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Notation

& Zero temperature, equilibrium BOA, non-relativistic

many-body £ = [ dxipi(x )45 [ [ dxdx (0 () D), x)

Hamiltonian

& Combined space-spin-time indices

(11) = (xq,t]) witht{ =¢,+6 (6 — 0T)

& Implicit integration:

integration overindices not present on the left-hand side of an equation is implicit

G(1,2) = Go(1,2) + Go(1,3)X(3,4)G(4, 2)
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Theoretical Background

& Wave-function based approaches & Reduced quantity based approaches

Key quantity: many-body wavefunction Key quantity: Simpler physical
quantity, e.g. the density
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Theoretical Background

& Reduced quantities

density ,0(1') Density Functional Theory
current-density j(r) Current-Density Functional Theory
1-body density matrix ’y(I', I'/) Reduced Density Matrix Functional Theory

1-body Green’s function G (x,x';w) Many-Body Perturbation theory
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& GW
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Theoretical Background

& GW: self-screening

* Exact

addition energy Enii1—1 — En—o =€ = FEn=1 — Ex_1—0 = €I' removal energy

*GW
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€1 — € = €6 F£ €

Self-screening: the extracted particle screens itself
(oad treatment of the induced exchange)
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& GW: incorrect atomic limit

* Exact
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GW treats the system and its response classically
(lbad treatment of correlation)
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& GW
Y =vg + 2 +1v.GEL

screening important :{> L well-approximated
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& T matrix
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& Physics of GW and T matrix
> =vyg + 2, +1v.G=L

3 particles in the game

o« -
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spin up spin down spin up spin down spin up spin down

a) GW b) pp T-matrix c) eh T-matrix

Let’s work with combinations!
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& Screened T matrix

* pp screened T matrix
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N=1 (1/4 filling) and N=2 (1/2 filing) in the ground state

weakly and strongly correlated regimes:
* U—> 0 noninteracting limit
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& 1-body Green’s function
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The Hubbard dimer

& 1-body Green’s function
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The Hubbard monomer: exact solution

& N=1 (one site)
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removal energy: W = €
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The Hubbard dimer; exact solution

& N=1 (two sites)
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& N=1 (two sites)
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& N=1 (two sites)
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The Hubbard dimer; exact solution

& N=1 (two sites)
1
t oy =—=(10)+]0 = €9 —
T‘ EO ® Wo > \/§ (’ T >_|_‘ T>) EO €0 t

« Removal/addition energies: atomic limit ¢ — 0

satellite
A | P co+t+U/2+ /1612 + U2/2
/////,-— o +t+U
e +U --T T P €g + 1
€0 € +1 €0+t +U/2— V162 + U2/2
_.\/\ 60 _/—/——___
s €g — 1
vU;t=0  VU;t#£0 U#0;t=0 U+ 0;t 0

removal/addition energies of an empty atom and an atom with one electron
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) e rts U/2+ /1612 + U2 /2
T equal weight sat/QP /,/’/:/ Lt U
€0+U©1”'// €0 +1
€ € t1 . co + 1+ U/2 — /1612 + U2/2
s €g — 1

VU t=0 VIt £0 U+0:t=0 U #0;t 40



The Hubbard dimer; exact solution

& N=2

‘L teo‘

(G, G, 0 0 )
ng Gg2 0 0

0 0 6y 6
x 4 0 @y @y

Symmetric in the sites and
INn the spin



The Hubbard dimer; exact solution

& N=2

t (G G, 0 0 ) o |
at oot 0 0 Symmetric in the sites and

o o G(w) _ 214 22 . .
€0 0 Gi Gi N the SPIN
i | 12

0
\ 0 0 G )




The Hubbard dimer: exact solution

& N=2
T“ t €0 ¢

« Removal/addition energies: noninteracting limit U — 0

satellite
——”” €0+t+U/2+\/16t2_|_U2/2
eI 1 A -
2t - 60_t+U/2—|—\/16t2_|_U2/2
€0 + 1
- €O+t+U/2_\/16t2—|—U2/2
€g — ¢ P
_ B > -
2t __----"Satellite €0 —t+U/2 \/ 16t L U2)2
€g — 3t Yo -7

U=0;t#0 U#£0;t#0



The Hubbard dimer; exact solution

& N=2
T" t € @

« Removal/addition energies: atomic limit ¢t — 0

satellite
P eo+t+U/2+ /1682 +U?/2
o —t+U/2+ /1612 + U2/2
co + U S
o +t+U/2—/16t2+U2/2
€0 ’:::———

Toe--o satellite 4 py2 - V1682 + U2)2

U # 03t =0 U # 05t #0



The Hubbard dimer; exact solution

& N=2
T" t €0 ¢

« Removal/addition energies: atomic limit ¢ — 0

satellite
. co + 1+ U/2+ /1662 + U2/2
eo —t+U/2+ V1612 + U2/2
€0‘|—U T
co+t+U/2— /1662 + U2/2
€) mm—TTTT |
oo satelite oy p/o - 1682 1 U2)2
U +0;t=0 U#0;t#0

removal/addition energies of one isolated atom with one electron



The Hubbard dimer; exact solution

& N=2
T" t € @

« Removal/addition energies: atomic limit ¢ — 0

satellite
P eo+t+U/2+ /1682 +U?/2

equal weight sat/QP -

€0 —t+U/2+ /1682 + U2/2
€0+U©:/—

eo+t+U/2—16t2+ U2/2

- satelite oy pye — V1662 + U2/2

U # 03t =0 U # 05t #0




The Hubbard dimer:; GW solution

G(1,2) = Go(1,2) + Go(1,3)X(3,4)G(4, 2)

One-shot GW 2 =g +1GoWo

(Go as starting point ), _ 1+ iv.GoGol 1.

—v. P

vy = —1v.Go



The Hubbard monomer: GW solution

SN=1

P=0—> W = U exchange

fo,
o




The Hubbard monomer: GW solution

SN=1

o,

P=0—> W = U exchange

GW is exact for two isolated sites



The Hubbard dimer: GV solution

SN=1 P 0 :{> W #U +# exchange (fort # 0)
t
® e @ ((Zip Dy 0 0
oy | Bt Dur 00
)= 0 0 Xy 2o
\ 0 0 Yo 222¢)



The Hubbard dimer: GV solution

SN=1 P=#0 I:{> W #U = exchange (fort # 0)
t
® €0 @ < 2w Zin| 0 0 )
S(w) = 2(1)” 2(1)” o | sign of self-screening
11} 2412)
x & B Ty Sy




The Hubbard dimer:; GW solution

Intensity

(1)1‘ ---------------------- (DZ
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(spin-up) Spectral function
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©
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0.0

P 0 :{>W7éU -+ exchange (fort # 0)

exact: U=4, any t
GW: U=4, t=1
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The Hubbard dimer: GV solution

SN=1

P—-0c—=>W U =exchange (fort — ()

-

w)

[
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o O O O

o O O O

0 0 \
0 0
211 212]

212] 211 )

no self-screening at ¢ — 0



The Hubbard dimer:; GW solution

« Spectral function: atomic limit ¢ — 0

P—0 I:{>W%U = exchange (fort — 0)

(spin-down) Spectral function

Exact

U=4
t=1

U=4
t=107

1
N

no gap in GW
(1/2 e- on each site)



The Hubbard dimer:; GW solution

BN=1 P—0 I:{> W — U =exchange (fort — 0)
{
T. €0 ¢
« Spectral function: atomic limit ¢ — 0
U=4 U=4
t=1 t=10"7 no gap in GW

(1/2 e- on each site)

Exact

(spin-down) Spectral function
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W
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The Hubbard dimer:; GW solution

SN-1 P —0 I:{> W — U =exchange (fort — 0
t
T. €0 ®
« Spectral function: atomic limit ¢ — 0

U=4
t=1

Exact

(spin-down) Spectral function

U=4
t=107

g
S
)
S
S
|
e
<

no gap in GW
(1/2 e- on each site)




The Hubbard dimer: GV solution

SN=1 P—-0c—=>W U =exchange (fort — ()




The Hubbard dimer: GV solution

SN=2

‘L teo‘

C

P#£0 c=>W£U +# exc

P —0 I:{>W%U = exC

/leT 2o 0 0 \
2121* EllT 0 0

0 0 X1y 29y
« @& 0 Eg Fhy o

X(w) =

nange

nange

(fort #£ 0)
(fort — 0)



The Hubbard dimer:; GW solution

SN=2

T’L t o @

P#£0 c=>W£U +# exc

P —0 :{>W%U = exC

 Effect of self-screening

—4 —~4

EA le-
U=0

IP 2e-

nange

nange

fort #£ 0)

fort — 0)



The Hubbard dimer:; GW solution

SN=2 P +0 :{> W #U +# exchange (fort # 0)
T‘$ f o P—-0c—=>W U =exchange (fort — ()
€0

 Effect of self-screening

10

:

=3 —— 5 6
EA le- IP 2e- o 4
2

U=0 0




The Hubbard dimer: GV solution

SN=2 P +0 :{> W #U +# exchange (fort # 0)
“ t o P—-0c—=>W U =exchange (fort — ()
€0

 Effect of self-screening

IO N S S5 6
EA le-  IP 2e- o 4
27 exact
U=0 o/




The Hubbard dimer:; GW solution

SN=2 P +0 :{> W #U +# exchange (fort # 0)
T.$ f o P—0c=>W U =exchange (fort — ()
€0

« Spectral function

U=4 | U=4
=1 | t=1 0'7

Spectral function

Exact n " A n
N _N\_
| | | | | | | | | || | |
-6 -4 -2 0 2 4 6 -4 -2 0 2 4

no gap in GW! (1/2 te- and 1/2 {e- on each site)
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The Hubbard monomer: T-matrix solution

SN=1
TC LPP/eh — = > Trr/eh _ [J Hartree-Fock
€0




The Hubbard monomer: T-matrix solution

T‘ LPP/eh — = > Trr/eh _ [J Hartree-Fock
€0

T matrix is exact for two isolated sites



The Hubbard dimer; T-matrix solution

SN=1 7,pp/€h / 0=— > TPr/eh oL HF (for any t)
t
® PN 00 0 0
€0 <z - ( 00 0 0 \
(w)_ 0 O lel Z12l
\O 0 Zl?l E11l )




The Hubbard dimer; T-matrix solution

SN=1

LPr/eh oL g=> TPP/h—L HF (for any ¢)

-

Yi(w)
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0
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211 212]
212] Elll)

no self-screening



The Hubbard dimer; T-matrix solution

Lrr/eh oL o> TPr/eh L HF (for any t)

« Removal/addition energies

10

W/t

100 —

— exact and pp T-matrix
—+— eh T-matrix
—O— 1stiteration pp/eh T-matrix

"4 y
77
) < % -
Pax ¢ b

pp T matrix is exact

gt
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Log (U/t)



The Hubbard dimer; T-matrix solution

Lrr/eh oL o> TPr/eh L HF (for any t)

e Spectral function

(spin-down) Spectral function

U74 U=4
t= e
= screening corrupts
the pp T exact result
(but results remain
good)
Exact
pp T matrix




The Hubbard dimer; T-matrix solution

SN-2 LPP/el oL 0=—> TPP/"L HF (fort + ()

L <Lpp/eh — 0= > TPP/¢h — HF (fort — ()
‘L co @

[ Dy Ziy 0 0 )
2oy 2mr O 0
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The Hubbard dimer; T-matrix solution

B2 LPP/ R o 02> TP/ oL HE ort £
4 t LPP/eh — g => TPP/¢h = HF (fort — ()
0‘ o @

« Removal/addition energies

10 DOO
o - exact and 1st iteration pp/eh T-matrix
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L . —A— pp screened T-matrix
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The Hubbard dimer; T-matrix solution

SN=2

LPP/eh oL O =—> TPP/h-L HF (fort £ ()

t pp/eh _ pp/eh _ HE (f
Tﬂ Y L 0=—> T (fort — ()

« Spectral function

Spectral function

U= :’:1‘(‘)-7 Atomic limit
remains a
challenge!




Conclusions

& GW suffers from two shortcomings:

» self-screening (extra poles in 1e-, non symmetric addition/
removal energies 1e-/2e-)

* incorrect atomic limit (no gap in the Hublbard dimer)
& pp T matrix makes the one-electron case exact

& Screened pp T matrix improves the satellite description
over a wide range of the interaction for the two-electron case

& Atomic limit remains a challenge



Open questions

& Why in the atomic limit is the pp screened T matrix
exact for one electron but not for two electrons?

& Which approximation in the derivation of the T-matrix
self-energy is harmless for the one-electron case, but
dramatic for the two-electron case? And why?

& Will realistic systems be more forgiving than the
Hubbard dimer when the screened pp T-matrix
approximation is used?
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