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From Stoner to Hubbard
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Magnetism of H,: Heisenberg vs. Slater

; Exchange interaction:
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Exchange interactions: Anderson
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Exchange: Local force approach

J = _2_[7;2 9 Spin-polarized LSDA
H l
" "‘ he =1+ %U?F)

1
Spectrum; € = j:E\/4t2 —+ U2 + Ut\/2(1 T cosh)

t2 1
Vi E.(0) & Ecose = -2JS8%¢€;€; = —J cos




From Atom to Solids

Electrons in solids:
-Effective potential
Q -Bloch states

Multiplets Bands -Pauli principle
=0 I l
<=
— | d SLMM > d _ _
Density Functional Theory (DFT)
- — Effective one-particle states

*®" Local Density Approximation (LDA)




DFT: KS-equation (1965)

Effective one-electron Schrodinger-like equation:

h? , .
(_%VQ = Verr(M)hi(7) = ei(r)
N
Charge density: n(r) = |vi(F)]?
Energy Functional: Eln] = Ts[n] + Vu[n| + /n(f)Vemt(F)dFJr Ee[n]
N 7,—L2 )
KS-Kkinetic energy: Tin] = Z/dr% (T)(_%V )i ()
- e* n(r)n(r)
Hartree potential: Vi[n] = —/dfF/ g
2 |7 — 77|

Effective potential: o




Computational Material Science: DFT
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photoemission
spectra (DOS)

A. Fujimori et al.
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Spectral function: Correlations effects
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Hubbard model for correlated electrons

H = Etu - J0+U2n n.

o U/t

©  Chemical potential




The Theory of Everything

Hamiltonian for multi-fermionic system in field-operators:
Ho= Y faril CARAGENES
+3 3 [ dr [ DL () Ulr = ) b (), ()

Atomic Units: h=m=e=1

Coilomb interaction: Ur—1')=1/r — 1|

Second quantisation operators in orthonormal basis:




Hoehnberg and Kohn: DFT

PHYSICAL REVIEW VOLUME 136, NUMBER 3B 9 NOVEMEBR 1964

Inhomogeneous Electron Gas™

-~ P. HOHENBERGT
Ecole Normale Superieure, Paris, France
AND
W. Konn}
Ecole Normale Superieure, Paris, France and Faculté des Sciences, Orsay, France

Hamiltonian in Hﬁ T+ V+U

Field Operators:

1
r=- [ v () v (n)dr,

V= f oS (W (1),

1 1
== f PH OV (W () dedy!
2J) |r—r|

n(r)= (T y*(r)y(r)¥)
EJ[n]= / o(t)n(r)dr+F[n]




Path Integrals for Fermions

Short introduction from Alexei Kamenev
“Field Theory of Non-Equilibrium Systems” (Cambridge, 2011)

Fermions second-quantization operators (Pauli principle)

c;|0) = 0 ccln) = njn)
¢l = 10) ¢ =0
o) = 1) P = o
Algebra of Grassmann anti-commuting numbers: (&) = (¢}, ci)
C,;Cj = —CjCz'
2 =0

fle) = fo+ fic
f(c*,e) = foo+ fioc + foic+ fuc'c

nn numbers anticommute with fermionic operators

{c.¢} ={c,c7} =0




Grassmann calculus

801-

Differentiation: SN
80_7' J
N.B. order: iclcg = —(q
602
Example:  f(c* ¢) = foo+ fioc" + forc+ fucc
o 0 . . 0 . o 0 . .
—Jlc.c) = — c )= — =————Jlc,c
By (%f( .c) By (for — fu1c”) f11 S0 Do f(c.c)
Integration: (equivalent to differetition)

0
. .
/ = dc




Coherent State

Eigenstate of annihilation operator

cley = cle)
Diefinition of coherent states

o) = 0y = (1 — ") |0) = 0) — c]1)
Proof

2l = 2(10) —cl1)) = —ée|1) = c]0) = cle)

Left Coherent State: " just another Grassman number

(NOT a complex conjugate)




Unity operator in coherent states

Overlap of Coherent States (non-orthogonal)
("] c) = (0] = (1] ) (|0) = e[1)) = 1+ e = €™

Resolution of Unity

1= //dc*dce_c*c|c) (c|

Proof

/ / de*dee="|c) (| = / / de*de (1 — c*e) (10) — ¢|1)) ((0] = (1] ¢*)
” = —//dc*dcc*c(|0> O]+ 1) (1) =1




Trace of Fermionic Operators

Matrix elements of normally ordered operators

*

(CFTHE G ) = H(e" o) ('] ) = H(c", )e

Trace-formula

T'r (6) = ;1 n|O|n) = z(;l//dc*dce < &) (c| O |n) =
- //dc*dce_c*c > (= c| O |n) ( //dc*dce —e(—c| O]c)
n=0,1

"Minus" due to commutation Left and Right coherent state




Gaussian Path Integrals

Only one analytical path integral:

N

//H detde;) e 2ig= M et Limleiitiie] _ et (M) e~ Zig= 5 M5 s

Short notation

/ D] e=¢Me = det M
Proof - "“det’": expand the exponent only N-th oder is non-zero

N
—Z” L Mije; ( ZZJ 1% U”‘J) Permutations of ¢jand c; gives det A/

Examples:
N /D [c*c] 7t = /D "] (=ctMyyer) = My = det M
N=2 /D [C*C] e—C’{]\/-[]_].C]__CIA/I]_QC]_—CEA/I?lcl_C;]\/I2202 _

1 * * ] * 7 * 7 * 7
or / D [c¢*c| (—c{Myycy — i Myscy — 5 Maeq — 623[2262)2 =
ﬂ-[llﬂfgg — 31112;‘1[21 = det M




Correlation Function: U=0

Change of variables

c—c— M1
Usingg ¢ Mc—c"j—j%c= (c* —j*M_l) M (c— M_lj) — MY

Single-particle correlation function:

(et 1 5Z[J*,J]|
C?:C. p— —
J Z[0.0] oJ;0Jr =0

Two-particle correlation function:

I VAN
Z10,0] 6110 Jy0.T30.J

_ —1r7—1 1371

(cicjcrer)




Path Integral for Everything

Euclidean action

Z = /’D[c*,c]e"s

* 1 *® ¥
S = %: ¢y (O +t12) co + 1 Z ¢1¢5 Urasg Ccacs

1234

One- and two-electron matrix elements:

e o= [ (—§v2+v<r> —u) bo(r)
Uisy = / dr / dr' 67(r)85(r') U x — ') 65(r) 6a(r')

notation:




One- and Two-particle Green Functions
One-particle Green function 1 +2

1

G = —{c165)s = - /D[c*, cleiche®

Two-particle Green function (generalized susceptibilities)
X1231 = (C10205¢)) g = /D[c ¢l cieqciey e

Vertex function:

Xigza = GraGaz — Gi3Gag + Z GriGogy Lvyyw GysGua

1/2'3'4

0




Baym-Kadanoff functional

Source term S[J] =S + Z ctJiic;
ij
Partition function and Free-energy:

Z[J] = e U = /D[c*,c] e~ Sl

Legendre transforming from J to G:
| VAP
F|G] = F|J] — Tr(JG) G 2

B  F[J]
~ Z[J] 6J1s 5J1a

J=0 B 0J12

J=0

Decomposition into the single particle part and correlated part

F[G]=TrinG — Tr (XG) + |G|




Functional Family

F[G] = -TrIn[-(Gy ' -Z[G)]-Tr(Z[G)G)+[G]

Exact representation of ®: ve_=a Vv

ee

L/ o o o
CD:E/O do‘Tr[Vee<¢ Y ) >

Different Functionals and constrained field J:

G=p J=V=V, +V,_ DFT
G=G(iw) J=2% (iw) LDA+DMFT
G=G(k,iw) J=3(k,iw) GW++

G. Kotliar et. al. RMP (2006)



Dynamical Mean Field Theory




DMFT: Charge+Spin+OQOrbital Fluctuations

Slese == Y i |0+ 1)1 = G | coome + 3 Sulel

wko mm/’ 7

Siecc”, ¢] = — Z Coa [(Zw + )1 — Agﬁ] Cus + Sulc”, ] Q 912 = —(C1€3)10c




Analogy with conventional MFT

z%{;tﬂucwcﬂ, + UZ”@T“@ H = Z JijSiS;
eff[GO //d’T‘dT Coo GO Coa—l-U/dT Nt eff — (z JoisS )SO = zJmSy = heffSO
Gyt = iwn + p — £2G(iwy) m = (So) = tanh(BzJm)

tz'le/\/E J”N]./Z




DENSITY OF STATES

Metal-Insulator Transition
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Strong Correlatlon limit and Magnetism
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What is the Mott transition?

a correlation driven metal-insulator transition

Mott 49
O
MEEEEEENEX /
<>
a n~1l1/a3~t

n

cannot be obtained in band theory:

S pay

\U/ ty —/

——

not due to AF (weak coupling effect):




Comparison of LDA and realistic DMFT

LDA LDA+DMFT

Density functional Baym-Kadanoff functional
Density p(r) Green-Function G(r, r’, w)
Potential V,.(r) Self-energy X; (w)

Bt = Bgp — By (2 = (2, — (24

E, = Zk<kp Ek 2y = —Trin[—G]

Edc = EH = fpchdr — Exc Qdc — o= ¢LW




DMFT model of ferromagnetism

DOS-peaks Band degeneracy
0.35 -_—
1.5 I L T 1 03 —‘
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D. Vollhardt, et. al., - —_ U W=4
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Orbital degrees of freedom

Mn (3+) = 3d*

J. van der Brink, D. Khomskii




Charge transfer TMO insulators

A

Charge-Transfer

U
~ Eg~ A
m CuO
&/
2 E
D)
.
Q.
Mott-Hubbard
E,~U
«r < > V05 V.0, .
W A W, |
< > Y d-metal 1O
U (W.W,)/2 A

Zaanen-Sawatzky-Allen

(ZSA) phase c

lagram

Phys. Rev. Lett. 55, 418 (1985)




LDA+U: static mean-filed approximation

U U
SRR ..+ S,
ij
‘One-clectron energies: " :
E.=—=¢E
1 on;




Rotationally invariant LDA+U

LDA+U functional

BRI (0), (n7)] = EM DAL 014+ B [0} - Eqel{n”}]

Local screened Coulomb correlations (Orbital Polarization!)

1
EU[{nU}] — ) Z {<mam// | Vee | m/;m///>ng@m n m”’+
{m},o
_|_(<m, m/’ | Vee | m/, m///>_<m7 m/ | Vee | m///, m/>)nglm’ngz”m”’}

LDA-double counting term (n° =Tr(n

Eiel{(n®}] = SUn(n=1)~_J[n! (! = 1)4nl(n! - 1],

mo O ) and n=n-+n*):

Occupation matrix for correlated electrons:

E
n? ——/ FImG

mm/

(E)dE

m,ilm



Spin and Orbital moments in CoO

o | DA+U+SO+non-collinear
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Electronic structure of TMO; LDA+U

DOS
MnO NiO

MnO NiO

Spin-wave
Spectrum
NiO
l. Solovyev

Density of States (states/eV formula unit)




Slater: Magnetic Transition State

oE[n]
DFT: Janak theorem E =
on,
DFT: Transition State
oE|n]

AE = E[n, =1]-E[n, =0] = An, =&e(n, =1/2)

on

i

n;=1/2

Exchange interaction:

J = E[AF1-E[F]=Ag(n, =n, =1/2)

L




L ocal Force Theorem: Functionals

o = of —d

Qf, = -Tr{m[z-G5'|}

Q4. = TriG -9

Gl=Gy'-X% zzg,

510 = 0Qg. = TrGoY

602 = 5'Qgy = —5"TrIn |8 - G5




Magnetic Torque

? Je. ? 587; = 5@2 X €
Yy =X+ Yo 5o = 3 (2] + )

? ? Gy =Gy + Gjio 35 = Xle

Magnetic Force Theorem:

502 = 6*02,, = Vb,

Magnetic Torque:

Vi=2T7r,. [2] x Gjj




Exchange interactions from Functional

Heisenberg exchagne: 2, = —) Jijei -e;
ij

Exchange o syt yis vl
interactions: Jij = —1Tur (2@’ GiJ'EJ'GJ@')

Spin wave spectrum:

4 4

Wa = 37 Ej: Jo (1 — COS qu) = M[J(O) — J(q)]
Non-collinear excitation:




Exchange interactions and Band structure

N(E)

5 ELDA EF 1 |
g = —I / AN T N\T
9T seoe; . I

Fe, Co, Ni 3d in Ni

Fel
Co

N = E

min maXx
J(E) Co Ni
Fe =
0 F\
Mnt \A\j
Mn
. . Fet Cr

-02 -0 I\ g
Energy (Ry) ENERGY (Ry)

. . E
Green Function calculations : Jy=2 J;; V. Antropoy, et. Al. PRB (1988)



LDA+Exchange Interactions

Spin-waves T<T,

o 20t
Jy=% [V] VDGl V] -V])Glde
- '}15
: 3
Curie temperature 510}

_ 2 '
]1'_32']0j 05k
J

S. Halilov, et. al.,
' .58,293(1998)




L DA+Disordered Local Moments
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300

The best first-principle
Spin-fluctuation model
with classical moments

200

100

Fe

. (a)

DLM

EXP

1000- = 1200

TK)

1400

1600

J. Staunton and B. Gyorffy
PRL69, 371 (1992)
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Orbital order: KCuF,

_ with a single hole in e, doubly degenerate subshell.
LDA+U calculations for undistorted

perovskite structure )
hole density of the same symmetry

Experimental crystal structure

antiferro-orbital order
m

A.L. V. Anisimov and J. Zaanen, Phys. Rev.B 52, R5467 (1995)



1d-AFM in KCuF3

J(K) Jc |Jab
Theory
Exp. -202| +3

240| +6| KCuF; Quadrupolar distortion in KCuF,

Superexchange interaction 250

LSDA gave cubic perovskite crystal 200 -
structure stable in respect to Jahn-
Teller distortion of CuF¢octahedra 150 —

100

LDA+U produces
total energy minimum
for distorted structure

E-E_ (meV)
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Exchange in [ron: LSDA++
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<
| Fe spin-wave I °©
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Quantum Impurity Solver

7 = | DIc*,cle”sim,

N o8 b
Ssimp = — z /0 dT/O dr' ¢, (r) (G, (r =), csolT)

1,J=0

What is a best scheme?
Quantum Monte Carlo !



Continuous Time Quantum Monte Carlo
Partition function: H=Hy+V
Z="Tr [e_ﬁHOTTe_ Iy dTV(T)}

Continuous Time Quantum Monte Carlo (CT-QMC)

. b B g
7 = E dr| drm... dn Tr [e_BHOe_TkHO(—V)...e_(Tz_T')HO(—V)e_T'HO]
0
k=0 T| T— | @ ®




Weak coupling QMC: CT-INT

RSN

0 3 0 3
)

SRR g

0 3 0 3

Zin = / e=Sole™ e+ U fy m ()M Pl o]

—Solc* ] . (_1)k k g ’ N
:'/e Z o U ./0 dTl.../O dt i (11)cr(71)

x ¢/ (11)c(71) ... cf (Th)er(Th)c) (Tx)c ) (Tx) Dlc”, c]

O _1 k R R

— Z( l) Uk/dTl.../disgn(det G) |det G|
k! . N’

P(k)

| Gjj = go(ri — 1) A. Rubtsov, 2004 |




Random walks in the k-space

[=.. Lt L+ Lpqt .

AW A Y &
k-1 k+1
Acceptance ratio
decrease | o® | increase
Step k-1 S0 Step k+1
k Z)k_1 é O ‘W‘ Dk+1
k ° ° S
w| D o %, k+1 D*

UN? *




Convergence with Temperature: CT-INT
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Strong-Coupling Expansion CT-HYB
at_/ 4Ty (1)[3: ~leo +U/ drci (t)ei (t)c (t)e (1)
S, = — /O d7 /O dtY co(T)A(T—T)cs(T)

1 B p p p
% = /@[c*,c]e‘sﬂzﬁ/ d'c{/ a’rl.../ d’c,ﬁ/ d T x
= k! Jo 0 0 0

x c(t)c" (1) ...c(m)c" (t)A (T —71) ... A(T — T])

R R
r=2Y [Ca [Can. [ ag [ Canc |
IETENEICNG S T

AK)

X (e(m)c" (7). -C(Tl)C*(r{_))at det A ‘ .f



Strong-Coupling Expansion CT-HYB
at_/ 4Ty (1)[3: ~leo +U/ drci (t)ei (t)c (t)e (1)
S, = — /O d7 /O dtY co(T)A(T—T)cs(T)

1 B p p p
% = /@[c*,c]e‘sﬂzﬁ/ d'c{/ a’rl.../ d’c,ﬁ/ d T x
= k! Jo 0 0 0

x c(t)c" (1) ...c(m)c" (t)A (T —71) ... A(T — T])

R R
r=2Y [Ca [Can. [ ag [ Canc |
IETENEICNG S T

AK)

X (e(m)c" (7). -C(Tl)C*(r{_))at det A ‘ .f



Comparison of different CT-QMC

0.0 Weak coupling CT-QMC U=5eV,
o Strong coupling CT-QMC T =02eV,

unpublished




Magnetism vs. Kondo resonance

Three impurity atoms with Hubbard

259 repulsion and exchange interaction

Uniing| =+ Jz‘jg;'g;'

Symmetric Isoceles
AN NAA_
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1 S mao Chromium Cluster e
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e, PRL(2001)  CT-QMC: single vs. trimer
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DOS

Equilateral and Isosceles Trimers

Density of states at geometry modification of the trimer

Equilateral (ET) and isosceles (IT) trimers

AFM J23=d, J12=Jd13=J/3

V. Savkin et al, PRL 94, 026402 (2005)
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One can see a reconstruction of the Kondo resonance for
isosceles trimer at antiferromagnetic exchange interaction




Hybridization function Co on/in Cu(111)
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« Hybridization of Co in bulk twice
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Orbitally resolved Co DOS from QMC
1.2 . . . : . . . . . [ T ——
1t CoinCu Co on Cu Ay —
0.8 | 0.4 |
0.4 | 0.2
0.2';——;——:]
6 5132101234 G5 a3-2-101 23 4

E (eV) E (&V)

Orbitally resolved DOS of the Co impurities in bulk Cu and on Co (111) obtained from QMC simulations at
temperature. T =0.025 eV and chemical potential ¢ =27 eV and u = 28 eV, respectively.

Co d-orbitals contribute to LDOS peak near £E.=0




Magnetic susceptibility: nanosystems

Bethe-Salpeter
Equation:

Susceptibility:
U7 (Q,q)

Local correlated nano-system:

—0—

—1
X, (T w) = xo o (W) = 7y (W




Spin and Charge susceptibility near impurity

K. Patton, H. Hafermann,et.al
PRB (2009)
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From Atom to Solid

Atomic physics

N (E)

Bands effects (LDA)

A
N(E)




Spectral Function Fe: ARPES vs. DMFT

O Vertical Pol.
. QP Maiority QP Minori
& Horizontal Pol. &R Halial

SP-ARPES (BESY)
J. Sanchez-Barriga,
et al, PRL (2010)




Magnetism of metals: LDA+DMFT

e Exchange interactions in metals

e Finite temperature 3d-metal magnetism
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Interaction of electrons
with collective excitations

Orbiton



Non-local Coulomb interactions

General non-local action for solids:

[ S = ZSat[cz,cz] + Z tngwanua-F Z ViiPioPiw J

1%7,v,0 1#],w

Atomic action with local Hubbard-like interaction

B
Sat = — Z(w +u)e! epe + / Uc$cTcIc¢dT
vo 0

Bosonic charge and spin variables:

j P SJ - (l,Ux,Uy,O'z)

J=10,x,y,7}

pj= D oo cTs ~Cor — P




Efficient DB-perturbation theory

Separate local and non-local effective actions:

[ Z Szmp[cz 9 Cz] + Z (tk UU CkuackVO' + Z V A )pququ

kvo qw

Imuprity action with fermionic and bosonic bathes (CT-QMC) B
* U )
Szmp = Sat + E AVC Cy, + E Awpwpw . . y
Q F J
F w B — |
*
Dual boson-fermion transformation: cJr — fT p =7

lé =3 Galth o = 3 A+ 3 Ul Feotir!
v qw
Q)




Dual Boson: General Idea




DB-diagrammatic scheme

Bosonic Selfenergy Fermionic Selfenergy

Renormalized vertex:

® 0) 0 o)
M M
-+ ® +Q

o+ o+
Fermionic and Bosonic Green Functions SCF-condition
Gku — [(gy + gyzk,/g,/)_l + AV — tk]_l ZGk}V = Ggv AI/

qu — [(Xw =+ Xwﬁquw)_l + Aw — Vk]_l Zqu — Xw Aw
q




4 54+
)
fs.\‘!lé U>>t "{:I:IZI}

)\Qw — X(_zl (1 — Z Vw,w’,ng’gw’—Qsaa’>

w

Fermionic Selfenergy

—1 1—1

TXo| = /lg)zg);/lg

0
’ QK
I, = (/1 A
1 _ ?/QXQK

t2

Generalization of Anderson superexchange to frequency-dependent case Jij =T




Energy

Plasmon mode in ladder DB
‘How Mot transition affect plasmon mode?

K

Susceptibility using Dual Fermion: {(pp)x_0 # 0

J —.4
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Summary

® Magnetism of correlation systems can be well
described in the LDA+DMFT scheme

® Local correlations efficiently included in
CT-QOMC impurity solver




Imaginary Time and I\/Iatsubara space
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Constrain GW calculations of U
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Double-Bethe Lattice:; exact C-DMFT

bilayer Hubbard model on the Bethe lattice
(for coordination z = 3)
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Self-consistent condition: C-
DMFT
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rinite temperature pnase
diagram
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Density of States: large U
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Slater parametrization of U

Multipole expansion:

1 41 r’z ~
o] T 2k 1 R V()

Coulomb matrix elements in Y, basis:

< mm/||m”m”/ > — Z ak(m, m”, m/, m///)Fk;

k
Angular part — 3] symbols

2
I k1 ! k1 Ik 1
ap(m,m',m"” m'"") = Z (2H_1)2(_1)m+q+m’ ( 00 0 ) ( _ / ) ( 1" " )

qg=—k

Slater integrals:

0 0 r
b= e? | T r2dripyn? [ ()2 lea ) P




CT-HYB: General Interaction

P Werner and AJ. Millis, PRB 74, 155107 (2006)

creation and annihilation operators for different orbitals

OO m-e-9-O0@THE—e—

0 B

7= Z/ dr.. / di/ dr].. / d'rkz S Ve VLV Ve

Jk P| ’pk

e O\THea

S A S A tracing out bath degrees of
xTr, }—Q —O— —QOOOO - 40—1 freedom gives rise to
0

determinant weight as before
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CT-HYB: Krylov code

A. M. Lauchli and PWerner, PRB 80, 235117 (2009)

e™A7Mec O (7) sparse in the occupation number basis

Krylov time evolution

Try [] = Z(zp|e—(ﬂ_7k)H|°cOk(Tk)e—(Tk—Tk—l)Hlocmol (TI )e_T'H'“l’(,b)
|¥)

Idea: compute e o< 4)) using Lanczos recursion Park and Light, . Chem. Phys (1986)

*
*

* sparse matrix-vector multiplication

*
*,

construct Krylov subspace K = {lz,b), Hioc|?), Hﬁxw), vy H{:ck,b)}

— 7 Hioc

efficiently represents e |1) for a small number p 7 small = p small

Hochbruck & Lubich, SIAM |. Numer. Anal. (1997)




CT-QMC-Krylov: performance

A. M. Lauchli and PWerner, PRB 80, 2351 |7 (2009)

100000 . . .
Matrix, full Tr —<—
Matrix, trunc Tr —A—
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Satellite structure in Ni

Ni: LDA+DMFT (T=0.9 Tc) |
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