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e Minimization of the fotal energy functional ( / p(r)dr =N ) » ground state

e Mapping onto a non interacting system with the same density
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= Z filwi(r) (from the mapping on to an independent electron system)
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e While exact in principle, actual implementations of DFT require approximations for ~*¢

LDA GGA
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How well does DFT work?
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Problematic cases: TMOs
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e /‘ and (possible) distortions
i S
SR INSULATORS

Mott localization of valence
electrons on d states

Approximate DFT (e.g., LDA or GGA):

e Rhombohedral distortion overestimated ¢ Magnetization underestimated
e Poor estimate of structural properties e Wrong ordering of states

e KM ground state (FeO)
e Too small or no gap at all



o
o

Problematic cases: N1O and FeO
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Problematic cases: N1O and FeO
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e misrepresentation of exchange interactions
e single determinant wave function

 absence of potential discontinuity

e over-delocalization of electrons
e over-stabilization of metallic solutions
e inability to capture statistical ensembles



Notable failures of DFT: molecular dissociation

Let’s consider the dissociation of H» equal probability
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Many possible ways to interpret these results:
* electronic self-interaction e over-delocalization of electrons
* misrepresentation of exchange interactions * over-stabilization of metallic solutions
* single determinant wave function e inability to capture statistical ensembles

 absence of potential discontinuity

Misrepresentation of electronic localization === consequences for magnetism, mixed
valence states, structural properties, etc



The Hubbard Model

FIHub — Z (52;,059',0 -+ hC) + U Zﬁi7Tﬁ’i,l
)

J. Hubbard, Proc. Roy. Soc. Lond. (1963-67) N. F. Mott
(1905-1996)
I. G. Austin and N. F. Mott, Science 168, 71 (1970) 1977 Nobel Laureate

Energy is expanded around the strongly-localized limit (on atomic orbitals):

t 1s the “hopping” amplitude; kinetic term: well represented in DFT

U 1is the effective repulsion between electrons localized on the same site;
not well represented in DFT
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A very simple 1dea:

let’s describe localized d or f electrons using the Hubbard model. We need to “‘embed”

the Hubbard Hamiltonian in the DFT energy functional v, 1. Anisimov ez al, PRB 48, 16929 (1993)
A. Liechtenstein ef al. PRB 52, R 5467 (1995)
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the Hubbard Hamiltonian in the DFT energy functional v, 1. Anisimov ez al, PRB 48, 16929 (1993)
A. Liechtenstein ef al. PRB 52, R 5467 (1995)

We add the Hubbard functional, subtract its MF value....

Eprriulp(r)] = Eprr|p(r)| + Egup [{ni}] — Edc [{ni}]

Original formulation:

U U
EHub — 5 Zninj Edc — §N(N — ].)
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The Hubbard correction acts selectively on localized states:

Ey = Egu — Eae = Ey [{ni}]  ni =) fro(®il¥ko) (Vroldi)
kv




DFT+U: rotationally invariant formulation

The expression of the corrective “+U” functional should be independent from the specific
choice of localized states

1

EHub[{n{nm/}] — 5 Z {<m, m”|Vee|m,,m”,>n,{rfmln,'[n—no,;nn/
{m},o,I
+({m, m"|Vee|m',m""y — (m, m" |Vee|m”,m'))ne in % o
! § UI i 157 o | JI IT IT Ll Il
Edc[{nmm’}] =Z{7TL (n _1)_ 7” (n _1)+n (n _1)]}
I
A. Liechtenstein ef al. PRB 52, R 5467 (1995)
where:
1 I i - I
o, =3 f@WeleL ) eLIve)  nlT =) nl, wh= ) n'’
i m o

1
w;f are Kohn-Sham states Cbm are localized atomic orbitals (d or f)



A simpler formulation

Effective interactions:

<m, m”|Ve€|m m///> Z ak(m’ m/, m//, mm)Fk:
k

" 47T
F* = [ dr [ d' i) (s ,c+1¢lm( )i (1) ax(m,m ", m") = =

Let’s neglect interaction anisotropy:

k

F2 i F4
U=F"+£0 7= —i
14
After some algebra.... Dudarev et al., PRB 57, 1505 (1998)

Eprrivlpe(r)] = Eprrlp(r)] + Z

1.0



How does 1t work?

Because of the rotational invariance we can use a diagonal representation:
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LDA+U NiO
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LDA+U NiO
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FeO: DFT and DFT+U
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Symmetry and degeneracy of d states

In an 1solated atom all the d states are all degenerate

In a cubic crystal (highest possible symmetry) they split in two group

B
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FeO: breaking the symmetry
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FeO: breaking the symmetry

Cubic Rhombohedral
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FeO: breaking the symmetry

Cubic Rhombohedral
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FeO: breaking the symmetry

Cubic Rhombohedral Tripartition of (111) planes
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FeO: breaking the symmetry

Cubic Rhombohedral Tripartition of (111) planes
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FeO: breaking the symmetry

Cubic Rhombohedral Tripartition of (111) planes
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FeO: breaking the symmetry

Cubic Rhombohedral Tripartition of (111) planes
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FeO: which 1nsulating state?
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FeO: which 1nsulating state?

Total energy: Fq1 > FEo

Structural distortion under pressure
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What about U?

Eprriulp(r)] = Eprrlp(r)] + Z —T’f’
I,o0

Many possible ways to interpret the “+U” correction:
e Additive correction shaped on the Hubbard model

e [inearization of the total energy wrt n
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What about U?

Eprrivlpe(r)] = Eprrlp(r)] + Z _TT (1 — nla)]
I,o0

Many possible ways to interpret the “+U” correction:
e Additive correction shaped on the Hubbard model

e [inearization of the total energy wrt n

Open system 1n contact with a charge reservoir:

Exact

.\.

e Energy should be linear between integer N

W
rg

Il¢

e Potential should be discontinuous at integer N

ind-state e

e Discontinuity of 15t derivative: fundamental gap

dF
N
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The DFT + Hubbard U approach
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—— DFT
exact
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Total energy

|

|

| |

| |

| |
W

N-1 N N+ 1 Ne2

Number of electrons

U and rotationally-invariant U: V.I. Anisimov and coworkers PRB
(1991), PRB (1995); Dudarev, and coworkers PRB (1995)



The DFT + Hubbard U approach
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The DFT + Hubbard U approach

UI
Fegact =~ FEprr + Z— Z [nfrfm'@mm' —nﬁfm')] = Eprr+u

exact
- DFT+U correction

EN+2) The (approximate) DET energy has an

5 i .
- : unphysical curvature
g : i The exact solution is piecewise linear
= : | .
: : +U correction reproduces the exact
i | E solution
| E(N; I | |
N-1 N N+1 N+2

Number of electrons

U and rotationally-invariant U: V.I. Anisimov and coworkers PRB
(1991), PRB (1995); Dudarev, and coworkers PRB (1995)

LRT U: M. Cococcioni PhD (2002), and M. Cococcioni and S. de
Gironcoli. PRB (2005)




Evaluating U

e U 1s to be evaluated from the same ground state we aim to correct
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Second derivatives

e Second derivatives can not be directly obtained from DFT calculations

e Legendre transforms can help us:

Let’s apply a shift to the potential acting on localized states:

¢ A
E[{a'}] = min < E[p(r)] + Z ofn!
. \ I J
A functional of the atomic occupations can be defined as:
E[{n'}] = E{a'}] - ) _a'nf,;,
i |

First and second derivatives can be easily obtained:

dE[{n"}] _ d?El{n"}] __da'({n”})

I J i
e i d(n)z dnl
M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)



Linear response

Apply a perturbation to the potential acting on the localized states of each Hubbard
atom and compute the response of the occupations

o) g o) I
V;Ot‘wkz) = VKSI"/)k:v> g aI E ‘¢£n><¢7ln|¢kv> — An
Response matrices:

1 I
1g _ an 17 _ 9ng
do’

Effective interactions:

X

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)
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Let’s use a more general perturbing potential (i runs over all atomic states):

V;tot‘wl(cfv> = VKS|¢Z’U> g3 O‘ZJ|¢7,><¢.7‘¢IZU>



Expression of U

Let’s use a more general perturbing potential (i runs over all atomic states):
Viot |¢gv> = VKS|¢ZU> + Ol |¢2> <¢] ‘Qplgz)

Using linear-response theory and the definitions given in the previous slides,
one obtains:

Uiia = [ [ 0ut0)"6306) | =+ 52 | ule') e’ die

The U' actually computed is a “renormalized” atomically-averaged quantity.
The renormalization is due to other (non-localized) states.
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Advantages of LR calculations of U

e Fully ab initio estimation of the effective interaction (no guess or semiempirical
evaluation needed

e Consistency of the effective interaction with the definition of the energy functional
and of the on-site occupations
Other localized basis sets can be equivalently used: gaussian, wannier functions, etc

e Consistency with the DFT approximation
e Easy implementation in different computational schemes.

e Captures the variation of U with species, spin, crystal structure, volume and
symmetry



Examples of LDA+U calculations
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Transition-metal oxides: structural
and electronic properties
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Examples of LDA+U calculations
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Li-ion battery materials: redox
potential and voltage
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LDA+Uscr: computing U from a LDA+U ground state

LDA and LDA+U ground states can be qualitatively different.

U cab be calculated as the curvature of the DFT part of the energy corresponding to a
LDA+U ground state

El{ar}] = min{ Eprrlp(r)] + Eo[{n'}] + Y aln’

In the perturbed run we keep the Hubbard potential “frozen” (we construct it with the same
n! of the unperturbed scf calculation

U 1s recomputed until consistent with the one used in the expression of Ey



LDA+Uscr results
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I'S-2*1 0.54  0.13 0.19 1.3  2.15 2.01

1S-27] 1.22 .52 1.11 2.01 3.01 2.98
(1.16)

H. J. Kulik et al. PRL 97, 103001 (2006)

(Mg, Fe)(S1,Fe)Os
perovskite

(Mg 875 Feg 125)(Sigg75 Feg 12503

H. Hsu ef al. PRL 106, 118501 (2011)



LLDA+U for metals: FLL vs AMF limits

Fully Localized Limit (FLL)

Eprrivlpe(r)] = Eprrlp(r)] + Z —Tr (1 — nIo)]

Favors integer occupations V. L. Anisimov ef al., PRB 48, 16929 (1993)
A. Liechtenstein ef al. PRB 52, R 5467 (1995)

V. I. Anisimov et al., J. Phys. Condens. Matter 9, 767 (1997)
Around Mean-Field ( AMF) S. L. Dudarev et al., PRB 57, 1505 (1998)

UI
Eprr+v = Eprr + Z TT"’(HI —(n"))’

Energy costs of fluctuations around even distribution of electrons

V. I. Anisimov et al. PRB 44, 943 (1991) M. T. Czyzyk et al. PRB 49, 14211 (1994)
V. L. Anisimov e al., J. Phys. Condens. Matter 19, 106206 (2007) A. G. Petukhov et al., PRB 67, 153106 (2003)



End of the first part

Questions?



Magnetic Shape Memory Alloys (Heusler):
magnetism and phase transformation
N12MnGa
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Austenite

Martensitic transitions

High T: austenite cubic (FCC)

Low T: martensite (modulated
tetragonal)



Magnetic Shape Memory Alloys (Heusler):
magnetism and phase transformation

Ni>-MnGa Experiments
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Lanska et al., J. Appl. Phys. 95, 8074 (2004)



Magnetic Shape Memory Alloys (Heusler):
magnetism and phase transformation

N12MnGa Calculations: A and non modulated M
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Zayak et. al. J. Phys. Condens. Matter 15, 159 (2003)

Godlevsky et. al. PRB 63, 134407 (2000)
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tetragonal) Kart et. al. Phys. Stat. Sol. 205, 1026 (2008)
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Barman et al., Phys. Rev. B 72,

184410 (2005)



N12MnGa: localization and structural stability
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N12MnGa: localization and structural stability
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N12MnGa: localization and structural stability
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N12MnGa: localization and structural stability
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N12MnGa: localization and structural stability
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Magnetic interaction energy

B. Himmetoglu V. M. Katukuri and M. Cococcioni, J. Phys. Condens. Matter 24, 185501 (2012)
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N12MnGa: modeling magnetism

Mn atoms: Anderson magnetic impurities in N1 d and Ga p conduction
electrons

Anderson model m=p RKKY

magnetic interactions (J) /\/\/\/\/
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N12MnGa: modeling magnetism

Mn atoms: Anderson magnetic impurities in N1 d and Ga p conduction
electrons

Anderson model m=p RKKY

magnetic interactions (J) /\/\/\/\/

2 |Vax|?U

Ni d

']dk = , . Jone Jv
E| (U - |E]) Jrk
Super-exchange couplings S A S
and magnetization /\/A\/L\/\/
Jgd k’4 . e Gap
dd ~ mkp |Jak|” Em)

1 . dp E2 4 A2 Electronic localization essential for
e = 5 [Vare|” 5o In [( E+U)2+ A‘z] magnetism: “+U” functional needed
to capture this behavior



N12MnGa: predicting the effect of doping
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Effect of doping: excess Mn
stabilizes the (NM) tetragonal phase

B. Himmetoglu V. M. Katukuri and M. Cococcioni,

J. Phys. Condens. Matter 24, 185501 (2012)
arXiv:1203.1553v1 [cond-mat.mtrl-sci]


http://arxiv.org/abs/1203.1553v1
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The fundamental gap problem
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The fundamental gap problem

—_— | DA
exact
— | DA+U correction

dE} _;_
A(dN)_I A

Total energy

Number of electrons

If computed as the second derivative of the energy, U re-establishes energy discontinuities:
the fundamental band gap:

S
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DFT+U for covalent semiconductors

Can the “+U” functional improve the band gap of band semiconductors?

S
2(A) [B(GP3) E. (V) a(A)

Unfortunately not: inter-site hybridization suppressed by U
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DFT+U energy functional

Boerolte)] = Borrlote) + 3 Ut [nfe (1 - n'°)]
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DFT+U+V energy functional
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The DFT+U+V functional

DFT+U energy functional
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DFT+U+V energy functional
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The DFT+U+V functional

DFT+U energy functional

Eprr4ulp(e)] = Epprlp()] + 3 o-Tr [0'7 (1 - n'7)]

DFT+U+V energy functional

Eprri+u+vip(r)] = Eppr(p(r) ]+Z —TT n'?
l,0

U 1s the on-site interaction, V' 1s the inter-site one; they are in competition

U and V can be computed simultaneously (and with no extra cost):
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The DFT+U+V functional

DFT+U energy functional

UI
Eprriulp(r)] = Eprre(r)] + Z 7T7' 0% (l~m) |
Lo
DFT+U+V energy functional

Eprri+u+vip(r)] = Eppr(p(r) ]+Z —TT n'?
l,0

U 1s the on-site interaction, V' 1s the inter-site one; they are in competition

U and V can be computed simultaneously (and with no extra cost):

UI - (Xal - X_I)II VIJ - (Xal — X—I)IJ
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The DFT+U+V functional

DFT+U energy functional

Eprrivle(r)] = Eprrp(r)] + Z —Tr|n
s g

DFT+U+V energy functional

Eprr+u+vipe(r)] = Eprrlo(r) ]+Z —TT n'?
l,0

U 1s the on-site interaction, V' 1s the inter-site one; they are in competition

U and V can be computed simultaneously (and with no extra cost):

UI - (Xal - X—l)II VIJ - (Xal - X—I)IJ
Generalized occupations: IJG Zfz ?//Ulﬁbj ><¢I |¢0>

V. L. Campo Jr and M. Cococcioni, J. Phys.. Condens Matter 22 055602 (2010)



Ni10O

Typical TMO:

* Rock-salt structure

e AFII: rhombohedral symmetry

e Mott or Charge transfer insulator
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* Rock-salt structure

e AFII: rhombohedral symmetry
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GGA+U+V.

Ni10O

Typical TMO:

e Rock-salt structure

e AFII: rhombohedral symmetry
e Mott or Charge transfer insulator

GGA

a (bohr) B (GPa)

|88

NiO

E; (eV)

GGA+U

GGA+U+Y

Exp

8.07 181 3.2
8.031 189 3.6
7.99 197 3.2
7.89 | 66-208 3.1-4.3
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Band semiconductors: sp? hybridization

U and V computed and used on
p and s states

Usse Ustb Uss U Vese Vb Vea Vi

Si-Si 2592 318 348 S0 134 1.36 130 1.40
Ga-Ga 3.14 356 3.56 4.17
As-As 424 4.38 4.38 4.63

Ga-As Lt 168 11786 14




Band semiconductors: sp? hybridization

U and V computed and used on
p and s states

Uss U Uss U Ve Vo Vie Vi
oi-dl. 282 318 318 365 134 1.36 1.36 1.40

Ga-Ga 3.14 3.56 3.56 4.17

As-As 424 4.383 4.38 4.63

Ga-As L2 165 170 145

V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)



DFT+U+V band structure of S1 and GaAs



DFT+U+V band structure of S1 and GaAs
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Structural properties of S1 and GaAs

a(A) B(GPa E;(eV) a(A) B(GPa E;(eV)
83.0 0.64 5.77

5.36 93.9 0.39 5.74 52.6 0.00

537 | 1025 .36 5.65 67.5 0.90

5.43 98.0 .12 5.65 75.3 .42

V. Leiria Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)

* from http://www.ioffe.ru/SVA/NSM/Semicond/
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CuyO: a case for on-site V
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CuO: a “‘strange” transition-metal oxide
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CuO: a “‘strange” transition-metal oxide

Other TMOs: CuO: Why studying the cubic
f structure?
rhombohedral A [ (tenorite) e role of electron- phonon &u L._‘
symmetry i IR epitaxially e structural distortion:
AFII ; Zrowin as Jahn-Teller? YBa,Cu,04 (.3) lattice

tetragonal RS



CuO: a “‘strange” transition-metal oxide

Other TMOs: ./4

cubic structure|®

rhombohedral
symmetry

AFII
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e
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(tenonte)

epitaxially
grown as
tetragonal RS

U=Q cla=%

P. Grant, J. Phys. Conf. Ser., 129, 012042 (2008)

Why studying the cubic
structure?
e proxy material of HTSC 59| 3y
e role of electron-phonon &7 | 5%
e structural distortion: :

Jahn-Teller?

Pon MO N &

\,\{j’

| +—d AF-A
| -+ AFG
| >0 AF-ll

Energy (eV)

G. Peralta et al., PRB 80, 140408 (2009)

Is the cubic (c¢/a = 1) phase really metallic?



CuO: electronic structure

Cu:9d
electrons

Non-magnetic, cubic phase



CuO: electronic structure
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Non-magnetic, cubic phase Occupations: Cu d states: 9.68 e-; O p states: 4.94 e-



CuO: electronic structure
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CuO: electronic structure

Cu: 9 d S O p states
electrons

DOS(stasAeVICLO)
o

k3

Non-magnetic, cubic phase
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metal!
Occupations: Cu d states: 9.68 e-; O p states: 4.94 e-

Occupations:

Cu d states: 9.36 e-
O p states: 5.27 e-

" still a metal!

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)



Cu d states (majority spin)
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CuO: broken symmetry

Cu d states (majority spin)
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CuO: broken symmetry

3 L)

Cu d states (majori ) in)
|| ‘l Cu d states (mlt{orlttz %n)
Y
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\ Cu d 2 slates (mino

triclinic cell: the equivalence 2l
of e, states 1s broken
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However, U, on O p states 1s 2|
needed P _ DFT+U+U,
-15 -10 -5 0
Elev]
U, =0 ==> non magnetic state ==> cubic symmetry ==> metallic state

$

A competition exists between two tendencies: filling up the d shell, and magnetism

$

A better description of magnetic interactions on d states 1s necessary




DFT+U+]

DFT+U energy functional

Eprriulp(r)] = Eprr|p(r)] + Z %TT [~ )|

I,0



DFT+U+]

DFT+U energy functional

Eprriulp(r)] = Eprr|p(r)] + Z %TT [~ )|

Explicit magnetic interactions: DFT+U+J energy functional

Eprriu+slpe(r)] = EDFT[P(r)]+Z s ; - Tr [nf° (1 - nI")]+Z J?Tr [non’=]

l,0 I,o



DFT+U+]

DFT+U energy functional

Eprriulp(r)] = Eprr|p(r)] + Z _T"" [ )|

Explicit magnetic interactions: DFT+U+J energy functional

= o

Eprriu+lp(r)] = EDFT[p(r)]+Z 2. 2

Loor

The “+J” term 1improves the description of magnetic interactions between localized
electrons and leads to the localization of hole on Cu d states



DFT+U energy functional

Eprriulp(r)] = Eprr|p(r)] + Z %ITT [~ )|
I,0

Explicit magnetic interactions: DFT+U+J energy functional

= o
2

Eprriv+sle(r)] = EDFT[p(r)HZ =

Loor

The “+J” term 1improves the description of magnetic interactions between localized
electrons and leads to the localization of hole on Cu d states

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)



CuO: DFT+U+]J ground state

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)



Computing energy derivatives (forces and stresses)



Computing energy derivatives (forces and stresses)
dE\ dH(,\)

Hellmann-Feynman theorem: = U5 ‘

d\

W)



Computing energy derivatives (forces and stresses)

dE dH (A
Hellmann-Feynman theorem: = <\IJ & ‘ ( ) ‘\If >\>
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Forces:
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Computing energy derivatives (forces and stresses)

dE dH(\
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Second derivatives: phonons
Matrix of force constants:
’E(R) dFy, dFjs
dRLAR] ~ dR} ~ dR[

DIaJﬁ —

Contribution from the Hubbard potential:

AM(*Enup) = ) U’[ i ]A“ (@n i)~ Y, DA 0 nT,

lTomm’ ITomm'

Variation of the occupations:

W s Z{ (W7 |AGL, Wt 197 + (W7 | oL, M(ASL, |97)}

+ ) {(AYT o5 M, 10T ) + (U |6, YDk, | AT )}

0
A. Floris, S. de Gironcoli, E. K. U. Gross, and M. Cococcioni, PRB 84, 161102 (2011)



Vibrational properties of TM oxides
from DFPT+U

MnO Ni1O

A. Floris, S. de Gironcoli, E. K. U. Gross, and M. Cococcioni, PRB 84, 161102 (2011)



Summary

e DFT+U: a stmple correction for ground state properties

e Ab-initio LDA+U: linear response calculation of U

e Broken-symmetry solution for degenerate ground states
e [ DA+U for metals: FLL vs AMF flavors
e [ ocalized states in metals: the case of N1oMnGa

e Band and Mott insulators: S1, GaAs, N1O and Cu2O from
the extended LDA+U+V

e Hole localization in CuO from the LDA+U+J correction

e Phonon spectra of N1O and MnO from their LDA+U ground state
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