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Extension: real-space DMFT for ultracold fermions on optical lattices
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Introduction: Hubbard model and DMFT self-consistency

Hubbard model (arbitrary hopping, 1 band)

Ĥ =
∑

〈i,j〉,σ

tij (ĉ†iσ ĉjσ + h.c.) + U
∑

i

n̂i↑n̂i↓

=
∑

k,σ

εk n̂kσ + U
∑

i

D̂i ; D̂i = n̂i↑n̂i↓

Dynamical mean-field theory (DMFT): local self-energy Σ(k, ω) ≡ Σ(ω)
[Metzner, Vollhardt, PRL (1989), Georges, Kotliar, PRL (1992), Jarrell, PRL (1992)]

+ non-perturbative  valid at MIT

+ in thermodynamic limit

+/– exact for coordination Z →∞
(questionable for d ≤ 2  DCA, CDMFT)

=⇒
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Iterative solution of DMFT self-consistency equations

0. Initialize self-energy

1. Solve Dyson equation

2. Solve single impurity

Anderson model (SIAM)

←− DOS / tνij / ενk

←− interactions

Impurity solver:

• Iterative perturbation theory (IPT; not controlled)

• Hirsch-Fye quantum Monte-Carlo (HF-QMC)

• Continuous-time quantum Monte-Carlo (CT-QMC)

• Exact diagonalization (ED; large finite-size errors)

• Numerical renormalization group (NRG; 1-2 bands)

• Density matrix renormalization group (DMRG)

• Determinantal quantum Monte Carlo (linear in 1/T )

=⇒
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Hirsch-Fye quantum Monte Carlo method
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Auxiliary-field QMC algorithm [Hirsch, Fye (1986)]

Green function G in imaginary time (fermionic Grassmann variables ψ, ψ∗):

Gσ(τ) = − 1

Z

∫
D[ψ,ψ∗] ψσ(τ)ψ∗σ(0)︸ ︷︷ ︸

∼= ĉσ ĉ
†
σ

exp
[
A0 − U

∫ β

0

dτ ′ ψ∗↑ψ↑ψ
∗
↓ψ↓︸ ︷︷ ︸

∼= n̂↑n̂↓

]

(i) Imaginary-time discretization β = Λ ∆τ

(ii) Trotter decoupling e−β(T̂+V̂ ) ≈
[
e−∆τ T̂ e−∆τ V̂

]Λ

n̂↑n̂↓ = 1
2

[
n̂↑ + n̂↓ −

(
n̂↑ − n̂↓

)2]
 e−∆τUn̂↑n̂↓ = e−∆τUn̂/2 e∆τU(n̂↑−n̂↓)2/2

(iii) Hubbard-Stratonovich transform

cosh(λ) = exp(∆τU/2)
e∆τU(n̂↑−n̂↓)2/2 = 1

2

∑

s=±1

eλs (n̂↑−n̂↓)

Wick theorem:

G =

∑
M det{M}∑

det{M}
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Hirsch-Fye QMC: some more details (1/3) . . .

Action A0 − U
∫ β

0
dτ ′ ψ∗↑ψ↑ψ

∗
↓ψ↓ in discretized form:

AΛ[ψ,ψ∗,G,U] = (∆τ)2
∑

σ

Λ−1∑

l,l′=0

ψ∗σl(G
−1
σ )ll′ ψσl′ −∆τU

Λ−1∑

l=0

ψ∗↑l ψ↑l ψ
∗
↓l ψ↓l (11)

Matrix Gσ consists of elements Gσll′ ≡ Gσ(l∆τ − l ′∆τ); ψσl ≡ ψσ(l∆τ).

The Trotter decomposition yields to lowest order

exp (AΛ[ψ,ψ∗,G,U]) =
Λ−1∏

l=0

[
exp

(
(∆τ)2

∑

σ

Λ−1∑

l′=0

ψ∗σl(G
−1
σ )ll′ ψσl′

)

× exp
(
−∆τ U ψ∗↑l ψ↑l ψ

∗
↓l ψ↓l

) ]
. (12)
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Hirsch-Fye QMC: some more details (2/3) . . .

Hubbard-Stratonovich transformation (+ Trotter again) yields

Gσl1l2 =
1

Z
∑

{s}

∫
D[ψ]D[ψ∗] ψ∗σl1ψσl2 exp

(∑

σ,l,l′

ψ∗σlM
sl
σll′ψσl′

)
, (14)

↑ 2Λ HS field configurations

with∗

Msl
σll′ = (∆τ)2(G−1

σ )ll′ − λσδll′sl

(15)

Apply Wick’s theorem  

Gσll′ =
1

Z
∑

{s}

(
M{s}σ

)−1

ll′
det M

{s}
↑ det M

{s}
↓ , (16)

Z =
∑

{s}

det M
{s}
↑ det M

{s}
↓ . (17)

Computational cost of naive computation of each term:

matrix inverse: O(Λ3) determinants worse than O(Λ4)
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Hirsch-Fye QMC: fast update scheme

Gray code (or MC): flip single spin between subsequent configuration:

Mσ
sm→−sm−→ Mσ

′ = Mσ + ∆σm (18)

=
(
1 + ∆σm(Mσ)−1

)
Mσ (19)

with ∆σm
ll′ = δll′δlm 2∆τ λ σsl (20)

Now: simple (and cheap!) formula for ratio of the determinants:

Rσm :=
det(Mσ

′)

det(Mσ)
= det

(
1 + ∆σm(Mσ)−1

)

= 1 + 2∆τ λ σsm (Mσ)−1
mm (21)

The inversion of M is also elementary, one obtains:

(Mσ
′)−1 = (Mσ)−1 +

1

Rσm
(Mσ)−1∆σm(Mσ)−1 (22)

 computational cost for each term: O(Λ2). But: 2Λ terms!
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Monte Carlo methods: principles and classical simulations

General task: evaluation of (high-dimensional) sums/integrals

Simple example: quadrature of a convex function (in d = 1)

I =

∫ b

a

f (x) dx = ?

Numerical methods:

discretization

Monte Carlo
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Convergence of results?

Non-deterministic MC results only meaningful within statistical error bars!

Here, the deterministic method converges much faster (and regularly)
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Application of Monte Carlo in Statistical Physics

〈O〉 =
∑

i

pi Oi , pi =
e−Ei /(kBT )

Z ≡ p̃i
Z , Z =

∑

i

e−Ei /(kBT )

Simple Monte Carlo: Estimation of both sums from a number N of equally
probable configurations. Problem: typically

√
var{p} � p.

Importance Sampling MC: Probability distribution given by Boltzmann weights pi .
Problem: Normalization 1/Z unknown.

Solution: approach target probability distribution by random walk (e.g.: 8 states)

Ergodicity and detailed balance

pi P {i → j} = pj P {j → i}

⇒ P [state i after update N]
N→∞−→ pi

Favorite choice: Metropolis rule

P{i → j} = min
{pj
pi
, 1
}
,
pj
pi

= e∆E/(kBT )
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Monte Carlo importance sampling in Hirsch-Fye method

Sample configurations {s} according to the (unnormalized) probability

P({s}) =
∣∣∣ det M

{s}
↑ det M

{s}
↓

∣∣∣

(28)

The Green function can then be calculated as an average 〈. . . 〉s :

Gσll′ =
1

Z̃
〈(

M{s}σ
)−1

ll′
sign

(
det M

{s}
↑ det M

{s}
↓

)〉
s
, (29)

Z̃ =
〈
sign

(
det M

{s}
↑ det M

{s}
↓

)〉
s
. (30)

Note: Z̃ deviates from full partition function by prefactor which cancels in (29)

MC with importance sampling 6 partition function, free energy, entropy!

If the sign in (29) is constant (no sign problem)  simplification:

Gσll′ =
1

Z̃
〈(

M{s}σ
)−1

ll′

〉
s
, Z̃ = 〈1〉s . (31)
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Recipe for practical HF-QMC calculations

(i) Choose starting HS-field configuration {s} (uniform or from previous run)

(ii) Compute initial Green function matrix M−1 (determinant not needed)

(iii) Thermalization of Markov chain by Nwarm warm-up sweeps

(iv) Perform Nmeas measurement sweeps

(accumulate sum of intermediate Green functions M−1 and observables)

(v) Divide accumulated sums by the number of attempted configuration updates

 Green function, other observables (double occupancy, susceptibilities, . . . )

�
�

@
@

?

One sweep: attempt spin-flip for each

auxiliary spin sm (1 ≤ m ≤ Λ)

Metropolis acceptance probability:

min{1,R↑m R↓m}, where

Rσm =
det(Mσ

′)

det(Mσ)
= 1 + 2∆τ λ σsm (Mσ)−1

mm
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Impact of HF-QMC parameters: number of sweeps, discretization ∆τ

Statistical error:
(∆G )statistical ∝ 1/

√
Nmeas

Thermalization error: Nwarm “large
enough” (e.g. Nwarm = Nmeas/100)

Discretization error:
(∆G )∆τ ∝ ∆τ 2

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0  2  4  6  8  10

G
(τ

)

τ

Nw → ∞

Nw = 0

Nw = 10

Nw = 20

-0.243

-0.242

-0.241

-0.24

-0.239

50 100 150 200 250

G
(τ

=
0
.5

)

Nw

-0.062
-0.061
-0.06

-0.059
-0.058
-0.057

G
(τ

=
5
)

U = 4, T = 0.05

∆τ = 0.25

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0  2  4  6  8  10

G
(τ

)

τ

U = 4.0

T = 0.05

∆τ → 0

∆τ = 0.20

∆τ = 0.50

∆τ = 0.83

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0  2  4  6  8  10

G
(τ

)

τ

U = 4.8

T = 0.05

∆τ → 0

∆τ = 0.25

∆τ = 0.50

∆τ = 0.83

-5

-4

-3

-2

-1

0

0 1 2 3 4 5 6

ln
(-

G
(τ

))

τ

U = 4.8

T = 0.05
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Achieving self-consistency using HF-QMC
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Iterative solution of DMFT self-consistency equations

For each discretization ∆τ :

0. Initialize self-energy

1. Solve Dyson equation

2. Solve single impurity

Anderson model (SIAM) G(τ) = −〈ΨΨ∗〉G[τ ],∆τ

G−1(iωn)=G−1(iωn)+Σ(iωn)

G(iωn) =
∫
dε

ρ0(ε)

iωn−ε−Σ(iωn)

G∆τ

Σ∆τΣ0 G∆τ

G∆τ

(a)

 0.0228

 0.0229

 0.023

 0.0231

 0.0232

 0.0233

 0.0234

 0.0235

 0.0236

 0  10  20  30  40  50  60  70

D

it

∆τ=0.12

∆τ=0.15

∆τ=0.18

∆τ=0.20

How many iterations?

Look at traces!
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Special issue: Fourier transformations in DMFT-QMC cycle

Iterative solution of

DMFT equations

(for imaginary-time

impurity solver)

Naive discrete Fourier transformation  oscillations (instead of G (ω)
ω→∞−→ 1/ω)

naive FT−→
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One solution: interpolate GQMC(τ), e.g., by cubic splines [Jarrell, Krauth, Gull, . . . ]

But:
d2G (τ)

dτ 2
maximal for τ → 0, β  natural boundary conditions inappropriate

adjust boundary
cond. [Oudovenko]

spline-fit only
difference w.r.t.
reference problem:

– IPT [Jarrell]

– high-frequency
expansion for Σ(ω)
[Knecht, NB]

Σσ(ω) = U
(
〈n̂−σ〉− 1

2

)
ω0 + U2〈n̂−σ〉

(
1− 〈n̂−σ〉

)
ω−1 + O(ω−2)

multi-band:
more terms
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Sensitive test: high-frequency tails of self-energy

correct tails in HF-
QMC for each ∆τ

larger fluctuations
in CT-QMC
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Extrapolation

Self-consistency

cycle using

conventional

HF-QMC

Extrapolation ∆τ→0

improves accuracy by

orders of magnitude

(∼ same cost)

Example: energy E

for U = 4, T = 1/45

(Bethe DOS)

[NB, PRB (2007)]
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Recent developments

Verification: comparison of DMFT results (d = 3) with determinantal QMC

Extension: real-space DMFT for ultracold fermions on optical lattices
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Comparison DMFT – direct QMC for the 3d cubic lattice (n = 1)

Excellent general agreement DMFT ↔ QMC, even at small U

Typical QMC discretization errors (thin lines) larger than DMFT deviations!
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Double occupancy as a universal measure of AF correlations + entropy

 0.01

 0.02

 0.03

 0.04

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

D

s

BA: d=1, U/t=8.66

QMC: d=2, U/t=12.25

QMC: d=3, U/t=15

DMFT: d=3, U/t=15
Minimum of D(s) at

s ≈ log 2 for all d!

No features seen at

d = 3 Néel transition

(sN ≈ log(2)/2)
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Real-space DMFT: use local self-energy in inhomogeneous system

Include trapping potential, e.g.: Vi = V r2
i

H = −
∑

(ij),σ

tij c
†
iσcjσ +U

N∑

i=1

ni↑ni↓+
∑

i,σ

Vi niσ

 N single-site impurities, coupled by real-space lattice Dyson equation:
[
Gσ(iωn)

]−1

ij
=

(
µσ + iωn

)
δij − tij −

(
Vi + Σiσ(iωn)

)
δij

[M. Snoek, I. Titvinidze, C. Toke, K. Byczuk, and W. Hofstetter, NJP (2008); R. Helmes, T. A. Costi, and A. Rosch, PRL (2008)]

Note: impurity problems are site-parallel,

lattice Dyson equation is frequency-parallel

Here: HF-QMC (cost ∝ T−3)

“slab method” + pbc

∼ exact for O(105) atoms

slab−→ pbc−→
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Results: RDMFT-QMC (cubic lattice, V = 0.05t, U = W = 12t)

Proposal: enhanced double occupancy (i.e. interaction energy)

as a signature of antiferromagnetic order at strong coupling

[Gorelik, Titvinidze, Hofstetter, Snoek, Blümer, PRL (2010)]
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Tutorial: study Mott metal-insulator transition

using HF-QMC

Elena Gorelik
Univ. Mainz

Daniel Rost
Univ. Mainz
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Physics of the Mott transition

Bandwidth control of metal-insulator transitions (example: V2O3)

Corundum structure

Hydrostatic pressure or
isovalent doping change

• lattice spacings

• bond angles

 hopping amplitudes

αCr < αV < αTi

Bond angles for V2O3

doped with Cr or Ti

Breakdown of Bloch band description at paramagnetic Mott transition

Bloch states near Fermi energy band-splitting by Coulomb correlations
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Paramagnetic Mott transition at half filling within DMFT

Phase diagram

can be constructed from
(i) G (τ) A(ω); (ii) other observables
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http://komet337.physik.uni-mainz.de/Gorelik/DMFT tutorial/

[version of 2011/10/05]
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