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BCS THEORY
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bosonic spectra o, and the electron-boson coupling N(0)V. (0, can be
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2A /T, =3.53 AC(T)/yT, =1.43

The theory is approximatevily correct
only in weak coupling AXN(0)V<0.6

for A > 0.6 the theory is correct

only in a qualitative way and not always



Range of application of the BCS theory
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Eliashberg theory
Existence of Fermi surface

Aop/Er <<1, first order Feynman diagrams

in the Dyson equation (Migdal theorem)

Input parameters of Eliashberg theory
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D,(q,iwn) = 2wqy/ [(iw,,)2 —wfl,,] is the
dressed propagator for phonons with momentum q and
branch index v, and gk, is the screened electron-phonon
matrix element for the scattering between the electronic
states k and k’ through a phonon with wavevector q =
k' — k, frequency wq, and branch index v

Migdal theorem: If Aoy /E; <<1

only first order Feyman diagrams
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Now we impose self-consistency by replacing the esplicit expression

for the Green functions inside the self energy expression.
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Including the repulsive term in the Eliashberg equations is a hard task. The Coulomb interaction
cannot be introduced with the same accuracy of the electron-phonon one, since it does not have a
natural cut-off to ensure a convergent sum on the Matsubara’s frequencies.

The electron-electron interaction has a large energy scale (and then a narrow interaction time) with
respect to electron-phonon attraction. The electron-phonon interaction has a timescale typical of
the much larger inverse phonon frequencies. The time scale difference is normally dealt using an
energy window w. with a renormalized electron-electron interaction

. p
1+pln(Ep/we)’

which is called Morel-Anderson pseudopotential. In this formula, p is an average electron-electron
matrix element times the density of states at the Fermi level,
In the normal state self-energy the Coulomb potential is included, therefore only the off-diagonal

i (42)

term will be affected by this correction

p* o~ 0.1



Three different but equivalent formulations: imaginary, real and mixed
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Iterative solution

Determination of T-

A=A(iwn-0) is the value of the superconductive gap only in weak coupling
regime:A<<l1

Pade approximants T<T./10



Padé approximants method
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If there are magnetic impurities this method don’t work (of course always T<<Tc)
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Input parameters: a?F(w) and g*

Numerical solution of Eliashberg
Equations

Complex function A(®»,T) and Z (®,T)

All superconductive physical observables

are simple functions of A(w,T) and Z(®,T)

in BCS theory A(w,T) is a number
and Z (o, T)=1
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Re(Z(w)), Im(Z(w))
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BCS limit

In order to better understand these equations, it can be useful to reduce them to BCS limit.
To achieve this aim further approximations are introduced. First of all, all bosons factor in the
real-axis Eliashberg equations are ignored, i.e., real bosons scattering are not taken into account.
Further, the imaginary parts of A and Z must be neglected and one can set A(w,1") = Ay(1") for
w' <wp and A(w,T") =0 for w’ > wp where Ay(1") is a real number and wp is the Deybe energy.
And Z(w,T') can be replaced by its value in the normal state at w =0 and 1" = 0, then

Z(0,T) —1 = Q/OO(Iw’ /OO(ZOQQF(O) [ A0 I ACO R BV (45)
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and, in the 7" — 0 limit it becomes
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The gap equation becomes
“b Ay (T A —p*
A(T) = / du’ —— of )) —/ [1 _ Qf(w’)]. (47)
sor) W= AL (T) 1+

It is interesting to note that now wp is important for both A and p contribution.

If one consider £ = \/w’? — A2, the equation can be rewritten as
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which is the usual BCS equation at finite temperature. In the the 7" — 0 limit

A —p* [ve
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Tunneling: junction SI N
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at very low T the current derivative is proportional at the

superconductive density of states

Re[A(a),T)] = (v the superconductive gap
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Fig. 4.15. The energy dependence of the density of states of lead in a superconducting
state. The broken line represents the data obtained from the tunnelling effect while
the BCS weak-coupling theory yields the dot-and-broken line. The strong-coupling
result 1s shown by a solid line. (J.R. Schrieffer, et al.: [C-3].)



Real axis Eliashberg Equations at T=0
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The procedure followed is conceptually simple but mathematically complex [20,21]. A first guess
is made for the two quantities, namely a*Fy(w), L.e. starting with a generic function greater than
zero In a fimite range and with a Coulomb pseudopotential parameter, yi5 > 0.1. 5o the Eliashberg
equations (at T' = 0) can he solved numerically with these two input parameters in order to obtain
the complex function A(w) necessary for caleulating the superconductive density of states N (w)
denoted by the subscript ¢ (calculated) and 0 (for a first choice).

Moreover the functional derivative %;T which give the infinitesimal response of N (w) to chance
0“F(v) is computed This is used to make a second guess for aF(v) through the equation
ba’Fy(v) = [du [ ) V] {Nw(w) = NY(w)]. The new electron phonon spectral function is

0o‘Fy(v) = o*Fy(v) + OQZFO(I/). This procedure 1s continued until convergence is reached. An
Re[A(a))] =
Ac — A exXp






In the past a?F(w) and p*
had obtained by experimental data
(also for no superconducting materials
via the proximity effect)
or was free parameters
but now can be calculated by
DENSITY FUNCTIONAL THEORY (DFT)

No free parameters !



Physical observables can be calculated:
Critical temperature
Gap value as function of temperature
Superconductive density of states
Upper critical field as function of temperature
Specific heat as function of temperature
NMR
Magnetic susceptivity
Isotopic effect
Etc...



T. Equations

BCS A<<1 analityc solution

7. =1.13cw,, exp[ 1+’1*]
A — e
Eliashberg A<1.5 n*<0.15 num solution
T. — @, exp 1.(:4(1 + A)
1.2 A—u"(A+0.624)

Eliashberg A>10 analityc solution

7. ~0.183w, A



Standard Eliashberg Equations
three different but equivalent formulations:
real axis, imaginary axis and mixed

Approximations of Eliashberg Theory, in red the possible
generalizations

Validity of Migdal Theorem )\(DD/EF< <1, HaTCS, fullerenes
Spin of Cooper pair =0 Sr,RuO,

Isotropic order parameter A(w) HTCS
Conduction bandwidth infinite Fullerenes, HTCS
Half filling of conduction band HTCS

One conduction band MgB2, iron pnictides

Normal density of state constant around the Fermi level Nb;Sn, PuCoGa.

No effect of disorder and magnetic impurities all superconductors



Breakdown of Migdal theorem

corrections at the first order in Aw,/Ecat T=Tc

L. Pietronero, S. Str assler and C. Grimaldi, Phys. Rev. B 52, 10516 (1995)
m =CUo/EF . . . .
_I C. Grimaldi, L. Pietronero and S. Str”assler, Phys. Rev. B 52, 10530 (1995)

A=A AA,m, Q. )=A[1+APy(m,Q,.)] I

1.13w, [1 - l 144, [1/(14m)) As=Au(A,m,0,)
C’= cxp — — —
Ve(l+m) 2 (1+m) As =A[14+2APy(m,Q.)+AP.(m,0.)]

A Aeff >> A in the standard Eliashberg equations can reproduce the vertex corrections

Stable system > Z(iw,)>1] (Az>0)

0.V. Danylenko, O.V. Dolgov, PRB, VOLUME 63, 094506, (2001)
0.V. Dolgov and V.V. Losyakov, Phys. Lett. A 190, 189 (1994)

A>>1 ? YES



COPPER OXIDES (overdoped), PuCoGa5 etc (d-wave)
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E. Schachinger and J.P. Carbotte, Extended Eliashberg theory for d-wave superconductivity
and application to cuprate, Ed J.K. Sadasiva, S.M. Rao, Models and Methods of High-Tc
Superconductivity: Some Frontal Aspects, Nova Science Publisher (2003) Vol. II.
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F. Jutier, G.A. Ummarino, J.C. Griveau, F. Wastin, E. Colineau, J. Rebizant, N. Magnani and R. Caciuffo,
Phys. Rev. B 77, 024521 (2008); D. Daghero, M. Tortello, G.A. Ummarino, J.-C. Griveau, E. Colineau,
A.B. Shick, R. Caciuffo, J. Kolorenc and A.IL. Lichtenstein, Nature Communications 3, 786, (2012)



Magnesium diboride
MgB, T.=39.4 K (2001)



Two conduction bands: n and ¢

Four spectral functions

Four Coulomb pseudopotential

Eliashberg Equations

Two isotropic order parameters

Two renormalization functions



Qa2 F(Q)
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oo = 0.13, p. = 0.042

[y = 0.03, pi . = 0.11

No free parameters!

All physical observables
are in agreement with
theoretical predictions!



1.2 T T T T no interband coupling (}.ij=0)

A - = weak interband coupling ;*ij<<7“ii

1,0 — - = strong interband coupling

Normalized energy gaps

0,0 0,2 0,4 0,6 0,8 1,0
Normalized temperature (T/T )

E.J. Nicol and J.P. Carbotte, Properties of the superconducting state in a two-band model
Phys. Rev. B 71, 054501 (2005).



Proximity effect
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H. G. Zarate and J. P. Carbotte, PRB 35, 3256 (1987)



Superconductivity in Fe-based compounds

The superconductivity in Fe-based layered compound is unconventional
and mediated by antiferromagnetic spin fluctuations. This resulting state is
an example of extended s-wave pairing with a sign reversal of the order
parameter between different Fermi surface sheets.

Ba, Ky 4Fe,As,: H. Ding et al, Europhys. Lett.
83 (2008)

3 bands with s-wave gap

The phases of two of the three gaps are opposite
Intraband coupling provided by phonons (P)

Interband coupling provided by AFM spin fluctuations (SF)

ﬂ.Pl‘l‘ >> ﬂPl‘j ~ (0 Phonons mainly provide intraband coupling
AP i1 <0.35
/’LSFl-l' << /’LSFij The SF mainly provide the interband coupling



Three-band s+ Eliashberg equations

A (iw,)Z (iw,) =
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Eliashberg equations with phonons (P)
and spin fluctuations (S)
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Three-band s+ Eliashberg equations
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Inputs of the three-band Eliashberg equations

azE‘j (Q) Electron-phonon spectral functions (9)

})ij (Q) Antiferromagnetic spin fluctuactions spectral functions (9)
//[*ij Coulomb pseudopotential matrix elements (9)
a)c electronic cut-off energy
FN,M N non-mggnetic (N) and magnetic (M) impurity
L scattering rates (9+9)

Nz’ (O) normal density of states at the Fermi level of the i-th band (3)



Assumptions of the three-band Eliashberg model

To reduce the number of free
parameters we exploit the fact that

AP >> 0 P =0 phonons mainly provide intraband coupling

S>> NET=0 spin fluctuations mainly provide interband coupling
N, O)NL0) | NjO)/N4(0) | N,(0)/N5(0)

BaFeCoAs 1.12 4.50

LaFeAsOF 0.91 0.53

BaKFeAs 1.00 2.00

SmFeAsOF 2.50 2.00

Assumptions:

AST=0 (no intraband SF coupling)
w5=u; =0 (no Coulomb pseudopotential)

)
)

3) =0 (no impurities)
) (no phonon coupling)



5) o ZF(Q)=C{1/[(Q- Q)+ Y2JIQ+Q2 +Y3]y o5

6) Q;= Q,=2Tc/5 and Y;=Q,/2 (empirical law) 0.6¢

0.5¢
(The peak in the spectrum is the same for all i,j§ %
o,

0.2}

7) N;(0) from band theory calculations o1l

0.0 : : . :
Only two free parameters: Ajq; A3 0r Ay Azl ° “ glmevit ©

The coupling matrix A; is thus:

~ N\ where
0 }\21'\’21 )"31\,31 V31=N3(0)/N1(0)s
— [ A 0 ALV v33=N3(0)/N5(0)
)\ij = | M2 32V32 v,,=N,(0)/N,(0)
\7\31 A3z 0 <
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G.A. Ummarino, Phys. Rev. B 83, 092508 (2011)




Imaginary-axis Eliashberg equations for the upper critical field

O'v'n Z-‘»_ ( iw‘;;_ ):W‘”_ + FT E “"\IJ ( ‘I.-W'yl - iw‘,”_ )Sigll(w’;,l )
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+o< | 9 ) ‘

X (twm ) =(2//13;) / dgexp(—qg?) - .-‘3]' = WHCQ'U]J‘]/(Z(I)O)
0

(]\ / l_gJ

|W'n'1 Z_] ( TWm ) | -+ IN BHI_?‘ZSign(W'm )

tan "1

Three free parameters: the Fermi velocities that can be calculated
by DFT but if they haven’t been yet calculated

- oy - N\
Free electron model: vp; > N{ (0)
so that vpo = vp1le /vy and vps = vpy /11

Only a free parameter: Vg1



BaO.G( FeO.QCOO. 1 )ZASZ

050 T/Tc 075  1.00

LaFeAsO__F

09 01

0.2 0. 4T/TC0 6

Ba K. Fe As

06 04

.............

......

0
0.96 0.97T/T¢ 0.98

SmFeAsO F

08 02

0 .
0.5 0.6 0. 7T/'|'CO 8

09 1.0



Andreev reflection: mechanism of superconductivity in the iron pnictides

Stuctures present at

S?O * Jmaz

We put the solution of
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Eliashberg equations

in the Andreev reflection
equation of conductance:

bosonic structures appear!

Ag/SmFeAsQqg s Fy 2 point-contact.

D. Daghero, M. Tortello, G.A. Ummarino and R.S. Gonnelli, Rep. Prog. Phys. 74, 124509 (2011)



Point-Contact Andreev-Reflection Study of Ba(Fe,_,Co,),As, Single Crystals

1.3
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Normalized Cond.
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LiFeAs Tc=18 K
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Atot,tr=0-77, Atot,sup=2 as HTCS
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The same happens for BaFeCoAs, BaFeKAs...



Eliashberg theory works for:

All old superconductors

fullerenes

BKBO

MgB,



HTCS overdoped
iron pnictides

PuCoGa; and,may be, for heavy

fermions and HTCS optimally doped

It does’ t work (now, in this
form)

for HTCS underdoped
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