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Introduction

References on NRG and codes

@ K.G. Wilson, Rev. Mod. Phys. 1975 [Kondo model]
@ Krishna-murthy et al, PRB 1980 [Anderson model]

@ R. Bulla, T.A. Costi, T. Pruschke, Rev. Mod. Phys. 2008
[further developments/models]

@ A. C. Hewson, The Kondo Problem to Heavy Fermions,
C.U.P. (1997)

@ Recommended public domain NRG codes:

o “flexible DM-NRG” code (G. Zarand, et al., Budapest)
o “NRG-Ljubljana” code (R. Zitko, Ljubljana)
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Quantum impurity systems

Quantum impurity systems

= Environment

@ Impurity: small system, discrete spectrum

@ Environment: large system, quasi-continuous spectrum
@ Coupling: hybridization, Kondo exchange,...

@ General structure:

H= Himp + Hint + Hbath
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Quantum impurity systems

Anderson model

@ Single-level Anderson impurity model (ny, = dld,):

Han = Zedndg + Ungyng, + Z Via(c) dy + dicko)
o ko

-

Himp Hin

+ Y ekl Cro (1)

ko
—_——

Hoath
@ We take constant hybridization function:
Alw) = ﬂ'Z V2,6(w — ek) = Aep = 0)
K

@ non-constant hybridization can also be dealt with in NRG

(e.g., for applications to DMFT, pseudogap systems,...) 9 usk
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Quantum impurity systems

Multi-orbital and multi-channel Anderson Model

@ Rotationally symmetric case, e.g., for transition metal ions
I=2,andm=-2,-1,0,+1,42

H= ZEdmnma+ Uznmanm (7"‘ U/ Z Nme Nny —o

m#£m’o

_J) Z nm”nm'g_é Z dft?adm—ad,;/_ndm’g

m=#£m’ o m#m'c

J/
_E Z erranrJ%—ndm’fodm’a

m#m'o

+ > Vimo (Clony o + h.€) + > €kmo Clyo Cimer
kmo kmo
@ Crystal field and spin-orbit interactions =
@ Further lowering of symmetry, fewer channels 9 fuch
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Experiments

Magnetic impurities in non-magnetic metals

: de Haas et al 1934 : Mallet et al 2006
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@ de Haas et al: resistivity minimum and increase as T — 0!
@ Kondo 1964: explanation in terms of magnetic impurities
@ Kondo 1964: Rx(T) = —Cimp IN(kg T/D) — ccas T — 0! 4 oucy
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Experiments

Quantum dots, Kondo effect and nanoscale size SET’s

100nm lateral quantum dots = Tunable Kondo effect

10@nm Ll

SM-WIS 18KU ®70.000 NEQE

v .

@ T = \/AU/2ema(catVU)/2AU — exponential sensitivity
@ Single-electron transistor based on Kondo effect
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Experiments

High/low spin molecules in nanogaps

Ceo: Roch et al 2009 Underscreened Kondo effect

n

= Even
= Odd
NRG S=1
—— NRGS=1/2

01

1
T,
v

@ Asymmetric lead couplings: partial screeningof S =1 =
@ Underscreened Kondo effect (N. Roch et al PRL 2009)

) jiuicH
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Experiments

Magnetic atoms on surfaces: Kondo + spin anisotropy

: Kondo+anisotropy : usual Kondo effect

di/dV (nAmV-1)
di/dv (nAmv-1)

Otte et al 2008
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@ Himp = —gusS; + DS? for Co adatom with S=3/2
@ D>0= m=1/2+«+ —1/2transitions = Kondo effect
@ m=+1/2 — +£3/2 transitions, side-bands to Kondo

) jiuicH
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Linear chain form

NRG: linear chain form of the Anderson model

Vioo=>"k VkdCko

Ham =Y caldo + Ungygy + V' ) (f], 0y + dlfo,) + > exChy ko
o o ko

Tridiagonalize Hyanh = > 4, ekc}wckg using Lanczos with starting
vector defined by Vfy, = >, VkgCk, to obtain linear chain form:

Hay = Zedndg + UndTndi + VZ(fggda + d;fOU)

+ > enfbfio+ Y ta(fhforio + H.C.)

n=0,0 n=0,0

...Suitable for numerical treatment by adding one orbital at a
time, starting with d,, then fy, then f;, ... ) v
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Linear chain form

Atomic and zero-bandwidth limits

Hap '(V=0) =) egndo + Ungynay

g

Ha%(ex = 0) = > eangy + Ungrng, + V> (14 d + difo,)

Ao() = ;,; (plollg) Ple "5 + e 50} (w — (Eq — Ep)

zero bandwidth limit

w
eqa+U

[ S

€d

w

¢ o)
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Linear chain form

Anderson model: the Kondo resonance

Ham = ZEdnda + Ungrng; + VZ( _d, +difo,)
ko

+ Z enfit fog + Z to(fi forto + H.C.)

n=0,0 n=0,0

@ Add fis, fog, ...
o - broadening (&) of e, | S«+UP= 1
and g4 + U excitations 9 S

@ = Kondo resonance €d ? $20
T ~ e/, J ~ V2/U

’ Aw)
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Linear chain form

lterative diagonalization/recursion relation
@ Define truncated Hamiltonian (m conduction orbitals):

Ham~ Hm = cgng + Ungrngy + V> (£ d, + df fos)

m m—1
+ Z €nf,;;fna + Z tn(fr;;fn-i—w + f,:,:_wfncr)
o,n=0 o,n=0

@ satisfying recursion relation:

Hm+1 =Hmn+ Z €m4+1 f,];prwfma +tm Z(fr#gfmﬂa + f;,_+1gfm0)-

o diagonalize Hy = 3_, E5'|P) mm(P|

@ use product basis |r, emi1) = |F)m|€ms1) With
|em+1) =10),[ 1), 1), 1) to set up matrix of Hp,.1 via
recursion relation and diagonalize, ... 9 uey
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Iterative diagonalization/truncation

lterative diagonalization

@—O

Himp & & & &
@ Exact, if all states retained.
@ In practice, no. states of Hy, is O(4™") (= 4096 at m = 5)
® Symmetries help Hn = - &HY 55,
(INe, Hm] = [, Hm] = [Sz, Hm] = 0)
@ For m > 5, truncate to O(1000) lowest eigenstates
@ Truncation works, provided t,, decay sufficiently fast with m

) jiuicH
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Iterative diagonalization/truncation

Logarithmic discretization

@ Logarithmic discretization of band
€k,/D=2+N""n=0,1,... withA>1,e9g. A =2

@ =ty ~ A2 AT

@ For A > 1, average over discretizations (Oliveira),
¢k,/D=+tN"""2t" n=1...(£1,n=0)
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Iterative diagonalization/truncation

NRG for multiple-channels

@ Transition metalions / =2, and m=-2,—1,0,+1,+42
Vimfome=2_x VkmCrkmo

H = Hup({gam} - U, U',J) + > Viem(Clyny o + h.C.)

kmo

+ Z €kmo C;-Emg Ckmo
kmo

@ Convert to linear chain form using Lanczos:
H = Himp({gdm} ’ U7 Ula J) + Z Vm(meadmo + hC)
mo

+oo +oo
+ Z Z 6nmfrtmafnma + Z Z tnm(fr];mafn+1ma + h.c.)

n=0 mo n=0 mo

@ NRG: Hilbert space increases by 42/*1 = 1024 per shell 4 e
added !
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Iterative diagonalization/truncation

NRG for multiple-channels: exploiting symmetries

@ For 3-channel S = 3/2 Kondo model, without symmetries,
fraction of kept states = 1/4% = 1/64.

@ implementing SU(3) symmetries (Hanl, Weichselbaum et
al, PRB 2013) increased this fraction to ~ 1/42 = 1/186,
making the 3-channel Kondo calculation equivalent to a
2-channel calculation

@ allowed comparing to experimental resistivity (R(T)) and
dephasing (7,,( T)) data for Fe/Au for
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Iterative diagonalization/truncation

Multi-channel fully screened/single-channel
underscreened resistivities

Resistivity for 3 channel Resistivity for 1-channel spin
S = 3/2 Kondo model, Hanl et S > 1/2 Kondo model, Parks et
al PRB 2013 al Science 2010

2 1.0 Fits to Eq. (S3)
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Physical properties

Output from NRG procedure

Kept/discarded states

Kept states Discarded states
| (Tothetal)

Energy Levels

my-1 mg my+1

@ Many-body eigenvalues EJ’ and eigenvectors |p)r, on all
relevant energy scales t, ~ A~™2, m=0,1,...,N.

e From eigenvalues calculate Z =}~ , e~ and
thermodynamics

@ From eigenstates calculate matrix elements, hence Green
functions and transport

@ Discarded states not used in iterative diagonalization, but
useful for calculating physical properties (see later) 9 oyt
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Physical properties

Thermodynamics

Impurity entropy/specific heat @ Entropy

S(T) = (E—~F)/T,
oo E = (Ham),
0.2 ‘ 1
:g o F = _B InZ
S e @ Specific heat

C(T) = ks 2 (Hay — (Ham)?)

@ Discretization oscillations at A > 1 eliminated by
z-averaging (here A = 4, n, = 2).



Wilson’s NRG
ooe

Physical properties

Dynamics

d-spectral function @ NRG spectra are discrete

Merker et al 2013

1 ; ] Ada w T Z qu/ — Aqu/)

0.5

TAA(WT=0)

@ broaden with logarithmic
Gaussians:

go
8
8F
g

(A7

(5(&} — AEq/q)
. e b°/4
blAEgqlvT

@ Discretization oscillations at A > 1 eliminated by
z-averaging (here A =10, n, = 8).

g (In(w/AEyq)/b)?
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Linear transport

Linear transport
Thermopower for U < 0

@ Linear response transport from spectral functions A(w, T):
o xA(w,T)
e of ——
am =% [o (~5.) STED
S(T) = - 1 [dww(=0f/ow)Y., To(w, T)
—eT [dw(=9f/ow) 3, To(w, T) € 0uc



Complete Basis Set

Kept states in NRG

Kept/discarded states A= e BEp

Kept states Discarded states
(Toth et al)

=Zm(T)
N m
© Z# o) e
p

@ Double counting
@ Conventional approach:
Z(T) ~ Zy(T) for

Energy Levels

mo-1 my moe+1

@ Use discarded states to build a complete set of eigenstates
for summing up unambiguously contributions from different
Hm (Anders & Schiller 2005)

@ All states must reside in same Hilbert space: that of Hy  #)ucs



Complete Basis Set

Construction of the complete basis set

Environment states

@

Himp

@ Hpm|gm) = EJ'|gm), q = (k, ) = (kept,discarded)

@ Product states |lem) = |Im) ® |e) with
e=(emi1,..-, en), m=my,..., N form a complete set
(Anders & Schiller 2005)

N
> llem)(lem| = 1

m=mgy le

@ Allows unambiguous summation of contributions from
different Hpy ) jiucy
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Full density matrix

Full density matrix (FDM)

@ Full density matrix and partition function (Weichselbaum &
von Delft 2007):

ZZeB \lem)(lem|, Trp=1=

m=mgy e
N
Z(T) = Z 4N= mZe—ﬁE = Y aNmz(T)
m=myg m=myg

@ Rewrite p as welghted sum of shell density matrices pm:

p= Z WmPm, Pm = Z ]Iem /em]

m=myg

=1, wn= 20 S

m=mq 9 j0uck
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Full density matrix

Thermodynamics

e Local observables O = ng, ngng,, dify,, Ss,...

(0), =Tr [p(,\)} = > (rem'|p0|l'e m)

I'e'm’
O11t ee! mm’ O’,’n
B | ——
= Zwm (re'm'|lem) & (lem]O]/’e’m’>
I"'e'm’ lem
BEM
_ e
:ZWm O// —Z4N "W O Tz
4 Zn
lem Im
N —BEM
e I
=Y 0P,
m=my,| m
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Full density matrix

Double occupancy

@ Double occupancy: (ng+ng) — (Ngt)(Nay), U — 0
@ Double occupancy: (ng+ng;) < 1, U > A

@ FDM (lines) and conventional (symbols) in excellent

agreement: FDM simpler, obviates need to chose best
shell for given T
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Application to Dynamics

Dynamics

@ Evaluation of equilibrium retarded Green function
(Weichselbaum & von Delft 2007; Peters et al 2006):

Gag(t) = —i0()([A(t), B]+) = —i0(t)Tr [p(A(t) B + BA(t))]
= —i6(t) [Cat)s + Ca)]

@ Consider correlation function Cx(sg:
Cays = Tr [pA(t)B] = Tr [pA(t)B] = Tr [pA(t)i B]
= (lemle"™Ae™ " |I'e'm')(I'e m|Bp|lem)

lem I'e'm’
=>_ Y (lemle"™Ae™|I'e'm')(I'e m'|Bp|lem)
leml'e'm’
e’(EIT/ _E/m)t(l/e’m’\A\/em) @) jiLicH
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Application to Dynamics

Dynamics

@ ... Peters et al 2006

=|kem) (kem|

Cang = > _(lemle”™Ae™" %" |I'e'm)(I'em| Bp|lem)

lem I'e'm’>m

o Avoid off-diagonal matrix elements A”*™ by using

1=1,+14
1h= Z S oiremyre' |
mo I'e’

14 = Z doremyrem| =" |kem)(kem|.

=m+1 I'e/ ke #) j0LicH
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Application to Dynamics

Dynamics

.. only shell diagonal matrix elements appear: A}

and reduced density matrices Hofstetter 2000:
R, (K. k) = 3 o(k'em| p| kem)

—BEM —BE"
, Wm e I+ e l
Gag(w + = E — E Ay B -

AB( /5) 7 - =i i5 (E/m/ E/m)

e‘ﬁEm

Wm
R A UM

R™ (k' k
S AE redg e ) o
m  Jkk’ k




Time-dependent NRG (TDNRG)

Recent Developments
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Motivation: pump-probe spectroscopies

Vpump

Loth et al 2010 Fe on CuN/Cu

Vprobe

Spin relaxation
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Recent Developments
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Time-dependent NRG (TDNRG)

Transient response following a sudden quench

H(t) = 0(—t)H + o(t)H'

O( t) =1Tr [ef""’ftpe”"f’f)] ol I /\\/WRM
N 0:8 N.=2
=S Y e meE-Emon |
m=mg rs¢ KK’ 06
(AnderS & SChl”er 2005 0‘410-2 107 or 10° 10! 102
FDM gen.: Nghiem & Costi 2014)

v

@ O(t — 0™) exact in TDNRG (Nghiem et al PRB 2014)

@ O(t — o) not exact in TDNRG (Anders & Schiller 2005,
Nghiem et al PRB 2014)
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Time-dependent NRG (TDNRG)

Multiple quenches and general pulses

n-Quantum guenches [Nghiem etal 2014 ]

0Q, o q .
p(t) = e~ H P (t=7p) g=iH¥mp  o=iHU T

% @M1 giH%mp giHPH (1—7p)

o(t)=Tr [e"”f’pe"HItb]

¢KK'
Z l—>Qp+1 7,)e e [(EM'—E(t=70) om
— sr

mrs

@ Formalism rests ONLY on NRG (truncation) approximation!

@ Other approaches use hybrid (DMRG-TDNRG) and
additional approximations (Eidelstein et al 2013) ) joucy
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Time-dependent NRG (TDNRG)

General pulses and periodic switching

inear ramp: periodic switching

1
5
=455
=412
& o
0

0 0.8 16
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0.8

ny(t)

0.6

0.4

< v

@ Linear ramp: time-delay in occupation ny(t)

@ Periodic switching (U = 0): coherent control of
nanodevices (qubits,...)




Summary

Summary

@ NRG: powerful method for strongly correlated systems
@ NRG: still in development for:

e time-dependent & non-equilibrium phenomena
e complex multi-channel models (see Mitchell et al PRB
2013)

@ Plenty of work still to do for smart PhD students !
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