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® Pairing and superconductivity
® Bloch vs Wannier vs orbital bases
® Separation of variables, d-vector, etc.

® Mean-field description

® Quick overview of group theory

® common point groups
® representations, character tables, projection operators

® Landau approach to the transition

® Single-band superconductors (e.g. with C,, symmetry)

® Relation between nodal lines and symmetry
® Multi-band superconductors (e.g. Sr,RuQOy, )

® Superconductors with spin-orbit coupling



Pairing and superconductivity

Pairing operator : annihilates an electron of spin ¢ at position x

A = Jd3x dPx' A (x — X)W (X)¥_(X')

v

Superconductivity : condensation of Cooper pairs : (A) #0

pairing function

Antisymmetry imposes A__ (X —X') = — A_ (

N)
-
Bl
<K
\/

h
or rather I’NHAW ( 5)771{,:(
lim (AT(xX)AX)) #0

|x—x'| >0

In this talk : we do not care why...
(nho discussion of mechanisms)



Bloch basis

annihilates an electron of spin 6 & momentum K in band a
l Bloch wavefunction

Y,x) = Y d, (k)(pka(x) where {d, (k). d (k)} = (2z)%6(k — k)3,

k.a,0
Hy = z Sa(k)d;r a(k)da G(k) noninteracting Hamiltonian is diagonal
k.a.o \band. imdex

pairing function in the Bloch basis

l

Z Aaa,ba/(k)daa(k)dba/(_k) Aaa,ba’(k) = - Aba’,aa(_k)
k,a,b,0,6'
(assumes pair has no net momentum) antisymmetry



Wannier basis

annihilates an electron of spin ¢ & orbital m at site r Interaction is diagonal

Wannier wavefunction

Y,x) = ) rmjma(x—r) where  {¢y ¢l 3 = 8p By

r,m,c

annihilates an electron of spin o, orbital m and momentum k
|

m,m m,m'’ l
Hy = Z trr C:m oCr'm'c = Z r (k)criz,a(k)cm’,a(k) (= Bloch basis if N, = 1)

r.r’'mm,c k,m,m',c

orbital basis

otherwise diagonalize MmmK) — ¢,(k) and d, (k) = Z VomK)cy, o(K)

k - dependent unitary matrix

B>
Il

2 / Armo r'm'c'CrmeCr'm's’ Al'mcr,r’m’cr’ - Ar’m’cr’ rmoc
r,r’ . mm’,o,0’ T
pairing function in the Wannier basis

Z Amd,m o (k)cmo(k)c ! ’( ) ma m'c’ (k) == m 6’,ma(_ k)

k.m,m',0,6’

pairing function in the orbital basis



Separation of variables

Orbital basis : m om’ 0 Z Waﬁyfa(k)O;ﬁm ga
afy
palrlng amplitudes
: _ ¢ a p Y
Bloch basis : A, op.0(K) = Z){aﬁyf (k)Bab(k)Sw,
afy

d, (&) = YV, (K, ,(K)

The basis functions f4(K) , 0£m, , be(k) , Sga, must transform according
to irreducible representations of the symmetry group



Spatial and spin parts

Ao oK) = Y iy, fER)OP ST

apy
Spatial part : f(K) = z f.e®r (@ > 1)
Spin part : Spe’ = dy((iy)(m/ (i}, = i(TyTZ) « d » - vector
A 0 1 spin 0
d, = (_1 O) 1L 1)y=111) singlet (antisymmetric)
s (-1 0 _
dx—<0 1) L) =111)
. i 0 spin 1
dy = (0 i) i(l LIY+I11 )) triplet (symmetric)

d

0 1
~(15) NRSEUERS



Mean field approximation

Bloch basis, spin singlet :

Hyp = 2 e, kK)d] (K)d, (k) + Z A (K |d,(K)dy, (—K) — d (K)d), (= K)|
K,a,0 k.a,b

Nambu representation : 'W(k) = (d;;(K), ..., dy(K), d] (=K, ...,d]f]bl(—k))

) T B e(k) A(k) >
Hyp ; Y'(K)Z (K)Y(K) where Z (k) = <A7(k) —e(—Kk)

N, X N, matrix

One band (N, = 1) : eigenvalues &(k) = £ \/ez(k) + A%(Kk)

k—dependent gap function
Many bands (N, > 1) : more complicated



Group theory |

A group Gisaset {a,b,c, ...} endowed with a multiplication law satisfying the following
constraints:

1. Group multiplication is associative: (ab)c = a(bc).
2. There is a neutral element ¢ such thatea = ae = a,Va € G
3. Each elementa has aninverse a ! suchthat aa ' =a la=¢

It is implicit that if a,b € G, then ab € G (closure under the group multiplication)

Most groups of interest for us are finite subgroups of the O(3) (the group of orthogonal
matrices of dimension 3)



Common point groups
n=4

n=2 n=3
C, I A -
% - \

\

*p P
OOQQ%:}@;




Example : Cy,

Table 1: A simple example of group representation for C,,: the matrices act on the coordinates
(x,¥). C, is a rotation by 27t /n in the x-y plane. o,, 0,, 04 and o4 are reflexions across the
planes x =0, y =0, x =—y and x =y, respectively.

g R(g) |¢g R(g) |¢g R(g) |¢g R(g)

10 0 1 4, [0 -1 -1 0
e Cy C, C,

0 1 -1 0 1 0 0 -1

-1 0 1 0 01 0 -1
o, o, o oY

0 1 0 —1 1 0 -1 0

3 4 < N N w 4 l
-1
1 2 ™ A N ~ 1% €
» 3 1 N v = e -
(0} O
o, RSN NI e d d
< I 3 Ny -

1



group theory Il : representations

R G- GL)
Tregulardx d matrices

a — R(a) R(ab) = R(a)R(b)

Conjugacy classes : a and b are conjugate if b = ¢~'ac for some c € G

a and b are then « the same type » of transformation

Reducible representation : 3 basis such that R(a) = RD@a)® RP(a) ,Va e G

R(a) = We care about irreducible representations

12



Character tables : example of Cy,

Character of class in a representation : y(a) = tr R(a)

e 2C, Cy, 0y, 044 basis functions
A 1 1 1 1 1 1
A, 1 1 1 -1 -1 &,,xylx*—y%
B, 1 -1 1 1 -1 x?—y?
B, 1 -1 1 -1 1 Xy
E 2 0 —2 0 0 [‘%xﬂ%y]a [X,y]
Orthogonality of rows : Orthogonality of columns :
K
i )((M) ){(/«t) 5, Z S )(i(V) ){i(u) =5,
U ]
(sum over irreps) (sum over classes)

g; = # of elements in class i

g = # of elements in group 13



Character tables : simpler example of C,,

C, o, o, basisfunctions

1 1 1 1,z,x%2+y?
—1 R, , Xy
—1 1 -1 X, R, , X2

-1 -1 1 y,R®,, Y2

even-even A,
odd-odd A,
even-odd B,

T S =
—
|
—

odd-even B,

14



Tensor products of representations

e.g. momentum e.g. orbital A, AK) = Zl//aﬂyf“(k)Oﬁ S’

mm'~ oo’
l l afy

Ry i@ = R(@RP(@) or R =RYa)®RP(a)

products of irreducible representations
are generally reducible (Clebsch-Gordan series)

RW ® RW = @CﬁyR(p)
p

characters of tensor products are products
of characters

)(i(R(”) ® RW) = )(i(u) )(l_(v) _ Z Cﬁy )(i(p)
P

K K
Cﬁy _ Z gz 1 () )(l_(u) )(i(V) from Z: gl i(u) %j(u) — 51‘]'
i=1 U

Projection operator :

Projects states in the tensor product space onto

d
PW — Z £ W*(@)R(a)

aeG

the irreducible representation labelled p

15



Schur's lemma

e Consider a reducible representation R = R; @ R,,

actingonspace V=V, @V,
e Suppose the Hamiltonian obeys the symmetry : HR(a) = R(a)H
e If R, and R, are not equivalent, then H = H; @ H, is block diagonal

Main use of group theory : classification of energy levels and selection rules

16



The Landau free energy

A, om0 (K) = Z w, AV (k) single index r for the product basis functions

mama

Landau free energy functional, compatible with the symmetries of the system :

f [l//] — ars(T)l/_/rl//s +0b rqu(T)l/_/rl/_/sl//qu +

y f f
T Y \ T / Y \\/|\_//’~/J
T>T, T=T, T<T,
a(T) is block-diagonal : a(T) = @a(ﬂ)(T) a(T'),, can be viewed as an operator
4 on the states, like a Hamiltonian

The representation with the first negative eigenvalue as T is lowered wins...

17



Single-band superconductor with C4, symmetry

basis functions (spatial part) : ff(k) = e'**
o 17
on-site pairing lr|=0:(1) 1
. A
first-neighbor pairing Ir|=1: (e « ek e lkx,e_lky> 1

second-neighbor pairing Ir| = \/5 : (ei(kx+ky)’ ei(kx—ky)’ e—i(kx+ky), e—i(kx—ky)>

spin state  distance gap functions
A, singlet 0 1 « s-wave »
A, singlet V5 sink, sink,(cosk, —cosk,) « f-wave »

B, singlet 1 cosk, —cosk,
) ) ) « d-wave »

B, singlet V2 sink, sink,
E triplet 1 [sink,,sink, ] « p-wave »

d
PW = Z £ O @)R(a)

aeG g 18



Single-band SC with C, symmetry : nodes

polar plots at constant |K|

_|_ —
- -
_|_ —
- -
Ay Ay

\) 8 dxz_yz d

Da Dy [pe £ ipy|
sin kx sin ky time-reversal

symmetry breaking

19



Relation between nodes and symmetry

B, : The spatial part is odd under the diagonal mirror — node at £45°
B, : The spatial part is odd under ¢, and 6, — nodes along x and y

A, : The spatial part is odd under all mirrors — nodes along x and y and at +45°

oF - e
A T4, B, B,

e 2C, Cy, 0., 044 basis functions

® |n the one-band case : nodes are set by A 111 1 !

. . A, 1 1 1 -1 =1 x,,xy(x*—y?»

symmetry (i.e. representation). o e . . Xy
. : : 1 B B -

® This is no longer true in the multi-band case. B, 1 -1 1 -1 1 Xy

E 2 0 _2 O 0 [%x:%y] > [X,y]

20



(D4, symmetry, 3 bands)

CnoK) = € fK) = Y Up8)C,y (2K)

0O 1 O
-1 0 0
0 0 -1

) v

RU tzg

I 0
0 -1
0 O

orbitals : d.. , d._. , d

vz * Yxz 0 Txy

(no spin orbit coupling)

0
0
—1

) o

—1
0
0

0 O
-1 0
0 1

)

21



Qo
0
(O
-+
| -
)
-+
O
)
|
©
-
O
=
S

basis functions

Od,d’

1 25, O, Oy,

/7

2

2C, C, 2C, 2C

e

1
R, , xy(x*—y?)

1
—1

xz_yz

Xy
0 [2,%,], z[x,y]

0
—1

xyz(x* —y?)

—1

—1
—1

—1
—1

—1

—1

1

Xy%
z2(x*—y?)

—

[x,¥]

22



orbital part

(1 0 o) (0 0 0) (0 0 o)
4, =10 0 0 b,={0 0 1 &=(o o 1
\0 0 0) \0 1 0) \0 -1 0/
(0 0 o) (0 0 1) (0 0 1)

4,=101 0 b,=]0 0 0 &,=[0 00
\ooo] \1 0 0 \—1 0 0/
0 010\ 0 1 0)
4 = 0 b,=]10 0 &,=|-10 0
00 ooo) 000]

Omm’ - Z Umn(g)Um’n’(g)Onn’ or O0~— U(g)OUT(g)

23



Sr,RuQ, : singlet pairing functions

pairing function

irrep  pairing function irrep  pairing function
a, a,xy
A, +4a xy(a, +a,))
Ay L7 By, . Y
bzxy bz
z(Bxy—ISyx) Z(Bxx_ByJ’)
axy(x*—y?) a,z(x,y)
A xy(éx_éy) E Z(éxxa é_y.y)
% b (x—y?) ©2(Ay,4,x)
z(b, x +Byy) bfZ(JAC,J’)
8.~ (b.b,)
B ﬁx - éy Alu ?zz R
1s b xy(x? — y?) ¢, x+¢&,y
z(ﬁxy + Byx)

X = sink,
y = sin k,
Z — sink,

24



Sr,RuQ, : triplet pairing functions

irrep pairing function irrep pairing function irrep pairing function
A &,xy(x*—y?) a,xyz(x2—y?) a,z(x2—y?)
1g n N . . . .
z(&.y —&,x) Al xyz(a,—a,) B, z(a,—a,)
A, G Y ba(t—y?) Y baxya(xr—y?)
2 n n N N N N
¢ z(¢,x +¢&,y) b,x+b,y b,y +b,x
g &Y 4,z a,(x,y)
1g A A A A A A
z(C,y +¢,x) A z(a, +4a, (4,x,4,y)
5 e (x*—y?) 2 b,xyz E, (4,y,4,x)
2 A A A A A
Yoz x—g,y) b,y —b,x b,(x, )
£ ¢,z(x,y) a,xyz z(b,,b,)
g A oa A LA
(€. ¢) B, JACyZ(ax +4a))
b,z

25



Sr,RuO, : generic nodes

singlet representations A

Ay

triplet representations A
s

with spin-orbit couplingA

J.A.L_

/‘AZR\ ',/AL\‘

m)
Ex(l,i) E,(1,i) E:(l,i) E,(1,i) Ex(l,[)

26



Nodes are not set by symmetry

Case of the diagonal mirror: A (k. k. k,) = A (k,, k. k,) = U(0,),,A, (k, k. k)

exchanged
this index labels basis
vectors in orbital space

In By, representation : A (k,, k,, k,) = — A (k. k), k)
or [U(cy)A(k, k, k)], =— A k,k,k,) along the diagonal

One-orbital case : % = 1 and therefore A (k.. k., k) =0
Case of Sr,CuQy, :

A could be an eigenvector of % with eigenvalue —1, such as a, — ﬁy

then no condition is imposed on A (k,, k,, k.)

27



Spin-orbit interaction

A model with Rashba spin-orbit coupling and C,,, symmetry (square lattice):

Hy=Y G, le(k) + k(z, sink, — 7, sin ky)] G where G = (Gency)
k

Spatial and spin transformations are intertwined : Cro ™ Cll‘,g = Z Sw’(g)cgr,g’
6/
_ T _ T . .7 L f14+i 0
In particular, for the — rotation : S(C,) = cos — + io.sin — = — ,
P 2 (C)=cos +iosing /3 < 0 1-i
the reflexion 6, maps (k,, k) into (—k,, k). — S't.S =1, and S‘LryS =-71

Hence S(o,) = it,

S
0, mirror —
8‘
‘ ) S
o, mirror —
S

>
>
>

1



Spin-orbit interaction (cont.)

Simplest basis functions compatible with this representation :

Irrep Basis functions
A, d, , (d,sin k, — ay sink,.)
A, ax sink, + &y sink,
B, d,(cosk, — cos ky), d, sin k, + &y sink,
B, ax sink, — &y sink,
E, d,[sink,, sin k]

Singlet and triplet functions may belong to the same representation

A

Underax:ky—>ky,kx—>—kx,(ix—>(ix,(iy—>—

y e 2C, C, 0y, Oga basis functions
A1 1 1 1 1 1
A A A A A, 1 1 1 -1 -1 2,,xy(x*—y?
Undero,: k, > k., k., —k,,d,—»—-d,,d,— —d, 5o 1 1 = 2y
B, 1 -1 1 -1 1 Xy
2

0 —2 0 0 [2.,2,],[x,y]

UnderC4:ky—>—kx,kx—>ky,(ix—>(iy,(iy—>—(ix

29



Conclusions

® Group theory allows a classification of pairing functions
® Tools : projection operators and character tables !
® \Weak coupling : the Bloch basis is more natural
® |ntermediate to strong coupling : the orbital basis is more natural

® Multi-orbital case : nodes are not set by symmetry alone

30



Thank you!

Questions 7



