

self-consistency loop

map to quantum impurity model (QIM) in local self-energy approximation
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DMFT for the Hubbard dimer1 2
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DMFT for the one-band Hubbard model
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self-consistency loop

quantum impurity model  (QIM)

self-consistency loop  Gdd=Gii
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Ĥhyb

+ "d

X

�

n̂d� + Un̂d"n̂d#

| {z }
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dynamical mean-field theory

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



a real-system case: VOMoO4
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 DMFT for materials



DMFT for real materials

realistic self-
consistent 
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in practice, QMC-based solvers

limited number of orbitals/site
finite temperature

some interactions are worse than others
some bases are worse than others

we need minimal material-specific models 

computational time

sign problem



minimal material-specific models

chose the one-electron basis in a smart way — minimal models
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idea: DFT-based Wannier functions

• span full Hamiltonian

• good electron density

• very good description of weakly correlated states

• average and long-range Coulomb included

• information on lattice and chemistry

• allow energy- and symmetry-based downfolding

E. Pavarini et al., PRL 87, 047003 (2001); PRL 92, 176403 (2004); New J. Phys. 7, 188 (2005)   
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Figure 5. Basis functions of the truly minimal set of O 2p NMTOs calculated
for LaTiO3 with the structure of [12]. Shown are the orbital shapes (constant-
amplitude surfaces) with the ± signs labelled by red and blue. O1 is in a flat
face of the distorted La cube and the O2s are in the buckled faces (see caption
to figure 2). In column 1 we show the orbitals perpendicular to the faces (pz)
which exhibit symmetric Ti-O-Ti σ-bonds. In column 2 we show the orbitals in
the top horizontal face (O1 px and py). Although they are equivalent to those in
the bottom face shown in column 3, we show both for the sake of clarity. The
O1 px and py orbitals, as well as those for O2 shown in the following figure 6,
exhibit weak, symmetric Ti-O-Ti π-bonds. Most importantly, however, the O1 px

and py orbitals show asymmetric O-La σ-bonds. The latter, together with the O2
px-La σ-bonds shown in figure 6, are responsible for the GdFeO3-type distortion.
This O-A bonding is shown schematically in figure 7.

respectively 17% (15%) and 11% (8%) of the average of the four O1-La distances, and it shortens
the O2 bond by 16% (14%) of the average of the four O2-La distances [12]. Here the numbers in
parentheses are from the older data [44]. For CaVO3 the corresponding bond-length reductions
are 10% and 4% for O1 and 12% for O2, while forYTiO3, they are as large as 28% and 23% for O1,
and 22% for O2. For YTiO3 the shortest O-Y distance is, in fact, only 10% longer than the O-Ti
distance.

New Journal of Physics 7 (2005) 188 (http://www.njp.org/)

details matter!

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d1 Perovskites
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.

DOI: 10.1103/PhysRevLett.92.176403 PACS numbers: 71.30.+h, 71.15.Ap, 71.27.+a

Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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flexible and efficient solvers
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self-energy matrix in spin-orbital space


FLESCH, GORELOV, KOCH, AND PAVARINI PHYSICAL REVIEW B 87, 195141 (2013)

model includes the full dynamics of the t2g electrons,21 the
effective U0 is larger than for the two-band model. By scanning
different U0 between 7 and 5 eV we find that U0 ∼ 5.5 eV
yields a gap quite close to that of the two-band model and a
spectrum in good agreement with experiments. This shows that
in the two-band model the Coulomb integral U0 is screened
∼10% by the t2g electrons. The half-filled t2g bands exhibit a
very large gap because at half filling the t2g exchange couplings
effectively enhance the effect of the Coulomb repulsion U0.
Finally, we find the on-site spin-spin correlation function to
be 〈Stg

z S
eg

z 〉 ∼ 0.74, very close to the value of 0.75 expected
for aligned eg and St2g

= 3/2 t2g spins. Concerning the sign
problem, we find it negligible for all of these calculations (the
average sign is ∼0.99 in the worst case).

IV. ORBITAL FLUCTUATIONS AND MAGNETISM IN
CaVO3 AND YTiO3

The importance of orbital fluctuations in the physics of
3d1 perovskites has long been debated.6,15,16,28–30 Single-site
DMFT calculations have shown that in the presence of crystal-
field splitting Coulomb repulsion strongly suppresses orbital
fluctuations.6 However, these conclusions were based on a
Hubbard model with density-density Coulomb interactions
only. In this section we analyze the effect of the neglected
spin-flip and pair-hopping Coulomb interactions. Furthermore,
exploiting our efficient CT-HYB solver, we address the issue
of the nature of the low-temperature (30 K)15,31 ferromagnetic
transition in YTiO3.

A. Orbital fluctuations

The minimal model to consider for 3d1 transition-metal
oxides is a three-band Hubbard model for the t2g bands
including spin-flip and pair-hopping terms, and with

εmσm′σ ′ = εmm′δσ,σ ′ ,

t ii
′

mσm′σ ′ = t ii
′

mm′δσ,σ ′ ,

where m,m′ = xy,xz,yz. For the Coulomb parameters we use
U0 = 5 eV and Jt2g

∼ 0.68 eV (CaVO3) or Jt2g
= 0.64 eV

(YTiO3) from theoretical estimates and previous works.6,27

Because the local Hamiltonian mixes flavors even in the
crystal-field basis, i.e., the basis diagonalizing the nonin-
teracting part of the local Hamiltonian, we perform the
LDA + DMFT calculations using the Krylov version of our
general CT-HYB QMC solver.

In Table I we show the occupations ni of the natural orbitals,
i.e., the eigenstates of the one-body density matrix, at ∼190 K
in CaVO3 and YTiO3. We find that CaVO3 is a paramagnetic
metal with a small orbital polarization. Instead, YTiO3 is
a paramagnetic insulator with orbital polarization p = n1 −
(n2 + n3)/2 ∼ 1, i.e., basically full (orbitally ordered state).
For this system, the double occupancies at 290 K are small; i.e.,
we find 1

2

∑
mσ &=m′σ ′ 〈n̂mσ n̂m′σ ′ 〉 ∼ 0.015 for YTiO3. The occu-

pied orbital is |1〉 = 0.611|xy〉 − 0.056|xz〉 + 0.789|yz〉. We
find the occupied state and orbital polarization are basically the
same with full Coulomb and density-density approximations.
Previous calculations6 in which spin-flip and pair-hopping
terms have been neglected and T ∼ 770 K are in line with these
results. This shows that spin-flip and pair-hopping terms do

TABLE I. Occupations ni of the natural orbitals (with ni > ni+1)
at T = 190 K in CaVO3 and YTiO3 obtained by diagonalizing the
occupation matrix. For YTiO3 the occupied orbital is the natural
orbital |1〉 = 0.611|xy〉 − 0.056|xz〉 + 0.789|yz〉, and it basically
coincides with the lowest-energy crystal-field state; we find about
the same occupied orbital by performing the calculation with and
without pair-hopping and spin-flip terms, or in the paramagnetic and
in the ferromagnetic phase.

n1 n2 n3

CaVO3 0.47 0.28 0.25
YTiO3 0.98 0.01 0.01

not change the conclusion that orbital fluctuations are strongly
suppressed in the Mott insulator YTiO3. In the CT-HYB QMC
simulations the average sign is ∼0.9 for YTiO3 and ∼0.95 for
CaVO3.

B. Ferromagnetism in YTiO3

YTiO3 is one of the few ferromagnetic Mott insulators.
Neutron scattering experiments pointed out early-on the diffi-
culties in reconciling ferromagnetism and the expected orbital
order,15 and there have been suggestions that the ferromagnetic
state could rather be associated with a quadrupolar order
and large-scale orbital fluctuations.29 However, second-order
perturbation theory calculations indicate that ferromagnetism
and orbital order could be reconciled, provided that the real
crystal structure of YTiO3, including the GdFeO3-type dis-
tortion (tilting and rotation of the octahedra, and deformation
of the cation cage), is taken into account.16 To clarify this
point, we check the instability towards ferromagnetism of the
three-band t2g Hubbard model obtained for the experimental
structure of YTiO3. With this approach we calculate the
ferromagnetic transition temperature TC due to superexchange
alone in the orbitally ordered phase. Since experimentally
TC ∼ 30 K, we have to perform LDA + DMFT calculations
down to very low temperatures, which becomes possible with
the CT-HYB QMC solver. On lowering the temperature, we
find that the sign problem becomes sizable (average sign ∼0.7
at 40 K). However, we can basically eliminate it (average
sign ∼0.97) by performing the LDA + DMFT calculations

 0
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FIG. 3. Ferromagnetic spin polarization as a function of temper-
ature in YTiO3. The plot shows a transition at the critical temperature
TC ∼ 50 K, slightly overestimating the experimental value TC ∼
30 K, as one might expect from a mean-field calculations.
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II: Linear response functions



linear-response functions

in short

⟨m⟩ ∼ χ h



with more in detail

�Â(r; t) = Â(r; t)� hÂ(r)i0

difference wrt unperturbed equilibrium case

Ĥ ! Ĥ +
R
dr Ĥ1(r; t) + . . .

Ĥ1(r; t) = �
P

⌫ Ô⌫(r; t)h⌫(r; t),

a small space- and time-dependent perturbation H1

Ô⌫(r; t) = e
i(Ĥ�µN̂)t

Ô⌫(r)e
�i(Ĥ�µN̂)t

,

β=1/kBT
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e��(Ĥ�µN̂)Â
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 external fieldproperty of the system



with more details

hP̂⌫(r; t)i = hP̂⌫(r)i0 + h�P̂⌫(r; t)i0,

h�P̂⌫(r; t)i0 = �i

Z
dr0

Z t

�1
dt

0
Dh

�P̂⌫(r; t),�Ĥ1(r
0; t0)

iE

0
.

linear effect on some property P

replacing H1 with its expression
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linear response function

�
P̂⌫Ô⌫0

(r, r0; t, t0) = i

Dh
�P̂⌫(r; t),�Ô⌫0(r0; t0)

iE

0
⇥(t� t

0), (1)

Fourier transform

h�P̂⌫(q;!)i0 =
X

⌫0

�
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(q;!)h⌫0(q;!)

�ŜzŜz
(q;!) = i

Z
dt ei!t

Dh
Ŝz(q; t), Ŝz(�q; 0)

iE

0
⇥(t).

example: magnetic susceptibility



linear response function

�
P̂⌫Ô⌫0

(r, r0; t, t0) = i

Dh
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0
⇥(t� t

0), (1)

Fourier transform

h�P̂⌫(q;!)i0 =
X

⌫0
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(q;!)h⌫0(q;!)

�ŜzŜz
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Dh
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iE

0
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example: magnetic susceptibility



in imaginary time and frequency
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bosonic Matsubara frequency
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p⌫↵ = �gµBh�0|�̂⌫ |�0i,

ωm =
π
β

2m



let’s make it more complicated

�Ŝi
⌫

Ŝi0
⌫0
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3 independent times τ12, τ23, τ34
τll′￼

= τl − τl′￼



let’s make it more complicated

fermionic

3 independent frequencies

νn =
π
β

(2n + 1)
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III: magnetic response for the Hubbard model 



Hubbard model

hoppings atomicatomic
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†
i�ci0� + U

X

i

ni"ni# = Ĥd + ĤT + ĤU

1. t=0: collection of atoms, insulator


2. U=0: half-filled band, metal

at half filling: 
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magnetic susceptibility 3-times
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non-interacting limit



Matsubara formalism and Wick theorem

<latexit sha1_base64="HHI5lMggJ+NEmkWzEykByikUUmA="></latexit>⇥
�(q; ⌧ )

⇤
k�,k0�0 =

⌦
T ck�(⌧1)c

†
k+q�(⌧2)ck0+q�0(⌧3)c

†
k0�0(⌧4)

↵
0

�
⌦
T ck�(⌧1)c

†
k+q�(⌧2)i0hT ck0+q�0(⌧3)c

†
k0�0(⌧4)

↵
0

=! γ

α

α′

"n

"n+#m "n′+#m

"n′

k+q

k

k′+q

k′

!o !o
γ′

iGk↵�0(i⌫n)

iGk+q�↵0(i⌫n + i!m)

[�0(q; i!m)]kL↵,k0L� = ��NkGk↵�0(i⌫n)Gk0+q↵0�(i⌫n0 + i!m)�n,n0�k,k0

α = σ, γ′￼= σ′￼ α′￼= σ, γ = σ′￼



hypercubic lattice
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Hubbard model, U=0, n=1, d=2

d=1

 
 X  

  M 0

 2

 4
0(q;0)

d=2

 
 X  

  M 0

 2

 4
d=3

 
 X  

  M 0

 2

 4

"k = �2t[cos(kxa) + cos(kya) + cos(kza)] T ~ 350 K

weakly T dependent (except close to van-Hove singularities/divergencies)

proportional to

density of states


(Pauli)

nesting vector0

1

-2  0  2

D
O

S

          

d=1

 

 

-2  0  2

   

energy (eV)

d=2

 

 

-2  0  2

   

          

d=3
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let us switch on U…



Bethe-Salpeter equation
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an exact solution: the atomic limit



atomic limit (t=0) & half filling
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static magnetic local susceptibility

large U: Curie  form
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imaginary time and frequency
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Matsubara formalism, no Wick theorem

sector E, : τ+ τi > 0

DMFT for linear response functions 8.37

the one obtained in the presence of an effective magnetic field he↵ = 2mU, where m is the
magnetization. We can generalize this result to a magnetic structure characterized by a vector
q; in this case we have he↵(q) = 2m(q)U, where m(q) is the associated order parameter. The
associated static magnetic response function is thus

�(q; 0) =
�0(q; 0)

1� ��0(q; 0)
, (100)

where �=2U. This is a simplified version of the Bethe-Salpeter equation obtained in stan-
dard many-body perturbation theory, with, however, a first-order frequency- and momentum-
independent vertex. In the case of a hypercubic lattice with dispersion (93) the susceptibility
�0(q; 0) is larger at the nesting vector; this favors instabilities towards antiferromagnetism.

3.4.3 Atomic limit

Let us now consider the opposite extreme, the atomic limit. First we adopt a simple approach.
Since all atoms are decoupled, only on-site terms i = i0 contribute. We then can calculate the
right-hand side of Eq. (92) by summing up the contributions of the four atomic states, |0i, c†"|0i,
c†#|0i, c

†
"c

†
#|0i, obtaining at half filling
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1 + e�U/2
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The same expression can be derived following the general procedure outlined in the previ-
ous pages, i.e., starting from the two-particle Green function tensor ����0�0(q; ⌧), defined in
Eq. (96). In the atomic limit, it is convenient to work in real space, since

����0�0(q; ⌧ ) =
1

�

X

i

�i��,i�0�0(⌧ ).

Thanks to the symmetries of the tensor in imaginary time, it is sufficient to calculate �i��,i�0�0(⌧ )

for positive times 0 < ⌧j4 < �, where ⌧j4 = ⌧j�⌧4 with j = 1, 2, 3. Due to the time ordering
operator we have, however, to consider separately six different imaginary-time sectors. In the
Appendix one can find a list of all these sectors and their contributions. For simplicity, we
discuss here explicitly only the case ⌧14 > ⌧24 > ⌧34 > 0 and label the corresponding ⌧⌧⌧ -vector
as ⌧+. Calculating the trace we obtain

�i��,i�0�0(⌧+) =
e⌧12U/2+⌧34U/2 + ���0e(��⌧12)U/2�⌧34U/2
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The mean-field terms G�
i,i(⌧12)G

�0
i,i(⌧34) cancel out in the actual magnetic linear response func-

tion, so here we do not give their form explicitly and we will neglect them in the rest of the
calculations. For a single atom, the contribution of the ⌧+ sector to the imaginary-time mag-
netic susceptibility is

�zz(⌧
+) = (gµB)

2 1

4

1

�

X

��0

s�s�0�i��,i�0�0(⌧+) =
(gµB)

2

4�

1

(1 + e�U/2)
e(��⌧12�⌧34)U/2.

<latexit sha1_base64="dVwVdMZ17gXDyJqvynAXzMSocVk="></latexit>

�� < ⌧i < � symmetries: six independent sectors

τij = τi − τj



Fourier transform: 6 integrals
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calculating the integral
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static case: y=U/2

and after Matsubara sums
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increasing U, low T
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Bethe-Salpeter equation
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vertex in the small U limit
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increasing U, low T
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Bethe Salpeter equation
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Hubbard model

hoppings atomicatomic
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ni"ni# = Ĥd + ĤT + ĤU

1. t=0: collection of atoms, insulator


2. U=0: half-filled band, metal

at half filling: 
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Bethe-Salpeter equation
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Hartree-Fock: perturbation in U
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m 6= 0

simplest version: expectation value site independent

the small U/t limit



Hartree-Fock: perturbation in U
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static mean-field theory: perturbation in Γ

Curie-Weiss susceptibility
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IV: Linear response in DMFT and LDA+DMFT



susceptibility in DMFT
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DMFT for 1- and 2- particle GFs

Green Function Susceptibility

local self-energy approximation local vertex approximation

local Dyson equation local Bethe-Salpeter equation

k-dependent Dyson equation matrix q-dependent Bethe-Salpeter equation matrix
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local-vertex approximation
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local-vertex approximation
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local susceptibility: from quantum impurity solver
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An essentially exact solution of the infinite-dimensional Hubbard model is made possible by a new
self-consistent Monte Carlo procedure. Near half filling antiferromagnetisrn and a pseudogap in the
single-particle density of states are found for sufficiently large values of the intrasite Coulomb interac-
tion. At half filling the antiferromagnetic transition temperature obtains its largest value when the in-
trasite Coulomb interaction U = 3.

PACS numbers: 75.10.Jm, 71.10.+x, 75.10.Lp, 75.30.Kz

The Hubbard model of strongly correlated electronic
systems has been an enduring problem in condensed
matter physics. It is believed to properly describe some
of the properties of transition-metal oxides, and possibly
high-temperature superconductors. Despite the simplici-
ty of the model, no exact solutions exist except in one di-
mension [1]. Recently, a new approach [2-4] based on a
dimensional expansion has been proposed to study such
strongly correlated lattice models. In this paper, I
present the first essentially exact numerical solution of
the Hubbard model in the infinite-dimensional limit.
This solution retains the physics expected in the low-
dimensional model, including antiferromagnetism (Figs.
3, 4, and S) and the formation of a correlation induced
Mott-Hubbard gap in the single-particle density of states
(Fig. 6).

The Hamiltonian of interest is

+g[e(n; 1+n; 1)+U(n; 1
——,

' )(n;1 ——,
' )],

where C; (C;t ) creates (destroys) an electron of spin o
on site i, and n; =C;t C; . This Hamiltonian will be
studied in a hypercubic lattice dimension d in the limit as
d~ I. The limit is taken subject to the constraint
4dt 2 =1, which yields a Gaussian unperturbed density of
states, p(ra) =exp( —co )/Jx [2,3]. This is the only non-
trivial way to take the limit, and is also appropriate for
studying the magnetic properties of the model since the
magnetic exchange J-t /U multiplied by the number of
neighbors is then kept fixed.

This limit greatly simplifies the problem. As shown in

[3,4], this limit reduces the problem to a local problem
since the nonlocal (intersite) dynamical interactions are
negligible in this limit. Thus, the irreducible self-energy
and irreducible vertex function are purely local, or site di-
agonal.

This fact may be seen from a diagrammatic argument
[S]. Consider the first few diagrams of the single-particle
self-energy for this problem as shown in Fig. 1. This is a
real-space representation, so each electron propagator G;~

1RI-Rtiscales as —t ' '. Thus the second-order term in Fig.
3(R(-Rt[

1 scales as t ' '. Consider the case where sites i and

j are nearest neighbors, then even after summing over the
contribution of a nearest-neighbor shell, the contribution
of the second-order diagram is dt . This contribution
vanishes in the limit as d ~ since dt is kept fixed
when the limit is evaluated. A similar argument may be
applied to all terms, and only the site-diagonal self-
energy survives when the limit is evaluated. Further-
more, since the lattice is translationally invariant
Z,J(ico„) Z(iro„)btj independent of i Thus, .the solution
of the single-particle properties reduces to solving

GJ(ico„) =G~l(iro„)+gp G)(ico„)Z(ico„)Gt,~(ico„) and
the diagrammatic equation for Z in Fig. 1 self-con-
sistently.

With appropriate modifications, which I discuss below,
these equations may be solved exactly with a self-
consistent quantum Monte Carlo (QMC) scheme [6]. In
the QMC part of the technique I introduce a local
Green's function 9 on site i. The single-particle diagrams
for 5' are illustrated in Fig. 2. Here, the undressed
Green's function is the solution to the modified lattice

I J

FIG. 1. The first few diagrams for the lattice self-energy.
Here, the solid lines represent the undressed (U=O) electron
propagators G;j(iro, ) and the dotted lines represent the intrasite
interaction U.

FIG. 2. The first few diagrams for 5' {double solid line)
which is calculated in the QMC process. The undressed
Green's function Qe is calculated from Eq. (2) and is represent-
ed here as a solid line, and the intrasite interaction U is repre-
sented as dotted lines.
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problem:

S'o(ico„) =G; (ico„)

=Gp((ico„) +g Gjk (ico„)Zk (ico„)Gkj(ico„), (2)
k

where

irreducible vertex function is also locaL For example, the
static magnetic susceptibility matrix

jf j (i co„,i co ) =gj (i co„)6„+Tg gk (i co„)I (i co„,i cop)
p, k

xgkj(scop jcom) ~

0, if i =k,
Zk icon Z(i co„), otherwise. (3) where co„=(2n+ I )jcT. This is related to the static sus-

ceptibilities by

The prime indicates that the self-energy is set to zero on
site i T.his spatial dependence of Zk is necessary to avoid
overcounting of diagrams, since the Green's function 0 is
calculated to all orders in U by the QMC process. The
diagrammatic equation shown in Fig. 2 is the same as
that needed to solve the Anderson impurity problem.
Thus, given 9, I may solve for g with the QMC algo-
rithm of Hirsch and Fye [7]. The Green's function calcu-
lated in this process may then be inverted to yield a new
estimate for Z(i co„),

g(i co„) ' to(ico„) ' Z(ic—o„). (4)
Thus the QMC procedure and Eqs. (2) and (4) constitute
a set of self-consistent equations for the lattice self-
energy Z which essentially reduce the problem to a self-
consistently embedded Anderson impurity problem [8].

A variety of two-particle properties may also be calcu-
lated with this procedure [9], since, using similar argu-
ments applied to the self-energy, one may argue that the

T ~ iq
Xjt Z e Xjj(jcoll m ) '& n, m, i j

The noninteracting part is

jib (i co, ) Q—Gk(i co„)Gkyq(i co„),l (7)

where Gk(ico„) 1/[ico„—e —ek —Z(ico„)]. Equation (7)
may readily be evaluated in the ferromagnetic [q

(0,0,0, . . .)] and antiferromagnetic [q (jz, jz, jz, . . .)]
limits, in which it may be reexpressed as an integral over
the Gaussian density of states. The function I is the local
irreducible vertex function which may be calculated in
the QMC procedure by solving

g;;(ico„,ico ) 9'(ico„) b„m —Tgg(ico„) I (ico„,icop)

xg;; (icop, E corn ) .

Here g;; is the opposite-spin two-particle Green's func-
I tion,

"e ' " " '4 (T,C;, t(z4)Cjtl(z3)Cj, l(z2)Cj~l (zt)) (9)

scaling behavior is consistent with that of a Heisenberg
model on a lattice with an infinite number of nearest
neighbors, for which one expects the Curie-Weiss mean-
field form for OAF.

300
200.0 ..-

63.2 =200-
C3

I

0.010
20.0

0.001
I

0.003
T-T.100-

ee
0.10 0.11

0
0.08

I

0.09 0.12 0.13
T

FIG. 3. Antiferromagnetic susceptibility jCAF(T) vs tempera-
ture T when U 1.5 and e 0.0. The logarithmic scaling be-
havior is shown in the inset. The data close to the transition
fit the form giF4L (T T, (" with T, 0.0866+'0.0—003 and
v —0.99~0.05. The points at U=O reflect exactly known
limits.

EN ($1
g;;(ico„,ico ) —T dzi dz2 dz3 dz4e

and 9 is the corresponding fully dressed single-particle
Green's function.

Both 9 and g;; are calculated in the QMC procedure.
Here the problem is cast into a discrete path formalism in

imaginary time, zj, where zj /hz, hz P/L, and L is
the number of times slices. The values of L used ranged
from 40 to 160, with the largest values of L reserved for
the largest values of P since the time required by the al-
gorithm scales like L . No "sign problem" was observed
at any filling. At the start of the QMC process the initial
Green's function (for which U 0 on the simulated site)
is taken to be O' . The algorithm produces 9, which is
used in Eqs. (4) and (2) to produce another estimate for
Z and 9 . This process is continued until 9=G;; within
the numerical precision of code. Usually five to eight
iterations are required for convergence. Other quantities
such as g;;, jj =((nl —nt) ), etc., are calculated on the
last iteration, once convergence is reached.

It is expected that the Hubbard model will exhibit anti-
ferromagnetism at half filling. This transition is signaled
by the divergence of the antiferromagnetic susceptibility
OAF calculated using the methods described above. Re-
sults from this approach are shown in Fig. 3 for U=1.5
and e 0.0. The logarithmic scaling behavior is shown in
the inset. Near T, the data fit a form OAF jx(T T,("—
with T =0.866 ~ 0.0003 and v = —0.99 ~ 0.05. This
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alternative representations

DMFT for linear response functions 8.33

3.3 The local susceptibility: Legendre representation

The core of the approach described in the previous section is the calculation of the local sus-
ceptibility tensor, �↵↵↵���(⌧⌧⌧). In DMFT all local observables hÔi are obtained via the quantum-
impurity solver, for example the continuous-time hybridization expansion QMC technique pre-
sented in Section 2.3. Susceptibilities, however, require sizably longer computational time than
Green-function matrices. Thus, instead of calculating directly �↵↵↵���(⌧⌧⌧), it is convenient to express
the tensor elements in a basis of orthogonal functions fm

l (⌧), chosen such that the representation
is as compact as possible. A successful choice [15, 16] is

fm
l (⌧) = e�i'm(⌧)

( p
2l+1 pl(x(⌧)), ⌧ > 0

�(�1)m
p
2l+1 pl(x(⌧+�)), ⌧ < 0

where pl(x(⌧)) is a Legendre polynomial of degree l, with x(⌧) = 2⌧/� � 1; here the factor
(�1)m in the second row ensures anti-periodicity for all values of m, which is the index for
the bosonic Matsubara frequency !m. Via the orthogonality properties of the polynomials we
obtain

�↵↵↵���(i!m) =
1

�2

X

ll0

f�m
l (0+) �l,l0

↵↵↵���(i!m) f
�m
l0 (0+). (90)

The expansion coefficients in Eq. (90) take the form

�l,l0

↵↵↵���(i!m) =

Z �

0

d⌧23

Z �

0

d⌧12

Z �

0

d⌧34 e
�i!m⌧23fm

l (⌧12)�
↵↵0

��0 (⌧14, ⌧24, ⌧34, 0)f
m
l0 (⌧34), (91)

where ⌧ij = ⌧i�⌧j , with ⌧14 = ⌧12+⌧23+⌧34, and ⌧24 = ⌧23+⌧34. The phase defining the gauge
is 'm(⌧) = !m⌧/2 and does not depend on l. As we have seen, in quantum Monte Carlo the
observables are obtained as the average over the visited configurations c. Splitting (91) into two
terms [16] we have

⌦
�l,l0

↵↵↵���(i!m)
↵
c
=

⌦
Cl,l0

↵↵↵��� (i!m)
↵
c
� ��m,0

⌦
Gl

↵↵↵

↵
c

⌦
Gl0

���

↵
c
.

The first term can be expressed as

⌦
C l,l0

↵↵↵��� (i!m)
↵
c
=
1

�

NBX

bb0dd0

kb,kdX

i,j

kb0 ,kd0X

i0,j0

fm
l (⌧dj�⌧̄bi)f

m
l0 (⌧d0j0�⌧̄b0i0)c

db,d0b0

ji,j0i0 (i!m)�↵↵↵,(↵dj ,↵̄bi)
����,(↵d0j0 ,↵̄b0i0 )

where

cdb,d
0b0

ji,j0i0 (i!m) =
�
wdb

jiw
d0b0

j0i0 � wd0b
j0iw

db0

ji0
�
e�i!m(⌧̄bi�⌧d0j0 ).

Here the imaginary times ⌧bi and ⌧̄bi all vary in the interval [0, �). The letters b and d label the
NB flavors decoupled by symmetry, e.g., {", #}. Finally, wdb

ji = �b,dMkb
bj,bi, where the matrix

Mkb = [Fkb
0
]�1 is the inverse of the hybridization function matrix Fkb

0
for expansion order kb.

The Green functions in the second term are instead given by

⌦
Gl

↵↵↵

↵
c
= � 1

�

NBX

b

kbX

ij

f 0

l (⌧bj�⌧̄bi)w
bb
ji �↵↵↵,(↵bj ,↵̄bi)

.

(instead of fermionic Matsubara frequencies)



Example: Hubbard model in small t/U limit

G(i⌫n) =
1

i⌫n + µ�⌃(i⌫n)

in the atomic limit

⌃(i⌫n) = µ+
U2

4

1

i⌫n

small t/U limit: approximate form for the self-energy

⌃(i⌫n) = µ+
rUU2

4

1

i⌫n



DMFT bubble
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Example: Hubbard model in small t/U limit



Bethe-Salpeter equation
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cluster-size evolution
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This article reviews quantum cluster theories, a set of approximations for infinite lattice models which
treat correlations within the cluster explicitly, and correlations at longer length scales either
perturbatively or within a mean-field approximation. These methods become exact when the cluster
size diverges, and most recover the corresponding mean-field approximation when the cluster size
becomes 1. Although quantum cluster theories were originally developed to treat disordered systems,
they have more recently been applied to the study of ordered and disordered correlated systems,
which will be the focus of this review. After a brief historical review, the authors provide detailed
derivations of three cluster formalisms: the cluster perturbation theory, the dynamical cluster
approximation, and the cellular dynamical mean-field theory. They compare their advantages and
review their applications to common models of correlated electron systems.
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the Mermin-Wagner theorem that the true Néel tem-
perature TN is necessarily zero. As discussed in Secs.
II.D.2 and I.B, however, finite transition temperatures
are predicted even in two dimensions due to the residual
mean-field character of quantum cluster approaches, but
expected to fall to zero with increasing cluster size.

As discussed in Secs. II.G and II.F, phase transitions
can be identified from the disordered !here paramag-
netic" state by calculating the corresponding susceptibil-
ity, or from the ordered state by computing the order
parameter. The calculation of order parameters is shown
in Fig. 25, where we plot the DCA/NCA result for the
sublattice magnetization m=1/N#i,!eiQ·xi!ni! $see Eq.
!124"% as a function of the reduced temperature t
=T /TN in the 2D half-filled Hubbard model for the clus-
ter sizes Nc=1 and Nc=4 when U=4t. The Nc=4 Néel
temperature TN=0.208t is reduced from the Nc=1 result
TN=0.304t and the order parameter is strongly sup-
pressed. As expected, nonlocal spin fluctuations sup-
press antiferromagnetism.

Figure 26 shows the DCA/QMC result for the tem-
perature dependence of the inverse antiferromagnetic
susceptibility 1/"AF at U=6t for various cluster sizes Nc
in the paramagnetic state. At high temperatures the sus-
ceptibility is independent of Nc due to the lack of non-
local fluctuations. In contrast to finite-size simulations,
the low-temperature susceptibility diverges at T=TN, in-
dicating instability to the antiferromagnetic state. When
Nc=1 the susceptibility diverges with a critical exponent
#&1 as expected for a mean-field theory. Consistent
with the DCA/NCA results the susceptibility diverges at
lower temperatures when Nc$1 with larger exponents
indicative of fluctuation effects. However, as discussed in
Sec. I.B, these critical exponents reflect the behavior at
intermediate temperatures. Very close to the transition,
there must a region of mean-field behavior. However,
this region is very difficult to resolve with DCA/QMC
techniques, due to numerical noise, which is especially
large near the transition.

As shown in the inset, the transition temperatures fall
very slowly with the cluster size Nc. As detailed in Sec.
II.D.4, fluctuation effects in clusters with linear size Lc
=2 are overproportionally enhanced since its coordina-
tion number is reduced compared to the original system.
Hence the Nc=4 result does not fall on the curve, similar
to the behavior seen in DCA studies of the Falicov-
Kimball model !Hettler et al., 2000".

The question arises of whether the same nonlocal
fluctuations which are responsible for suppressing the
antiferromagnetism result in precursors of the antiferro-
magnetic phase transition. The onset of antiferromag-
netic correlations on short time and length scales may be
signaled by a pseudogap in the DOS as a precursor to
the antiferromagnetic gap. This was predicted by Kampf
and Schrieffer !1990" using a phenomenological ansatz
for the weak-coupling Hubbard model based on the
presence of strong antiferromagnetic spin fluctuations.
On a microscopic level, this question has been addressed
by finite-size quantum Monte Carlo in the 2D Hubbard
model by Vekic and White !1993" and Creffield et al.
!1995" and by approximate many-body techniques by
Deisz et al. !1996" and Moukouri et al. !1999". But the
results have been inconclusive due to the limitations of
these techniques.

Within quantum cluster approaches the pseudogap
phenomenon was first studied by Maier et al. !2000b"
using the DCA/NCA formalism. In contrast to Nc=1
where a Kondo-like quasiparticle peak emerges at the
chemical potential as the temperature is decreased
$identical to the D=% DMFT result !Georges et al.,
1996"%, a pseudogap was found when nonlocal correla-
tions were included in Nc=4 simulations. For larger clus-
ter sizes, the emergence of the pseudogap in the DOS
was explored by DCA/QMC techniques in Huscroft et
al. !2001" and DCA/FLEX in Aryanpour, Hettler, and

FIG. 25. Sublattice magnetization as a function of temperature
in the half-filled 2D Hubbard model calculated with the DCA/
NCA method for cluster sizes Nc=1,4 when U=4t. Inset: Neél
temperature vs doping. From Maier, 2001.

FIG. 26. Inverse antiferromagnetic susceptibility vs tempera-
ture in the half-filled 2D Hubbard model calculated with the
DCA/QMC method for various cluster sizes Nc when U=6t.
The lines are fits to the function !T−TN"#. Inset: Correspond-
ing Neél temperatures as a function of the cluster size. Ener-
gies are in units of 4t. From Jarrell, Maier, Huscroft, and
Moukouri, 2001.

1068 Maier et al.: Quantum cluster theories
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static and dynamical response
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high-Tc superconducting cuprates
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increasing x, finite q
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finite frequency: spin waves
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