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The underlying laws necessary for the mathematical theory of a
large part of physics and the whole of chemistry are thus
completely known, and the difficulty is only that exact
applications of these laws lead to equations which are too
complicated to be soluble. It therefore becomes desirable that
approximate practical methods of applying quantum mechanics
should be developed, which can lead to an explanation of the
main features of complex atomic systems without too much
computation.

P.M.A Dirac, Proceedings of the Royal Society A123, 714 (1929)
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We discuss recent developments in our understanding of matter,
broadly construed, and their implications for contemporary re-
search in fundamental physics.

he Theory of Everything is a term for the ultimate theory of

the universe—a set of equations capable of describing all
phenomena that have been observed, or that will ever be
observed (1). It is the modern incarnation of the reductionist
ideal of the ancient Greeks, an approach to the natural world that
has been fabulously successful in bettering the lot of mankind
and continues in many people’s minds to be the central paradigm
of physics. A special case of this idea, and also a beautiful
instance of it, is the equation of conventional nonrelativistic
quantum mechanics, which describes the everyday world of
human beings—air, water, rocks, fire, people, and so forth. The
details of this equation are less important than the fact that it can
be written down simply and is completely specified by a handful
of known quantities: the charge and mass of the electron, the
charges and masses of the atomic nuclei, and Planck’s constant.
For experts we write
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we have learned why atoms have the size they do, why chemical
bonds have the length and strength they do, why solid matter has
the elastic properties it does, why some things are transparent
while others reflect or absorb light (6). With a little more
experimental input for guidance it is even possible to predict
atomic conformations of small molecules, simple chemical re-
action rates, structural phase transitions, ferromagnetism, and
sometimes even superconducting transition temperatures (7).
But the schemes for approximating are not first-principles
deductions but are rather art keyed to experiment, and thus tend
to be the least reliable precisely when reliability is most needed,
i.e., when experimental information is scarce, the physical be-
havior has no precedent, and the key questions have not yet been
identified. There are many notorious failures of alleged ab initio
computation methods, including the phase diagram of liquid *He
and the entire phenomenonology of high-temperature super-
conductors (8-10). Predicting protein functionality or the be-
havior of the human brain from these equations is patently
absurd. So the triumph of the reductionism of the Greeks is a
pyrrhic victory: We have succeeded in reducing all of ordinary
physical behavior to a simple, correct Theory of Everything only
to discover that it has revealed exactly nothing about many things
of great importance.

In light of this fact it strikes a thinking person as odd that the
parameters e, f, and m appearing in these equations may be
measured accurately in laboratory experiments involving large
numbers of particles. The electron charge, for example, may be
accurately measured by passing current through an electrochem-
ical cell, plating out metal atoms, and measuring the mass
deposited, the separation of the atoms in the crystal being known
from x-ray diffraction (11). Simple electrical measurements
performed on superconducting rings determine to high accuracy
the quantity the quantum of magnetic flux 4c/2e (11). A version



most important question

what atoms to pick?
what materials are interesting”?
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simpler question

electronic Hamiltonian in Born-Oppenheimer approximation

N Ne N N N;
1 «— “v— Z - 1 : Lo L
H=-2Y v2- x4 - x=b
2.V 2 R T T TR Ry
Jj=1 j=1 a=1 <k a<

given a material { Za, Ra}
solve

H¥(x1, ..., xn) = E¥Y(X1, ..., XN)

antisymmetrize wavefunction



antisymmetric wave-functions

(anti)symmetrization of N-body wave-function: N! operations

1
S+V(xq, ..., XN) = — Z(::l)PW (Xp(l) ..... Xp(/\/))

VN =
antisymmetrization of products of single-particle states
oy (X1)  Qar(X1) -+ Qay(Xx1)
S 1 | Pa(e) ®a(e) o ey ()
— Py (X1) - Pay (X)) = W : : - :
Qo (XN) Qo (XN) 0 Oay(Xn)

much more efficient: scales only polynomially in N

Slater determinant: ®4,..o, (X1, . . ., XN )




Slater determinants

Oa, (X1) Yo, (x1) -+ oy (x1)
1 | Pau(X2)  Qar(X2) +° Qay(X)

¢061"'OCN(X) — W _ _ . _
Oa, (XN) Qo (Xn) -+ Papy (xn)

simple examples

N=1 ) dDOtl (Xl) — 90041 (Xl)

1

N2 Gy, (,02) = T (00 (30)02(2) = e (1) 00, ()

expectation values need only one antisymmetrized wave-function:

[ ax S0 M(x) (S:(x0) = [ dx (VTZL()) M(x) (S:5())

remember: M(x1, ..., XN)
symmetric in arguments

corollary: overlap of Slater determinants:

/Xm - dXp Q>a1 apy (Xl ..... X/\/) @51...’3/\, (Xl ..... X/\/) = det (<(,0an




basis of Slater determinants

/dX]. dX/\/ d)al "N (X]. ----- XN) dDﬁlﬁ/\/ (X]. 11111 XN) — det <<(pan‘(pﬁm>)

Slater determinants of ortho-normal orbitals ¢@a(x) are normalized

a Slater determinant with two identical orbital indices vanishes (Pauli principle)

Slater determinants that only differ in the order of the orbital indices
are (up to a sign) identical

define convention for ordering indices, e.g. ar<ax< ... < an

given K (ortho-normal orbitals) { @a(x) |a e {1, ..., K} }
the K! / N! (K—N)! Slater determinants

are an (ortho-normal) basis of the N-electron Hilbert space



second quantization: motivation

keeping track of all these signs...

1

Slater determinant ~ ®ng(x1, X2) = 7 (a(X1)pp(x2) — Ya(x1)Pa(X2))
1

corresponding Dirac state |a, B) = 7 (la)|B) — |B)|a))

use operators o, B) = CEC;W

position of operators encodes signs

cschl0) = o ) = 1B, ) = —c}c}|0)

product of operators changes sign when commuted: anti-commutation

anti-commutator {A, B} =AB+BA
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second quantization: motivation

specify N-electron states using operators

10) (vacuum state)

normalization: (0|0) =1

la) = ¢! |0) (creation operator adds one electron)

normalization:  (a|a) = (0|c,c!|0)

overlap: (a|B) = (0 Can 0)

adjoint of creation operator removes one electron:
annihilation operator

Cx|0) = 0 and CaC[]; = ::C[];Ca + (|B)

o, B) = clcl|0)

antisymmetry:  cl,c} = —clcl,



second quantization: formalism

vacuum state |0)

and

set of operators cq related to single-electron states @q(x)
defined by:

Cx|0) =0 {Ca,cﬁ}:O:{C;ﬂ,cg}

0/0)=1  {ca c} = (alB)

see also
www.cond-mat.de/events/correl13/manuscripts/koch.pdf o =


http://www.cond-mat.de/events/correl13/manuscripts/koch.pdf
http://www.cond-mat.de/events/correl13/manuscripts/koch.pdf

second quantization: field operators

creation/annihilation operators in real-space basis

Wt(x) with x = (r,0) creates electron of spin ¢ at position r

then ¢ = /dx Yo (X)W (x)

put electron at x with
amplitude @a(x)

{pa,. (x)} complete orthonormal set Z Pa,(X) Pa,(x") = 6(x — X')
-

UA/(X) = Z Pa,(X) Ca,

n

they fulfill the standard anti-commutation relations
{lﬁ(x) lﬁ(x’)} =0 = {lm(x), LDT(X/)}
W(x), ¥T(xX)} = 6(x — x)



second quantization: Slater determinants

1 " " "
DParos..an (X1, X2, . . ., XN) = N (0 } V(x )V (x) ... ¥V(xy) CJ;N . cg;2 C;fll | 0)

proof by induction
N=0: &() =(0]0) =1
N=1: (0|W(x1)cl, [0)={(0]wa (x1) = cf,¥(x1)|0) = @a,(x1)
using  {V(x), ¢} = [dx’ @a(x') {¥(x), ¥ (x)} = pa(x)
N=2: <O ‘ l//)(Xl)lll)(XQ) C;rtz C;l O>
— <O lp(Xl) ((,0@2 (XQ) — C;rtzl//)(XQ)) C;l ‘ O>
— <O Lp(X1)C(];1 O> QOaz(XQ) — <O ‘ l//)(Xl)C(];zl//)(XQ)Cg‘l | O>

= Pa, (X1)Par (X2) = Pa, (X1)Pay (X2)



second quantization: Slater determinants

general N: commute ¥(xn) to the right
(0 | V(). . o)W (xw) choch. . el

0) =

+ <O ‘ W(x1) . W(Xn—1) Cloy s - - - Co

— <O ‘ l//)(xl) .. .V/)(X/\/_l) Hn;éN—l CCJJrcn

O> Pay (Xn)
O> Pay_; (Xn)

(—i)N <o‘u“f(x1)...u7(xN_1)c;N s

0> Qo (XN)

Laplace expansion in terms of N-7 dim determinants wrt last row of

P, (Xl) ©as (Xl) o Pay (Xl)
Vo, (X2)  Qar(X2) 0 Qo (X2)

<Pa1.(></\/) QOaQI(X/\/) WaN-(X/\/)



second quantization: Dirac notation

product state CJ;N R 0)
corresponds to
Slater determinant @y, a0, ay (X1, X2, . . ., XN )
as

Dirac state |a)
corresponds to

wave-function g (x)



second quantization: expectation values

expectation value of N-body operator wrt N-electron Slater determinants

/dx1 e dXy P,y (X1, XN )M(X, XN ) Py oy (X2, XN)
0)

! U(xq) - ¥(xy) C;N c Cj;l 0)

)

10)(0] = 1 on O-electron space

:<O‘C51.HC5NMC(J§LN”.C;1

Cs, " Cg, @T(XN) . tlA/T(xl) ‘ O> M(xq, - - -

/C/Xl---dX/\/\/% <O ,XN)\/%@

:<o

collecting field-operators to obtain M in second quantization:

M = % /dxl Xy VT ) VT M, -+ o xn) W) -+ - W (xy)

1 A " " N
o+ G gt [ 1+ X o) G)OMOx - P )+ D) -+l

apparently dependent on number N of electrons!



second quantization: zero-body operator

zero-body operator Mo(x4,...xn)=1 independent of particle coordinates

second quantized form for operating on N-electron states:

Mo = % dxidxo - xy VT (xn) - - VT 0)WUT () VO )V (x0) - - - W(xn)

— % dxo - xy WT(xy) - - Ul (x0) N U(xp) - W(xy)

= [ da o Wiew) U)W W)
only(!) when operating on N-electron state

:% 1.0 ... N=1 using /Xm/A/T(x)l/A/(X):N

result independent of N



second quantization: one-body operators

one-body operator M(xq, ..., xn) = 2 Mi(x)

N 1

M, = m/dxl---dx,\/ x/“ﬂ(xN)--.u?T(xl)Zml(m WU(xy) - W(xy)

— % Z/de Ut (x) Mi(x;) (N = 1)1 ()
- % Z/dxj Wl (x;) My () W ()
— /dx UT(x) Mi(x) ¥(x) result independent of N

expand in complete orthonormal set of orbitals

W= 37 [ 400,00 M(3) 0, () €l o, = D (tnl M) o,

n,m




second quantization: two-body operators

two-body operator M (xq, ..., XN) = Z,-<J- Mo (xi, x;)

/\

Mo

1
N!

dxy -+ dxy W) - U 0a) Y - Ma(xi, %) W(x1) -+ W (x)

1<J

— % Z / dX/de U}T(XJ)U/)T(X/) MQ(X,‘, XJ) (N — 2)| @(XI)@(XJ)
N(Nl— 1) Z / axidx U/)T(XJ)UA/T(Xi) Mo (X, X;) lﬁ(x,)l/A/(XJ)

_ % / dx dx’ WH(x') WH(x) Mo(x,x') W(x) ¥(x')

result independent of N

expand in complete orthonormal set of orbitals

M

1
— 5 Z /dXdX/ (pan, (X/)(pan (X) MZ(X1 X/) P, (X)QOam, (X/) C;rzn/ Cc])Ltn Cam COtm/

n.n mm

1
— 5 Z <OtnOén/|M2|amam’> Cc;rzn/ C;rc,, Coun Cocm/

n.n . m,nm’



BO Hamiltonian

electronic Hamiltonian in Born-Oppenheimer approximation

:"ZVZ YTV Rl Z\r 2|RZ—2251

j=1 a=1 <k a<

solve HW(xy, ..., xn) = EW(xy, ..., xn) and antisymmetrize

solve H|Ne) = E|Ne), where

Z tap CCs + = Z Uss clcie, Ne) = D aas...an. | | €4,10)

aﬁwé I

g = 2 (S e [ ) (59 vexm) 09 () (S Vo

/5/

=352k Sep [ [0 G 0e00) s o (s (4) S35 S5
/5/
B/,Y/




approximation: restrict basis set

formulations in 15t and 2"? quantization equivalent,
as long as basis set complete

restrict basis set to K functions @q

N-electron Hilbert space restricted to
binom(K,N)-dimensional variational space

all-electron approach:
Increase K until convergence

pseudized approach:
variational space only for interesting electrons

how?
perturbation theory
renormalization

1030
1030
10%°

T 100}
E 10" |
©

1010 |

10°
109

102 103



perturbation theory: atomic multiplets

H1 should be small perturbation
Uscs must describe electron-electron repulsion well

accurate density gives accurate Hartree term
DFT orbitals!

open shell - degenerate perturbation theory



Self-consistent field computation

atomic multiplets
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Multiplet calculation
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Q. Zhang:

Calculations of Atomic Multiplets across the Periodic Table

MSc thesis, RWTH Aachen 2014
www.cond-mat.de/sims/multiplet
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Hund’s rule: d° ground state °S
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Spin-Orbit coupling Hso = — ———&; S



LS coupling: Co#*

2D 10.574798
2P 10.526368
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LS coupling: Co#*

2D 10.574798 2D(3/2) 10.574798
2P 10.526368 2P(3/2) 10.526368

2G 10.413875 2G(9/2) 10.413875
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25 10.324653 10324653
2F 10.284950

ds AT 2Rz,

 — "_1-....;.:..5...4 -

6S 9.914828 65(5/2) 9.914828
Configuration Coulomb repulsion Spin-orbit

991452
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6S character




non-LS coupling: Ir4*

2D 6.213785
2P 6.178811

2G 6.107794
2D 6.078552
25 6.048151
s QUZIURE
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non-LS coupling: Ir4*

2D 6.213785 2D(3/2) 6.213785

2P 6.178811 2P(3/2) 6.178811

2G 6.107794 ZG§9Q§ 6.107794

2D 6.078552 2D(3/2) 6.078552

2S5 6.048151 25(1/2) 6.048151

JRIZENLG : :
ds WD

— ——— —d TR A AL B

6S 5.776156 6S(5/2) 5.776156
— ) o 7701 5.756416
Configuration Coulomb repulsion Spin-orbit Hu+Hso

6S character




non-LS coupling: Ir atom

11.336353

2D(5/2) 11.323607 “TTRT000%"
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modeling correlated electrons: renormalization

A oo
=—-) V- -
Z > > Ir— Ral ;Irj—rk!

Jj=1 a=1

complete orbital basis gni H=— »  tyim;sa. + Z Viv.io:m.jo' i Nm.jo

mja n/a
n,i,m,j,o

distinguish two types of electrons/orbitals: correlated and uncorrelated

assume no hybridization between them: product ansatz
V({Mnict) = S: S: aipwWn({ncict) Pulincicti {najot) = Yo P({ncict)
noou

iInstant-screening approx.: slow correlated, fast other electrons
HIV) = E|V) = (PIH|®)[Y) = E|)




simple example: 3-band Hubbard cluster

Ui =15
U2»=0.6
Usz= .2

Ui2=0.7
U23 = 0.05

too = 0.1
ti3=0.5

A=0.5



Spectral Function

spectral function: projected vs. 1-band
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screening U

instantaneous screening approximation




Spectral Function

spectral function: projected vs. 1-band

14

G 2

1'%and Uparer thare
- 1-band Ugg, e
1-band Ueff’ tinst

—l
N

—k
o

(00)
T




hopping reduction

overlap between different screening states reduces hopping: tes

(110)(0]1)




Spectral Function

spectral function: projected vs. 1-band
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screening reduces U and ¢

could justify that constrained calculations tend to give “too small U”

t/U not as sensitive to screening as one might think

C. Adolphs:
Renormalization of the Coulomb Interaction in the Hubbard Model
Diploma Thesis, RWTH Aachen 2010



surface effects

10x10%10 cluster 83=29=512 atoms inside

almost 50% of atoms
on surface...

how to simulate bulk?

periodic boundary conditions




finite size scaling
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half-filled one-dimensional L-site chain
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periodic boundary conditions

additional interaction with periodic images

1 < .
pbc— §ZV,2

finite-size correction € = (Ecorr(L) — EMF(L))/L + EMF



exchange-correlation hole

electron density: I'(x; x) = n(x)
electron density at x’ given

conditional electron density: 2/ (x, x; X, X)) = n(X, X) ~ {1at an electron is at x

(2) /. / /
Coulomb repulsion (U) = /dx dx’ 2%, x ',X'X) _ E/dx dx’n(X’X)
r—r'| 2 r—r'|

rewrite in terms of Hartree energy
(how <U) differs from mean-field)

n(x,x") = n(x)n(x") g(x, x") = n(x)n(x") + n(x)n(x") (9(x, x") — 1)

(Hartree term) /\
Cpair correlation function) (exchange-correlation hole)
sum rule

[dx' n(x,x") = n(x) (N —1) [dx' n(x) (g(x,x") = 1) = -1



exchange-correlation holes from QMC

/
homogeneous electron gas g, 2 (r/rs)
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G. Ortiz, M. Harris, P. Ballone, Phys. Rev. Lett. 82, 5317 (1999)
P. Gori-Giorgi, F. Sacchetti, G.B. Bachelet, Phys. Rev. B 61, 7353 (2000)

(110) plane of Si, electron at bond center
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R.Q. Hood, M.Y. Chou, A.J. Williamson, G. Rajagopal, R.J. Needs, W.M.C. Foulkes,

Phys. Rev. B 57, 8972 (1998)



|attices

rimitive lattice vectors
n € Z} P
, A= (a;,as,...,a4)

not unique

canonical choice:
............... vectors to nearest neighbors
............... (LLL algorithm)

............... allowed transformations of A:

o« o D ----- j < e e exchange vectors
et oot e change sign of vector

e add int multiple of other vector

Lao={An|neZ’} V. = |det(A)|



d — - applications to cryptography
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Lattice Basis Reduction

Ay Apphzetons

Zaharea Velibowa

A Lattice Attack on the
McEliece Public Key

Cryptosystem
Lattice Basis Reduction Algonthms
in Cryptography
P N auyen Algorithmic
Brigitte Vallée (tds) Numb(!l‘ Theor)"

Lattices, Number Fields, Curves and Crypiograpiy

J. P. Buhler
P. Stevenhagen

Lalan
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The LLL Algorithm

Survey and Applications
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COMPLEXITY OF
LATTICE PROBLENS
A Cryptographic
Perspective

Daniele Micciancio
Shafi Goldwasser

SVP
find shortest vector
In lattice



lattice periodic functions

Fourier transform
V(r) = / dk V (k) e'*"

lattice periodicity

_ 9 iker ikekAn
V(r + An) = /dk V(k)e™" e = V/(r)
=1

only modes that contribute

ke {Gm|meZ'} =R, with G=(27A ")’

Gm-An=m' G'An =27 X integer
N——
2T



Bloch theorem

lattice-periodic potential
k2
Hsingle — Z E Ck o Ck,o T Z Z VGm Ck—l—Gm o C
K K meZzZd

eigenstates: Bloch waves

Qon,k(r) — Z Cn,m ei(k+Gm)-r 7 Qon,k(r + An) — eik-An Qon,k(r)

me&Zd

reduce eigenvalue problem to single unit cell with pbc

(; (—iV,+ k)2 + V(r)> Un k(F) = €5k Un k()

(" vector potential ) ©ni(r) = e up(r)




many-electron Bloch theorem

: : 1
H = E :( Ckacko E :VGm CercmoCho T E :Ck+quk’ q.07 \q|2 G oSk o

m k’ ,o':q

couples all states with given total crystal momentum
(invariance under translation of all electrons by lattice vector)

to move all electrons into a simulation cell C, need to postulate
Bloch-like theorem

\US’R(TL o, .. ) — eik'Zf i U/S,E(rl’ o, .. )

k enters eigenvalue equation for U as a vector potential

2
d"E(k) distinguish metals from (Mott) insulators
k=0

susceptibility

Kohn, Phys. Rev. 133, A171 (1964)



supercells




Hermite normal form

A1 O 0
A1 Az O - \
A=1 X1 A s U= A < A

Euclidean algorithm

gcd(b, a) if |a| < |b| (exchange columns)

El if b=0 (change sign of column)
gcd(a, b) =
gcd(a — |a/b|b, b) otherwise (add integer multiple of col)



Hermite normal form




supercell: k-point sampling

Ks=(2rC 1) =G’

supercell

° °
° Ko °
° K,

°
° °

Brillouin zone




supercell: k-point sampling

Ks=(2rC 1) =G’

supercell Brillouin zone



Monkhorst-Pack grid

particularly suited for Brillouin-zone integrals

m 0 0 ~ (n,- — 1)k,
L=( 0 n O k=) ——
0 0 3 / I

PHYSICAL REVIEW B VOLUME 13, NUMBER 12 15 JUNE 1976

Special points for Brillouin-zone integrations*

Hendrik J. Monkhorst and James D. Pack

Department of Physics, University of Utah, Salt Lake City, Utah 84112
(Received 21 January 1976)

A method is given for generating sets of special points in the Brillouin zone which provides an efficient means
of integrating periodic functions of the wave vector. The integration can be over the entire Brillouin zone or
over specified portions thereof. This method also has applications in spectral and density-of-state calculations.
The relationships to the Chadi-Cohen and Gilat-Raubenheimer methods are indicated.
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second quantization

Conclusions

degenerate perturbation theory

cx|0) =0 {ca, Cﬁ} =0= {cg Cg}

©00)=1  {ca ci} = (alB)

Cpalaz...a/\/(xl' X21 LI 1XN)

el 10

many-body Bloch supercell &

Configuration Coulomb repulsion Spin-orbit HutHso

........

renormalized models
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