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Real Materials: Reference Systems
Materials Reference

. ¢~ Reference system is important: Archimedes
JLEDES Give me the place to stand, and | shall move the earth.
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Summary for Fermions {é;,é/} = &;
Gl =100 &]0) =0
G0y =1) &) =0

1

Pauli principle

¢ ¢iln) = niln)

é?:(éf) = 0.

Fermionic coherent states |c)

G |c) = cilc)

-eigenbasis has only annihilation operator - bounded from the b




Grassmann numbers c;

F. A. Berezin: Method of Second Quantization (Academic Press , New York, 1966)

Eigenvalues of coheren states CiC; — —CiG
¢ = 0
Exact representation —S ¢ &t
: ) = e o)

Proof for one fermionic states
cle) =¢(1 —ce™)|0) =¢(]0) —cl|l)) = —éc|l) = c|0) = clc)

Left coherent state (c| : <C| (A:,f _ <C| ¢

(el = (0]~ Zeee

general function of two Grassmann variables

f(c*,¢c) = foo + fioc™ + forc+




Grassmann calculus

802'

Formal definition of derivative 5. 0ij

€

8 e
Due to anti-commutation rule: 5_020162 = —G

Example:  f(c",¢) = foo + froc" + forc + fiuic'c

0 0 0 0 0

et %f(c ,€) = e+ (for — fuc®) = —fu = T 9 Dt

Formal definition of integration over Grassmann variables

/...dc > %

lde =0




Resolution of unity operator

Overlap of any two coherent fermionic states <C‘C> — ezqz Ci Ci

Proof for single particle
(cle) = (0] = (1] ") (10) —¢|1)) =L+ c"c ="

Unity operator

/dc*/dc e~ Zicte oy (¢| = 1 = //dc*dc ’%S’

Proof for single particle

//dc*dc e~ |c) <c|://dc*dc(l—c*c)(|0>—c|1))(<0|—(1|c*):
- [ [ dede e (o +11) 1) = 3o




Trace Formula

Matrix elements of normally ordered operators
<C*| [A{((Aﬂ',é) |C> — H(C*,C) <C*|C> _ H(C*,C) QZiC:C’i

Trace of fermionic operators in normal order

Tr (5) = Z (n| O |n) = Z //dc*dc ™" (n| ¢) {c| O |n) =

n=0,1

= //dc*dc e e Z (—c| O |n) (n|c) = //dc*dc e~ (—c|Olc)
n=0,1
»Minus® fermionic sign due to commutations:

(nfc) {cln) = (—c|n) (n[c)

apping: (A?F e) — (k)




Partition function

Grand-canonical quantum ensemble H = H_,UN

N-slices Trotter decomposition [O,B)

Tn — nAT — nﬁ/N (n = 1, ey N) 6—5H: lim (G—ATH)N

N—o

Insert N-times the resolution of unity:
Z = Trle "] ://dc*dce_c*c<—c| e P |c)
= /H,]y:ldc;dcne_ Znnen (el e ™H ey 1) len—1]| e 2T |ens) .. {e1| €7 27H | eo)
_ / TV det de,,e~A7 Shmleh(en—en1)/ A+ H(ch en-1)

Al B
In continuum limit (N 0— ) ATy e / dr...
n=1 0

Cp — Cp—1

. / Dc*, d] e Jo drle” (dre(mHH(e" (1)e(r))] oz

= 0:

Z




Gaussian path integral

Non-interacting "quadratic” fermionic action

N *

Zo [J*, J] = /D [c*c] e %=1 Mige;+ it (e} it Jies) = det [M] e Zigmr T M,

N N
i : — SN e Mijc; 1 *
Hint for proof: e~ Tig=1 € Miges — ~i <— > ¢ Mijcj>

ij=1

Exercise for N=1 and 2: /D [¢*c] e~iMuer — /D c*c] (—ctMiicr) = My = det M

/D [C*C] 6—0’{M1101—c’{Mlgcl—CZlecl—c;Mzgcz

1
E /D [C*C] (_CTMHCI — CTMlgCl — C;Mglcl — C;M2262)2 = M11M22 — M12M21 — det M

Shift of Grassmann variable: & Me — *J — Jc = (c" — J*M—l) M (c— M—lj) — Mt

correlation functions for a non- interaction action (Wick-theorem)

(eet) = — 1 6°Zy [J*, J]
“ile Zy 8JF 6,

|J=0 — Mi;1

1 07




Path Integral for Everything

Euclidean action

12 1234

One- and two-electron matrix elements:

e = [draito) (377 + V) - ) ealr
Unss = [ dr [’ 61(6)65(6") Ulr = 1) s(0e)o(x)

t n_qtation:




One- and Two-particle Green Functions
One-particle Green function 1 + 2
Gio = —(c1Cy)g = ——/Dc clcicse
Two-particle Green function (generalized susceptibilities)
X1234 = (€1C265Cy) o /D [, ] creac5C) e ®

Vertex function:

Xip34 = GuuGos — G13Gas + Y G11Gay Tiyzw GysGu

1727374/

e - i
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How to find “optima

Dual Fermions: Basic

Start from Find the optimal Expand around

Correlated Lattice Reference System DMFT solution
Bath hybridization




Dual Fermion scheme

General Lattice Action - /i e (-5 ) @.

s
Srlc*, ] = — Z Crvo (V1=K Oy + Z/ dr U nj 4Mir,
—Jo

kvo

Reference system: Local Action with hybridization A,

SA [Cja Ci] — Z CZ/U (iV+M_AV)CiVU + Z Unz/Tniy¢

v,o

Lattice-Impurity connection: RIS AT

Srlct, c] = Z Salc;,ci] — Z Cove (A —1tk) Cievo

kvo

A. Rubtsoy, et al, PRB 77, 033101 (2008)



Dual Transformation &

Gaussian path-integral

66{ 512 c2 __ det A//D [d*, d] e—dfjl_;dg—d*cl Cldl

With Ay, = (A, —tx)

new Action:
Z dkz/o Okl/ deU + Z V
kvo
Diagrammatic: gio = _<Clc§>A
—1 -1 * 1 * J%
. G ky ((tk_Ay) — g,/) V[d ,d] = Z 271234 d1d2d4d3

1234

L 0 * % >
Y1234 = X1234 — X1234 X1234 = <01020304>A




Dual Fermion Action: Detalls

Lattice - dual action Z£ = /D[c ¢, d*,d)exp( — S[c*, ¢,d",d)) Zg = det A
S C , C, d* Z SA + Z dkyg _tk dkya
k,v,o

SA [Cz’ y Ciy dz , d ] SA Cz ’ Cz + Z ivo Civo + C;/g dil/a)

For each site (i) integrate-out orlglnal c-Fermions:

/DC C eXp( SA[? 7/,Cq,,d* _eXp( Zdzyg gv wa_‘/;,[d:dz])

1
Dual potential:  V[d",d] = - > Yo didydads +

1234

o 0
Y1234 = X1234 — X1234

O — —
X1234 = (€1€265C)) A /D c*, c] crcacicy e—Sale’d X1234 = 914923 — g13924

1 )
gi2 = —<clc;>A = — /D[C*, C] Clc; G_SA[C ]
7 -




Dual and Lattice Green’s Functions

Two equivalent forms for partition function:

6F[J J,L* L] _ Zd /D[C*C, d*d] e—S[c c,d*,d|+J{c1+ciJo+Lidi+d5 Lo

6F[L*,L] _ Zd /D[d*, d] e—Sd[d*jd—l—L’{dl—l—d;Lz Z’,d _ Z/é
Hubbard-Stratanovich transformation:

+ ln/D[c*, c| exp <—S[c*, c] + Jicr + 5o + LI(A—t)12c0 + c’{(A—t)lng)

0°F
0Lo0 L%

Relation between Green functions:

G12:_

Go = —(A—t)12 + (A—1)11Gro (A—1) 29

T-matrix like relations via dual self-energy

Gy = ((g,, T Eku)_l — ANky)l



Super-perturbation

Standard perturbation
theory:

| Develop in U

Reference System:
exact solvable model n




1-st order diagram for dual self-energy

yv(1)e Ly
2§2) (v) = Z 7?234(% V', 0) G5 (V')
v'.3,4

Density (d) and Magnetic (m) Vertices:

d
712/:22(% Vl? (,U) — 7334(”7 Vlv w) L 7334(”7 Vl? w)

Connected 2-particle GF:

/

oo L * * o o o o
’71234(717 72,73, 7'4) - = <Clac2aCBU’C4a/>A T 912934 — 914932500’




2-nd order diagram for dual self-energy

cqg =—1/4and ¢,, = —3/4

—(2)17 Ll ~11 ~11 ~11 a,)
SO90) =357 S el (v, w) G (v + )G+ w) GEL() 1V v, w)

v'w 3-8 a=d,m

Lattice Self-Energy: Eku — ES + 21/<y

B ~ -1
Non-Local DF-correction: l/w = g, - (gy + Eky)

Lattice Green Function:

Gy, = ((91/ + jjku)_l — Avky) -



Two site test

DOS
()
- om
O
t .
[N} OO.
!




Plaquette DF- perturbatlon

e 2t 4p 2t
2% e 2 4p
e tK% pL=t tK™° Ao = t=o = dp 2t e 2
tKO- € tK=9 pL—
te =

2t 4p 2t €
pLT™™ tK ¢ tK"

tKt pLtt tK%" ¢ ) Mapping

Klr{rm - 1 _|_6i(mkm+nky)
Li{nn - 1 + ei(mkm—i—nky) + eimkz + eink:y

[m(n)] = —(1),0,+(1)

0.1 1




Re X (k,v))

OS—=NDWRAUVAJ©

Self-energy: Plaquette DF
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Condition for A and relation with DMFT

Gd:—GDMFT_g

To determine A, we require |"/ \‘;
that Hartree correction in dual variables vanishes. Dt —
If no higher diagrams are taken into account, one obtains DMFT: &

Gyg=g¢ ég = Gpurr — ¢ Gpmrr = (9v+Av_tk)_l

1 N
k

Higher-order diagrams give corrections
to the DMFT self-energy, and already
the leading-order correction is nonlocal.




Dinamical Mean Field Theory

Lattice DMFT

000
OLO
0006

T

Self-consistent condition:

Z (g,,_l _|_A1/ _tk)_1 — Gv

k

 DMFT minimize “distance’: te— A, |




Quantum Impurity Solver

7 = | D¢, cesime,

N B B 1
Ssimp = — Z /0 dr /o dr' ¢} (7) [Q; (- 7'/>] I C1o(T')

1,J=0

What is a best scheme?
Quantum Monte Carlo !



Imputity solver: miracle of CT-QMC

_ B p -1 N+ g L Nt N T / /
= (;/0 dr/o dr[-Gg (17— Jed (7)eq (7 )+§U5(7'—7' )eg (’r)ca,('r)ca/(T Jeo(7)]

Gol(r—7') =8(7 - '7")[;% +pl — A(r —7')

Interaction expansion CT-INT: A. Rubtsov et al, JETP Lett (2004)

= (ZU)F :
Z = Zp Z I'r det[Go(T = )]
k!
k=0
Hybridization expansion CT-HYB: P. Werner et al, PRL (2006)
oo
1
7 = Zg ;Z-:o T (cF (M)ea(r)).cfi(T)ep (7)) det[A(r—r")]

~ Efficient Krylov scheme: A. Lauchli and P. Werner, PRB (2009)




Comparison of different CT-QMC

0.0

~— Weak coupling CT-QMC U=5eV
@ Strong coupling CT-QMC T =026V,

5000090908000685560 906095000, _W=4eV

1
-o J 2 = Iﬂl \\
| -
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- ! | | p \
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Convergence of Dual Fermions: 2d

: ] m A A
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2d-Hubbard: Spectral Function

paramagnetic calculation U/t =8, T/t = 0.235
DMFT

M
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Spectral Function

Dual Fermion ¥4 = @
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@ Strong modifications through AF short-range correlations




Pseudogap in HTSC: dual fermions




spin singlet

DF: AFM and SC instabilities
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spin triplet
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Test: Tracking the Footprints of Spin Fluctuations:
A Multi-Method, Multi-Messenger Study of the Two-Dimensional Hubbard Model
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Im Z(k = (m, 0), iwp) Im Z(k = (m, 0), iwp)

Im 2(k = (r, 0), iw,)

Comparisson with

~0.06 — T=10,0 — T=0.0650
—— T=0330 — T=0.0630
-0.08 —T=0l0
~0.101
~0.12 e
-0.14 DiagMC =
-0.16
0 1 2 3 4
Wn
—0.061 PE —_— T=1.0 — T =0.063 |
DF —— T=033 — T=0059
AN — T=0.10
~0.08
~0.10
~0.12-
~0.14
-0.16
0 1 2 3 4
Wn
~0.06{fRG — T=10 - T=010
AN —— T=033 — T=0077
-0.08
~0.10
012 .\\'\.\
—0.144 1 o —— —
~0.16 o
4 5

Im 2(k=(m, 0), iw,)

(r[l 0)! Iwn)

Im 2(k

Im 2(k=(m, 0), iw,)

other met

-0.06{ DIrA

Xll\l — T=033 — T=0059
—0.08 —— T=0.10
-0.10

— T=1.0

— T=0.067 |

-0.12

-0.14

—0.16
0

T=10

— T=007

—006{ DR
E,e — T =0.33 — T =0.063
— T =0.10
~0.081
~0.101
~0.12
~0.14
~0.16
0 1 2 3 4 5
Wn
-0.06 — T=10 — T=014]
XES — T =0.33 —_— T=0.1
—-0.08 — T =0.25
~0.10
~0.12 )
o /
~0.14 / o
-0.16 J —
~0.18
0

(m,0), iwn)

Im X(k

Im 2(k = (m, 0), iwg)

Im 2(k = (m, 0), iwp)

nods: AN
| |
oo TRILEX 171, 1o
AN ' '
—0.08 14
-0.10
-0.12
-0.14
-0.16
0 1 2 3 4 5
Wn
—006 DA — T=1.0 — T=0.063
X’N‘ — T=0.33 — T=0.05
— T=0.10
-0.08
-0.10
—-0.124
-0.14
-0.16
0 1 2 3 4 5
Wn
—0.06 1TPSC+ — T=1.0 —— T=0.1
— T=0.33 — T =0.077
AN
—-0.08
-0.10
01214 9 TN ]
—~—0—
-0.14 .///
-0.16
0




Im (k= (r/2, n/2), iwp)

(1/2,1/2), iwn)

Im 2(k

(1/2,1/2), iwn)

Im 2(k

—-0.06 X — T=1.0,0 —— T =0.065,@ |
—— T=033,0 — T=0.0630
—0.081 1 | —— T=0.10
-0.10 N
—0.12 Bt g R
-0.14 DiagMC ]
N /
-0.16
0 1 2 3 4 5
Wn
—-0.06 T=10 —— T=0.063 |
T=0.33 —— T =0.059
_0-08 i T = 010
B\ T 1 f m—"
-0.12
-0.14 DF —
. -
N /
-0.16
0 1 2 3 4 5
Wn
—-0.06 — T=10 —— T=0.10
—— T=033 — T=0.077
-0.08 ‘\
-0.10 \\Q
I —

-0.16
0

Im (k= (r/2, n/2), iwp)

(r/2, m/2), iwy)

Im 2(k

(r/2,m/2), iwy)

Im 2(k

mparisson wit

n other methods: N

—0.06

— T=1.0

—0.08

— T=0.33
—— T=0.10

—0.101

-0.12

— T=0.067 |
— T =0.059

-0.14

-0.16
0

—0.06

—0.08

-0.10

-0.12

-0.14

-0.16
0

—0.06

—0.08

-0.10

—0.121

-0.14

-0.16
0

Im Z(k = (r1/2, n/2), iwp)

(/2,1/2), iwp)

Im 2(k

(/2, 1/2), iwp)

Im 2(k

~0.061

—0.08 1

— T=0.063 |
— T=0.05

-0.10

-0.12

-0.14

-0.16
0

—0.06

—0.08

— T=1.0

— T=0.33
T=0.10

— T=0.063 |
— T=0.05

-0.10

-0.12

-0.14

-0.16
0

—0.06

—-0.087

-0.10

—0.12 1




Temperature T

LiVS,

Realistic systems
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Non-local Interactions: Dual Boson




Summary

® Path-Integral DF-perturbation based on DMFT as the
reference system

® DMFT corresponds to the Zero-order DF-approximation or
Jfree dual fermions”

® DF-theory is in a good agreement with QMC results




